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Abstract. In this research, we studied the mathematics model of COVID-19 epi-
demic with fuzzy parameter and the model is SIRQ (Susceptible, Infectious, Re-
covered, Quarantined). We defined fuzzy function for several parameters by link-
ing several parameters with policies on handling epidemics such as quarantine
and vaccination. In this research, we conducted the mathematical analysis pro-
cesses of the model formed. The simulation is carried out using parameter values
from various related articles. From the parameter value that are obtained, we got
0.2296 < Ry < 1.1608.
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1 Introduction

Almost all infectious diseases affect daily life. Some diseases cause epidemics even
pandemic in the global community. At the end of December 2019, Corona virus was
first discovered in Wuhan, China and spread widely around the world. This outbreak
posed a huge threat to the global public health and economics [1, 2]. The emergence of
COVID-19 coincided with the largest annual human migration in the world [1].

COVID-19 entered Indonesia at the beginning of March 2020 and the Indonesian
government declared the corona virus as a national disaster on April 13th, 2020 [3].
Indonesia has also made many prevention and control efforts, except for the national
lockdown and regional quarantine. Indonesia initially made calls for social distancing,
WFH (Work from home) and SFH (School from home). The other policies are form-
ing the Covid-19 Task Force, PSBB (Pembatasan Sosial Berskala Besar), Transitional
PSBB, New Normal, micro-scale PSBB, PPKM (Pemberlakuan Pembatasan Kegiatan
Masyarakat), PPKM Level 1-4, and finally mass vaccination [4].

In this research, we studied the mathematics model of COVID-19 epidemic with
fuzzy parameter. One of the studies on the Covid-19 mathematical model using fuzzy
parameters was carried out by Abdy et al [5]. The model developed by Abdy et al [5]
did not accommodate various kinds of government policies/actions in dealing with the
Covid-19 outbreak such as quarantine for people coming from outside Indonesia and
quarantine for infected people both with symptoms and without symptoms, vaccination,
and the implementation of PPKM (semi lockdown). In this research a mathematical
model will be built and analyzed that accommodates these various government policies.
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This research is started by conducting literature review related to the existing fuzzy
epidemic models. Then new models are formed from the results of a literature review.
Then the mathematics model was analyzed to determine the existence of equilibrium
points and their stability. Numerical simulations were performed to verify the analysis
results.

2 Model formulation and analysis

The SIRQ model is model with quarantine and vaccination strategies, without lock-
down. The transfer diagram of the model can be seen at Figure 1.
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Fig. 1. The transfer diagram of the COVID-19 mathematical model without lockdown

where O (the number of persons who enter population take quarantine), S (the number
of susceptible persons), I (the number of infected persons with symptoms and without
symptoms), O (the number quarantine infected persons), R (the number of recovered
persons), B (the rate of the number of persons enter population every time from immi-
gration), p; (the proportion of quarantined persons free from infection), @ (the birth
rates), U (the natural death rates), p, (the vaccination rate of susceptible persons), %
(the duration of quarantines for persons from out of area), 8 (the infection rate of sus-
ceptible persons), 1 (the effectiveness of vaccination), m,my (the death rate because
of infection), p3 (the rate of infected persons who get quarantine and treatments), and y
(the recovery rate of the quarantined person).
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From Figure 1, we defined System (1)
do;
= _BN—
p (L4 )0
ds _— S- -
o = op1QitoN=B(1-np2) ol = (1+1p2)S
di S- -
= =B(1—np)=T— 1
g = B=mp2) ol = (i +mi+ps) )
dOr — - _
8 o1 p)@1+ T~ (4 ma 7107
dR _
— = S—UuR
di YOr +np2S—nu
N=0,+S+I1+0r+R.
Then
dt — dt dt dt dt dt
= (B—Hu—,u)N—mJ—sz.
In this research, we assumed that @ = u then we got
do, —
2=l _BN-—
o (L+ )0
ds — S -
o = op1Qut N =Bl =np2) ol = (h+np2)S
dl S- -
Z = B(1—npy)=T— 1
5 = B=mp2) oI = (i +mi+ps) )
dOr

7 =a(l—p1)01+psl—(L+my+7)0r
dR _ _
IZYQTJFTIPZS*“R
t
N=0,+S+1+07r+R.
Then
dN d0; dS dI dV  dR

i~ ar a i a T ar
= BN —mI —my0r.
The rate of change of the total population of humans is zero (similar step is used in
[6]) and given by:

dN _ _
E :O©BN—m11—m2QT =0.

