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Abstract. This study adapts a nonlinear dynamic predictive model for quadrotor
UAV trajectory tracking; which involves translational and rotational motions, the
gravitational contribution and gyroscopic impact. In this implementation,
Initially construct the mathematical model of UAV dynamics, then derive the
analytical Jacobians of the state function serves as a means for improving the
real-time optimization outcomes. A closed reference trajectory is given an initial
figure-eight pattern and is followed by gentle vertical oscillations to test the
controller's performance. The MPC algorithm is capped with prediction and
control horizons to keep the actuator limits in place as well as accelerate
maneuverability. Simulation results over a 10 - second period demonstrate
effective tracking in the x and z directions. The investigation accentuates the key
tasks of weight tuning and constraints formulation that boost airspace quadrotor
control's stability and precision and its potential applications in different
environments and the UAV field. Extensive simulations confirm the robustness
of the proposed controller effectively.

Keywords: model predictive control, unmanned aerial vehicle, trajectory
tracking

1 Introduction

In recent years, Unmanned Aerial Vehicle(UAV) technology has developed rapidly and
shown great potential in diversified application scenarios. From military
reconnaissance to civilian logistics, from agricultural plant protection to emergency
rescue, they are well-known for their flexibility, efficiency, and versatility[1]. In
particular, multi-rotor UAVs are gradually becoming popular in practical fields such as
urban distribution, agricultural management, and military monitoring due to their
simple structure, precise control and compact size.

The quadrotor UAV depicted in Figurel is adapted in the project with flexible
control and relatively controllable cost. The characteristics of quadcopter drones
include the features of symmetrical structure that could realize the move of forward and
backward through the thrust difference of four propellers, flexibility of hovering and
maneuvering, along with precision and stability, indicating that it can be deployed
indoors or in densely populated areas[2].
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With the mathematical models for kinematic and dynamic models of drones[3],
certain linear and non-linear controllers have been adopted to deal with quadrotor
trajectory issues. Proportional-integration-differentiation (PID)[4] as one type of linear
controller excels in altitude and heading control but has limitations working out for
extended flight envelopes and complex trajectories. LQR offers optimal control
solutions with linear dynamics while less effective in facing nonlinear systems and
susceptible to uncertainties[5]. To alleviate the limitations in linear control strategy,
certain nonlinear control strategies like adaptive slide mode control(SMC)[6], Neural
network control, and predictive control[7]. Model Predictive Control (MPC) rose as a
crucial technique in UAV control systems by conquering the issues of a large range of
operational variables, physical limits, and dynamic changes implemented. In the case
of multi-UAYV collisions, the MPC could be a way to address the problem of avoidance
of conflicting situations and to find the dynamic relationships between the vehicles and
the environment. The distributed Model Predictive Control (MPC) optimization
method finds collision intersections for multicopter aerial vehicles in complicated 3D
segments[8], with experienced obstacles. Studies showcase MPC's capabilities in
ensuring system-wide robustness fluctuations in the environment and increasing
tracking accuracy, and input and state condition techniques at the same[8], [9], [10].
The work in [11] uses unit quaternions and considers MPC's performance in tracking
and optimizing aircraft trajectories.

This study expands on the work discussed in [10]and adapts a Nonlinear Model
Predictive Control (NMPC) approach that considers actual constraints on the actuators.
This approach directly inputs low-level commands to the rotor-speed controllers within
MATLAB Simulink's nonlinear module. Here, the NMPC solver functions as a
controller, managing strict real-time constraints effectively. Unlike traditional methods
that rely on differential flatness for modeling system dynamics, our approach extends
to a broader range of multi-rotor vehicles. This includes platforms with differently-
oriented propellers, encompassing both under-actuated and fully-actuated
configurations [11]. Therefore, we use MATLAB Simulink's nonlinear module to
advance NMPC application in UAV control, accommodating various vehicle designs
and enhancing real-time control under dynamic conditions.

Fig. 1. Quadrotor UAV[12]
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2 Methodology

2.1 Mathematical model of UAV dynamics

To implement MPC effectively, an accurate mathematical model of UAV dynamics is
needed. The system can be modeled using nonlinear differential equations based on the
Newton and Euler equation Two frames on the UAV are defined: one is the initial or
fixed frame which represents a global reference frame fixed to the earth, in this project,
it is defined as E: {€,, €,, €3}, and another body-fixed frame attached to the UAV itself,
typically centered at the UAV’ s center of mass, describe certain physics quantity
directly on the UAV: B: {51,52,53}. With the reference of these two frames, two
vectors which represent the translation and rotation could also be defined as @ for the
position and rotation in the E frame and V for the translational and rotational velocity
in the B frame.

Q=X w]"=[x y z ¢ 0 yJ (1
V=1[V 'Q]T = [vy vy, v, P q T]T 2
Where X = [x y 2] is the relative position of the center of mass of the UAV

andw =[¢p 6 P]T =[Roll Pitch Yaw]" which refers to the orientation of

the quadrotor in the E frame. The two relations with the physics quantity in two frames
could be denoted as:

X Uy
v=y=R-V=R-Vyl (3)
z v,
P o]
ﬂ=[q]=T- 0 4)
by

The R is the rotation matrix used to divert the rotation matrix from the body
reference to the inertial reference, and its principle is to calculate the thrust imbalance
between the forces: The rotation matrix on the Roll, Pitch,Yaw motion could be
written as:
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1 0 0
Ry = 0 cop s¢l %)
0 —s¢p co
c6 0 s6
Rg=] 0 1 0 l (6)
—s6 0 c6
cpy —-syY 0
Ry=|sY cy Ol (7
0 0 1

