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Abstract. This paper discusses the application of Chebyshev inequality and Cen-
tral limit theorem in the field of finance and compares their advantages and dis-
advantages. Through theoretical analysis and empirical research, this paper first
introduces the basic principles and derivation process of the two statistical meth-
ods, and then applies them to the actual financial data analysis. In this study, the
data of stock return rate is selected as a sample, which is estimated by Chebyshev
inequality and central limit theorem respectively, and compared with the actual
distribution. The results show that Chebyshev inequality provides a more con-
servative but reliable estimate when the distribution of financial data is unknown,
while the central limit theorem provides a more accurate approximation when the
sample size is large enough. This study provides important theoretical support
and practical guidance for financial risk management, investment decision mak-
ing and pricing of financial derivatives.
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1 Introduction

In the rapidly evolving financial markets, accurate risk assessment and return prediction
are paramount for investment decision-making and risk management. Traditional fi-
nancial models often rely on distributional assumptions (e.g., normality), which may
fail under extreme market conditions or limited data availability. Chebyshev's inequal-
ity and the Central Limit Theorem (CLT) offer distinct approaches to address these
challenges. Chebyshev's inequality provides distribution-free bounds for deviations
from the mean, making it robust for non-normal or heavy-tailed financial data. Con-
versely, the CLT enables precise asymptotic approximations for large-sample scenar-
ios, facilitating efficient estimation of portfolio returns and risk metrics.

This paper systematically examines the theoretical foundations, empirical applica-
tions, and comparative advantages of these two statistical tools in finance. By analyzing
S&P 500 stock returns, we demonstrate their efficacy in estimating tail risks, portfolio
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distributions, and derivative pricing. Our findings highlight context-dependent trade-
offs: Chebyshev's conservatism suits extreme-risk scenarios, while the CLT excels in
large-sample regimes. This study bridges theoretical probability theory with practical
financial analytics, offering actionable insights for investors and risk managers.

2 The Significance of the Subject and the Review of
Research Status at Home and Abroad

Chebyshev inequality and central limit theorem play an important role in probability
estimation of financial problems. These two theorems provide financial analysts and
investors with powerful tools for understanding and predicting market behavior, risk
management, and investment decisions. Chebyshev's inequality is often used to esti-
mate the probability that a random variable falls within a certain interval near its mean.
Specifically, if the expectation of the random variable X is E(X) and the variance is
D(X), then for any positive number ¢, the inequality states that the probability that X
falls outside the interval [E(X)-g, E(X)+¢] is no greater than D(X)/e?. In finance, Che-
byshev's inequality can be used to estimate the extent to which asset prices, yields, or
other financial indicators have deviated from their historical mean or expected value[3].
For example, if the average price and standard deviation of a certain stock are known,
the Chebyshev inequality can be used to estimate the probability that the stock price
will deviate from a certain range of the average price over a period of time in the fu-
ture[6]. The central limit theorem is an important theorem in probability theory, which
states that when the number of independent and equally distributed random variables is
large enough, the distribution of the sum of these random variables will converge to a
normal distribution. In finance, this theorem has a wide range of applications because
it allows us to estimate the population distribution of a large number of random events
using properties of a normal distribution[7][9]. Specifically, in financial analysis, the
central limit theorem can be used to estimate the risk and return of an investment port-
folio. Assume that a portfolio consists of multiple independent assets, that the return on
each asset is a random variable, and that these random variables are independently and
identically distributed. According to the central limit theorem, when the number of as-
sets is large enough, the overall return of a portfolio will converge to a normal distri-
bution[12]. This allows investors to use the properties of the normal distribution to cal-
culate key metrics such as a portfolio's confidence interval, value at risk[5], and so on.
This paper tries to find out the applicability of chebyshev inequality and Levy central
limit theorem in probability estimation of financial problems under known distribution
and known expectation and variance scenarios.