Normalizing the equations in (2) by introducing the following normalized variables
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01
d{ < d __
<N>7 QINQzI'Nildl

Q
Because = then 441 = e =y ) i
For other vanables, we got similar results. Because Q1 = Q' S = % = ﬁ,QT =
8r R=ERandN=0;+S5+1+0r +Rthen 01,5,1,07,R< 1 and we g
O1+S+1+0r+R=1 3)
Because R can be determined by (3), Hence, system (2) reduce into System (4)
dQi
—=l_p- o
i (L+a)0
ds
& Qi B(1—=np2)SI—(u+np2)S
“)
dl
i B(1—=np2)SI— (u+m1+ p3)I
d
3; a(l—p1)01+psl — (L+my+7v)0r
We give the initial condition of every variable in System (4) such that
01(0) 2 0,5(0) > 0,1(0) > 0, and 07 (0) > 0. 5)

2.1 The Existence and boundedness of the solution of System

In this subsection, we prove the existence and boundedness of all solutions of the Sys-
tem (4).
Let f'= (f1, /2. f3: fa, f5) where

fi= B—(u+a)Qy,

fa= apiQi+u—B(1—np2)SI—(1L+np2)S,

f3= B(1—=np2)SI—(u+mi+p3)l,

fa= a(l—p1)01+psl — (L+m2+7)0r,
Let Di ={(01,5,1,07) € R*: 0 < 01,5,1,0r < 1}. Clearly that the function f;,i =
1,2,...4 has continues first derivative then f € C'(D%). Because f € C'(D?%) then
f Di — R* locally Lipschitz on Di.

Proposition 1. System (4) with initial conditions (5) has solution in interval [0,%0) and
the solution of system (4) are nonnegative for all t > 0.

Proof. The Solution of system (4) with initial conditions (5) exists on [0, ®) where
0 < @ < o because f = (fi, /2, f3,f1) € C'(D*) where f1, f2, f3, fa are right side of
System (4) is locally Lipschitz on Di.

By using the lower bound of every equation in System (4) we get

Q1(t) > Q1(0)e K@) >0

S(t) > S(0)e J(B=np)I —(utnp2))dr >
I(t) > ](())e—(,ll+n11+p3)l‘ >0

Or(t) > Qr(0)e~ (Hrmt7 > 0
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where the initial conditions are defined at (5).
Hence, we have completed proof.

2.2 The equilibrium points

The equilibrium points are determined by solving System (6).

B—(u+ )01 =0
op1Q1+u—B(1—np2)SI—(u+np2)S=0
B(1—=mp2)SI— (1 +my + p3)] =0
a(l=p1)O1+psl—(L+m+y)0r =0

Form the 1% equation of System (5), we got

_ B
H+o

01

From the 3rd equation of System (5), we got

(U +my+p3)

TS R )

The disease-free equilibrium point

81

(6)

(7

®)

This point can be determined by taking / = 0 of equation (8). From the 2nd equation of

System (6), we got
_ Boapi+(u+oju

(L+a)(u+np2)

From the 4" equation of System (6), we got

B(X(l — Pl)
(H+o)(u+my+7)
Hence, we get a disease-free equilibrium point i.e.

E() = (Q(l)asovloa Q(])")

_ (L Bapi+(p+o)u 0 Ba(l—py) )
pta’ (pta)(ut+np2)’ = (u+o)(u+ma+y) ) -

Or =

The basic reproduction number

The basic reproduction number was determined using the next generation matrix. Form

system (3), we got

F =B(1—np3)SIand ¥ = (L +m; + p3)I.

F(E) = G7 (E) = B(1=np2)S and V(E) = G- (E) = (+m1 +p3)
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where E = (01,S,1,07,R). Then

F(Eo) = B(1-np3)s® and V(E) = (+mi+p3) &V (Eo) = s

Hence,
B(1-1p;)s°
p(rv) = B

B(1=npa)[Bap:+(u+a)u]
(p+o)(u+npa)(utmi+p3)°

The endemic equilibrium point
This point can be determined by taking I # 0 of equation (8) and we got

(B Ami+p3)
B(1—mp2)

From the 2" equation of System (6), we got

S =

(L+np2)(Ro—1)
B(l—np2)

From the 4" equation of System (6), we got

I =

0r = B(1—npa)Ba(l—p1)+ps(u+a)(u+np2)(Ro—1)
B(1—=np2)(u+o)(u+m+y) '

Hence, we got an endemic equilibrium point i.e.
El = ( T7S*7I*uQ}“)

B (pt+mi+p3) (u+npo) Ro 1 0: )
p+a’ B(1-npz) > B(l-npy) =T

_ B(=np2)Ba(1—p1)+p3(p+a)(u+npr)(Ro— 1)
where O = BT (o) (i mat7)
Hence, we got the Theorem 2 below.

_ B-npy)[Bapi+(u+aju]
Theorem 1. Let Ro = {32 (i pa) (i)

1. If Ro < 1 then system (4) has only an equilibrium point i.e. the free-disease equi-
librium point
EO = (Q(1)7S()7[0 QO)

— (B Boptlutau o Ba(l_py) )
pta’ (pta)(ut+np2)’ ™ (u+o)(ut+ma+y)

2. If Ry > 1 then system (4) has two equilibrium points i.e. Ey and

El :( TaS*vl*vQ*]Z)
B (ptmitp3) (p4+np2)(Ro—1) Q )
pta’ B(l-npy) > B(l-npy) =T

B(1-nmp2)Ba(1—p1)+p3(u+a)(u+npr)(R l)
where Qf = S g e )
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2.3 The local stability of equilibrium points

The Jacobian matrix of system (4) is

—(u+a) 0 0 0

_ opy  jaj23 0
J(E) = 0 J32 j33 0
a(l—p1) 0 p3 jaa

where E = (01,S,1,07),

J=—B(—np)I—(u+np2)
j3=—B(1-np2)S
ja=B(1-np)l

Jj33 =B(1—=np2)S— (L +m +p3)
Jaa=—(U+ma+7)0r

The local stability of equilibrium points was given by Theorem 2.

— B=npy)[Bapi+(nto)u]
Theorem 2. Let Ro = (oot mpayta-tmi o)

1. Ejy is locally asymptotically stable if Rp < 1 and unstable if Ry > 1.
2. Ej is locally asymptotically stable if Ry > 1.

Proof. The eigen values of J(Ey) are

__Ba(l—pi)
M= Tt
)“2: _(“+a)7

3= —(u+np2),
Ay =B(1=np2)S° — (+my +p3) = (uw+mi + p3)(Ro— 1)
Hence, A} < 0,4, < 0,A3 < 0,44 <0if Ry < 1land Ay > 0if Ry > 1.

Hence, Ej is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
The eigen values of J(E}) are

A — ~ B(A—=np2)Ba(l —pi)+p3(u+a)(t+np2)(Ro—1)
B(l—np2)(u+a) ’

h=—(u+a),

o~ ~(BFTP2)Ro— VD

3 = ) )

‘T 2

where D = [(u 4 1np2)Ro]*> — 4(u +my + p3)(u +np2)(Ro — 1). Hence, A; < 0 and
A2 < 0if Ry > 1. For every value of D, it is easy to prove that A3 and A4 have negative
real part.
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2.4 The global stability of equilibrium points

The global stability of equilibrium points was given by Theorem 3.