Chebyshev inequality was first proposed by the Russian mathematician Chebyshev
in the 19th century. As an important inequality in probability theory, Chebyshev ine-
quality provides a powerful tool for understanding and estimating the probability dis-
tribution of random variables. In the field of finance, the application of Chebyshev's
inequality was initially limited to theoretical research and academic discussion. Finan-
cial scholars and mathematicians began to recognize the potential applications of the
inequality in risk assessment, asset pricing, etc., and began to try to introduce it into
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financial models and analysis. In finance, it is often used in aspects such as risk man-
agement, portfolio optimization, and asset pricing. In risk management, chebyshev's
inequality can help financial institutions and investors estimate the likelihood that asset
prices or yields will deviate from their mean (Lepetit Laetitia et al., 2020)[6][17]. By
setting different degrees of deviation (i.e., k values), it is possible to calculate the prob-
ability that prices or yields fall within different ranges, thereby quantifying risk. This
approach allows financial institutions to more precisely assess the level of risk in their
portfolios and develop risk management strategies accordingly[14]. In terms of portfo-
lio optimization, when constructing a portfolio, investors need to consider the correla-
tions and risks between different assets. Chebyshev's inequality can be used to estimate
the overall risk level of a portfolio (Hannan Amoozad Mahdiraji et al., 2018) [10][18],
which is the probability that a portfolio's return will deviate from its expected value[8].
By optimizing the weighting of various assets in a portfolio, investors can pursue higher
returns while controlling risk[11] [15]. In terms of asset pricing, asset pricing is a core
issue in financial markets. Chebyshev inequality can be used to estimate the volatility
range of asset prices[13] [16], thus providing reference for asset pricing. For example,
in option pricing, Chebyshev's inequality can be used to estimate the range in which the
price of the underlying asset will fluctuate at some point in the future, and thus calculate
a reasonable price for the option.

The central limit theorem is an important theorem in probability theory, which states
that when the sample size is large enough, the distribution of the sample mean will
converge to a normal distribution. This theorem has a wide range of applications in the
financial field. In terms of portfolio return distribution, in portfolio management, the
return of a portfolio is often affected by many factors, such as market fluctuations and
industry trends. According to the central limit theorem, when the number of assets in a
portfolio is large enough, its return distribution will converge to a normal distribution.
This allows investors to use the properties of the normal distribution to estimate the
future return distribution of a portfolio and formulate an investment strategy accord-
ingly. In terms of Risk measurement, VaR (Value at Risk) is a commonly used risk
measurement tool in financial risk management (Festus Fatai Adedoyin et al., 2024)[1].
It represents the maximum loss a portfolio can suffer in a given confidence level and
time frame. According to the central limit theorem, the VaR value of a portfolio can be
estimated by calculating the mean and standard deviation of its return (Hoga Yannick,
2019) [7]. This approach allows financial institutions to more precisely assess the level
of risk in their portfolios. In terms of asset pricing, the central limit theorem also plays
an important role in the field of asset pricing. For example, in the CAPM (Capital Asset
Pricing Model) model (Anna Rutkowska-Ziarko et al., 2024) [2], it is assumed that all
investors hold the optimal proportion of the market portfolio and that the return distri-
bution of the market portfolio follows a normal distribution. This allows the CAPM
model to use the central limit theorem to estimate the equilibrium rate of return and risk
premium of an asset.

As two important tools in probability theory, Chebyshev inequality and central limit
theorem play an important role in probability estimation and risk management in the
financial field. By deeply studying the application status and potential value of these
two theories, we can provide financial institutions and investors with more accurate and
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effective risk management tools and decision support. This study will try to further
expand the application fields of these two theories and optimize the relevant models to
better serve the stability and development of the financial market.

3 Theoretical Basis of Chebyshev's Inequality and Central
Limit Theorem

3.1 Proof and Generalization of Chebyshev's Inequality

Chebyshev's inequality can be expressed as follows: P ([Y-EY[>x) <Vary

The Chebyshev inequality in the general case can be expressed as follows: P
(Y2x) <EIYI
In fact, we have the following promotion: g(x) is a non-degenerate, non-negative
function on [0, +). If for a random variable Y, there is Eg(]Y|)<< oo, Then for any
a> 0 such that g(a) > 0, all have

Eg(IY])

>a) <970
P (JY[>a) )

g(\YD

I(g(|Y)2g(a))} <280

By P (|Yza) =EI(Y[za)< El(g(|Y|)zg(a)) <E {5 o

Proof conclusion[4].