1— B
Theorem 3. Let Ry = (f}w;"(fﬁn;‘;l(;(ﬁ?p‘ﬂ) and 4(u+mnpy) > ap?.

1. Ejy is globally asymptotically stable if Ry < 1.
2. Ej is globally asymptotically stable if Ry > 1.

Proof. For Ej :

LetV =1(01 —0%)%+ 1(5—5%)2 +5°1.

Hence V(Ey) =0 and V(E) > OVE € D% — {Eo}.
Then

V =01(01— Q%) +8(S—5°) + 8%
= —B(1—=np2)(S— SO +18°(u+m, +p3)[Ro —1]—u(Q1 - 09)?

~af@i-0) - B(s )] (s s°>[ —(utnpa)|.

Hence V(E) < OVE € D% — {Eo} if Ry < 1 and 4(u +np2) > ap3.

Then E is globally asymptotically stable if Ry < 1 and 4(u+np2) > p%.
For E :

LetV=1(01— 0}’ +5(S—8)2+8 (I-I"=I"In}).

Hence V(E;) =0and V(E) > OVE € D} —{E,}.

Then

It

— 01(01— 0}) +§(S—§) + 51
B PSSV~ (01— 0})?

2
~after =D =555 (55 | S~ ().

<.
\

4

Hence V(E) < OVE € D —{E } if 4(u+np2) > ap?.
Because E| exists only if Ro > 1 then E| is globally asymptotically stable if Ry > 1 and
4u+np)>a p%. Hence, we have completed proof.

3 Numerical simulation

The parameter value for numerical simulation is given in Table 1.
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Table 1. The parameter value for numerical simulation of Model

Parameter Parameter Value Reference

B 3.9%x107 Estimation

P1 0.5 Assumed

u 0.00625 [7]

P2 0.00019 - 0.00026 Estimation

a 0.07142 - 0.14286 Estimation

B 0.2,0.99102 [81, [9]

n 62.1% - 95% [10]
m 3.4 %1072 [11]
my 3.4x1072 [11]

P3 0.8 Assumed

b4 0.11624 [8]

Note : ) o )
B — daily average of the number of individuals enter population

total population
_ the average daily vaccination rate
P2 = e nitial number of susceptible individuals

The daily average of the number of individuals enter population is 10,355 persons
and the total population of Indonesia based on population census in 2020 is 270,203,917
persons [12]. The average daily vaccination rate is 50,056 — 71,050 doses [10] and
the initial number of susceptible individuals is 268,757,171 persons [5]. The initial
value of every variable is given Q;(0) = 0.00058,5(0) = 0.99464,1(0) = 0.00001, and
Or(0) = 0.00001. A requirement of global stability is 4(1 +1p2) > ap? so we choose
N =95%, p» = 0.00026, and o = 0.07142. Based on the parameter value in Table 1,
we got the range of Ry that is 0.2296 < Ry < 1.1608.

3.1 The simulation at Ry < 1

For Ry < 1, we used 8 = 0.2. We got R = 0.2296 and Ey = (09, 5°,1°,0%) = (0.0005,0.9647,0,0.0001).
Figures 2 and 3 show the projection of the vector field around Ey. The solution con-
verges to Ey.

3.2 The simulation at Ry > 1

For Ry > 1, we used 8 =0.99. We got Ry = 1.1364, Ey = (09, 5°,1°,0%) = (0.0005,0.9647,0,0.0001)
and E, = (Q7,5*,I*,07) = (0.000502, 0.8489,0.00089,

0.00469). Figures 4 and 5 show the projection of the vector field around Ey. The solu-

tion converges to E| and moves away from Ej.

4 Fuzzy parameter

We defined the fuzzy parameters only for §,m,my,and y. Those parameters are de-
termined by the corona virus load in the body that is symbolize by £ [5]. Verma in
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[13] also use virus load in the body to define the formula of fuzzy parameter. We used
similar notation of the bounds of Q i.e., Q,in, 20, and Q4x . piny 1S the minimum
corona virus-load in infected individual to transfer viruses to other individuals, £ is
the minimum corona virus-load in infected individual that is given the maximum value
of parameter, and €2,,,, is the maximum corona virus-load in infected individual.

The formula for every parameter was given below.

@)= Bl —m(1—m). (S5 ), if Qun < Q< ©)
Bi(1-n)(1—7), if Q0 < Q <

where P is the virus transmission rate (hazard level), 1 of the effectiveness of vac-
cination, 7 is the proportion of susceptible person in implementing health protocols
disciplinary.
Q .
=(1-%)(1- +ps, If0<Q <O
ml( ): QO( )( p5) Ps : > 0 (10)
(1-9)(1—ps)+ps, Q>

where ps is the proportion of comorbid person in the infected person who don’t get
treatment.

Y

(@)= 2(1-0)(1-0)(1—pe) +ps, f0<Q<Q
’ (1—-6)(1—9)(1—pe)+ps, Q>

where ¥ is the level of immunity, drugs stock, and the hospital facilities, p¢ is the
proportion of comorbid person in the infected person who get treatment, and 0 is the
effectiveness of treatment, 0 < 9 < 1,0< 0 <1,0< ps < 1l,and 0 < p5s < 1.

12)

(@) = (H—1(1-0)(1-9)F+1, f0<Q<Q
= (P—1)(1-0)(1-19)+1, if Q > Qp

where % is the shortest duration of recovery.

4.1 The basic reproduction number with fuzzy parameter
Substitute fuzzy parameter into the basic reproduction number formula, we got

R — B —npy)[Bapi+(utau)
0= (ura)(urnp)(u+m (Q)+p3)

Oa if 0 S Q S Qmin

B (1=)(1=m). (=gt (1=mpa) Bapi + {1+t

i ) € .leg)( p2)[Boapi+(u )ﬂ]7 0, < Q<
(@) (u1p2) [+ £ (1-9) (1-ps)+ps-+p3

Bi(1-n)(1-x)(1-nps) Bapy + (u+u] Q< Q<O

(u+a)(u+np2)[p+(1-8)(1-ps)+ps+ps]’

The parameter value for fuzzy parameter is given in Table 2. The graph of Ry was
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Table 2. The parameter value for fuzzy parameter

Parameter Value Reference
Bi 1 Assumed
n 62,1% [10]
T 10% [51
Ps 2,2114 x 10~* Assumed
) 0,9 [5]
P 2,2114x 107 Assumed
6 85% [5]
% 1,042 x 1073 (5]
Qin 50 Assumed
Qp 75 Assumed
Qnax 150 Assumed
04
034
B 02
014
: i ‘-:'l 100 1530

Fig. 6. The graph of R vs

given in Figure 6.

Using the parameter value in Table 2, we got that Ry < 0.5. It happens because the
effectiveness of the government policies is involved in calculating 8 and m;. From this
result, we can have said that the government policies have a big role in countermeasures
the epidemic.

5 Conclusion

From formula of Ry we can conclude that 3, &, and p; have positive effect on the Ry
while 1, p2,m1, and p3 have negative effect on the Ry. Hence, if we want to reduce
the value of Ry then we can reduce the value of 3, a, and p; or we can increase the
value of 7, pa,m, and p3. The implementation of some of those conditions can be
implemented in various policies. 8 can be reduced by implementing the policies such
that WFH, SCH, lockdown, travel ban, and physical distancing. ¢ can be reduced by
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adding the quarantine periods. 1 can be increased by choosing vaccines that have high
effectiveness, p, can be increased by increasing the rate of vaccine administration, and
p3 can be increased by increasing the rate of infected persons who get quarantine and
treatments). To determine which parameter have the most influence on reducing Ry, we
need the further research about the sensitivity analysis.
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