3.2 Proof of the Central Limit Theorem

Levy Central Limit theorem: Let {X, N} be a X», n Esequence of i.i.d random varia-
bles, then when X € L,, EX=a, 0<VarX=02 <o, there is

Sp—na

o N 0,1)

Proof: Remember fn(t) Eexp {1t a} then

fuO=1Tk 1Eexp{lt —}= (Eexp{lt —})"
. u 2 _ VarX 1

Since X € L, E\/ﬁa ( ) o

Therefore, by the Taylor expansmn of the eigenfunction at t=0, for any tER, there
is

., X-a, . t? t?
Eexp{lt E }*1-5 +O(;),Il—> 0
t? t? t?
Thus, £, ()=(1- ~+ 0(--))" = exp {= 5}, n—> oo,

Infact, forindependent different distributions, we have the Lindeberg central limit the-
orem, which is not elaborated here.
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4 Research Methods and Data Collection

This research selects the daily return rate data of the constituent stocks ofthe US S&P
500 index from 2010 to 2020 as the research sample.

The data is sourced from Yahoo Finance and Bloomberg terminals and includes a
total of about 2,500 trading days. In order to ensure that the data is representative and
reliable, we have excluded stocks that were removed from the index during this period
and processed the missing data appropriately.

The data processing process includes: first, calculating the daily logarithmic return
rate of each stock; Then, the yield data of all stocks are classified by industry into 11
industry groups; Finally, a descriptive statistical analysis was carried out on the data of
each industry group to calculate the sample mean and standard deviation of each group.
In order to compare the performance under different market conditions, we also divided
the data into two sub-samples, high volatility and low volatility, based on market vola-
tility.

In our empirical analysis, we first estimate the extreme volatility of stock returns
using Chebyshev's inequality. Take the information technology industry as an example,
which has a sample mean of 0.0008 and a standard deviation of 0.015. Let's say we
focus on situations where yields deviate from the mean by more than 3 standard devia-
tions, according to Chebyshev's inequality:

P(| X-pu|>30)<1/32=0.1111

This means that there is no more than an 11.11% chance that the yield will deviate
from the mean by more than 4.5%. The observed probability of 8.76% is slightly lower
than the upper bound given by Chebyshev's inequality, verifying the validity of the
inequality in financial risk management.

Next, we apply the central limit theorem to estimate the average rate of return of the
industry. Taking the financial industry as an example, suppose we randomly select 100
stocks to calculate their average return. According to the central limit theorem, the dis-
tribution of the sample mean approximates a normal distribution with a standard devi-
ation of 0.0018. We can use this property to calculate the probability within a particular
interval. For example, the probability that the sample mean falls within the [0.0005,
0.0011] interval is about 68.27%, which is very close to the actually observed 69.12%,
showing the utility of the central limit theorem in financial data analysis.

In order to further compare the pros and cons of the two methods, we perform the
following analysis: First, Chebyshev's inequality provides a conservative but reliable
estimate when the distribution is unknown, while the central limit theorem requires a
larger sample size to provide an accurate approximation. Second, the central limit the-
orem usually provides a more accurate estimate when the distribution and expectation
and variance are known, while the Chebyshev inequality may be too conservative. Fi-
nally, we observe that Chebyshev's inequality performs better than the central limit the-
orem during periods of high volatility, while the two perform equally well during peri-
ods of low volatility.
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5 Conclusion

Through theoretical analysis and empirical research, this paper discusses the applica-
tion of Chebyshev inequality and Central limit theorem in the financial field and com-
pares their advantages and disadvantages. The results show that these two statistical
methods are of great value in financial data analysis and risk management. Because of
its universality and conservatism, Chebyshev's inequality performs well when the dis-
tribution is unknown or the sample size is small, and is especially suitable for the esti-
mation of extreme risk events. The central limit theorem can provide a more accurate
approximation under large sample conditions, which is suitable for routine financial
data analysis and risk assessment of large-scale investment portfolios.

In practical application, financial practitioners should choose the appropriate method
according to the specific problem and data characteristics. For conservative investors
or risk managers, Chebyshev's inequality may be more appropriate; While for quants
or high-frequency traders, the central limit theorem may be more advantageous. Future
research could further explore the application of these two methods in more complex
financial environments, such as considering factors such as market interactivity and
asymmetric distribution, to improve the accuracy of financial risk management and in-
vestment decisions.
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