The rotation matrix could be calculated through the multiplication of the matrices in
three motions:

R =|cOsyY spsOsyp +cPpcy) cpsOsyp — s¢pcyp
—s0 s¢co cpco

T could be denoted from the relationship of the equation as:

cOcyp sPpsOcyp — cpsy cpsOcy + s¢s1[)l
€)

01" 01" LA\ Y
2= RLR;|0| ReRy+RY|6| Ry+ |0 (10)
0 0

Simplify this equation and get the relationship between the rotational velocity in the
B frame and E frame:

p 1 0 —s01|¢
2= [q] = IO co s¢c0] 0 1D
r 0 —s¢ cpcbl|y

Thus we could get the T matrix:

T=|0 c¢p s¢pco

0 —s¢p c¢pco

1 0 —s0
l (12)

To build a dynamic model of a quadrotor UAV, several external forces, thrusts, and
inertial moments should be considered: First is the external forces applied on UAV:
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1) Gravity: Force related to the mass of the UAV.

2) Thrust from propellers: Generated by the rotation of the four rotors, be the vector,
the directions are perpendicular to the plane of rotation the specific values are
proportional to the square of the rotor’ s rotational velocity .

F, = b(w? + 0% + 0% + w?) (13)

Where b is the thrust coefficient, and w; is the rotational speed of the i-th rotor.
3) Air Drag: Consisting mainly of two components:

Drag from the interaction between rotating propeller:
Fup =Ky Xi o} (14)

Drag on the UAV body along the (x, y, z):
Fd,b = —Cdv (15)

where C is the drag coefficient, and v is the velocity vector.

About the Inertial Moments on the drone dynamic System:

1) Inertial Moments due to Thrust Differences: Because of the asymmetric thrust
distribution which affects the UAV’ s x and y axes between the rotors, the separated
motor’ s thrust could be calculated from the difference between rotors 1 and 3, and

rotors 2 and 4.
M, = Ib(w} — w}) (16)

M, = Ib(w5 — @) (17)
M, = k(w? — w3 + w3 — w}) (18)

Where [ is the arm length from the center of mass to the rotor, and k is the yaw
torque coefficient.
2) Inertial Moments due to Air Drag: Caused by the rotation of propellers. The

aerodynamic drag moment on the UAV body is:
M;=-C,0 (19)

where C,, is the moment drag coefficient and £ is the UAV angular velocity.

3) Inertial Moments due to Aerodynamic Effects: generated from aerodynamic
forces experienced during UAV movement.

4) Gyroscopic Effect: High-speed rotation of rotors makes rapid changes in rotor
plane orientation difficult. The gyroscopic moment generated by the four rotors is
expressed as:
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0 l (20)

MgH = Z‘i}:lg.’r ]
D)o,

where J, is the rotor inertia and w; is the rotational speed of each rotor.

Additionally, the gyroscopic moment caused by UAV movement itself is:
Mg, =02A]02 (21)

where J represents the UAV’ s inertia matrix.

With the mathematical model of external forces and Inertial Moments of the
dynamic system of drones, generate the Translation Dynamics Equation:
mv =3YF (22)

where m is the UAV mass, v is the linear velocity in the inertial frame, and F is the
total external force on the UAV.
Rotational Dynamics Equation: According to Euler’ s equation, the rotational

dynamics are: )
JO+OQAN]R2=YM (23)

where 2 isthe UAV’ s angular velocity, and M is the total external moments acting
on the UAV. The moments could vary with certain added forces and disturbances in
terms of wind and fixed obstacles.

Then generate the control variable matrix. The input parameters are the U;, U, Us
and Uy, :

U, F, b b b b “’;
Ul [Mx] |0 —-b 0 b ||w:
us| =M, |-b 0 b o |lwz| *¥
U, M, d -d d -dl,;

2.2  MPC implementation

With the given model in 24, the MPC could be implemented either with following two
approaches. Linear MPC Approach: The approach starts by determining an operating
point where a linear approximation of the nonlinear system is made, which results in a
system where the effects that are difficult to model[13], such as linear drag and
gyroscopic effects (inertia moments), can be treated as the external disturbances of
simplified models. After leveraging this linear model, it is easy to formulate a convex
receding horizon optimization problem, which is computationally efficient and feasible
to use. Nevertheless, this simplification introduces inaccuracy to the interval of point
linearization, which may become a drawback if the usage of airplane design requires a
big variation of deviation. Nonlinear MPC Approach[14]: Whereas MPC addresses the
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nonlinear dynamic system in whole, making use of its entire nonlinear dynamics model,
which automatically entails all system constraints and complexities. This approach
solves a generally non-convex optimization problem over a receding horizon, enabling
the controller to handle a broader range of operating conditions and providing enhanced
performance and robustness. Still maintaining a high complexity for the nonlinear
algorithm, I use its huge potential of balancing the nonlinear behavior of the process.

The first step is to define the state and control vectors. Define the state vector X €

12
as

x=[x y z x y z ¢ 0 Y p qr]" (25

As stated in the model construction part; (X,y,z) are the positions in the inertial
frame, (x, y,Z) are the corresponding linear velocities, (¢, 8,) are the Euler angles
(roll, pitch, yaw), and (p, q, T) are the body angular velocities.

Then define the control input, which could be specified as:

u=[w} o3 o} o] (26)

It is produced as the produce the total thrust and moments with the calculation in
formula 24.

The main concept underlying MPC is the use of system state prediction, which gives
the method's capability of anticipating process dynamics, thus being the best control
strategy while managing processes that are dynamic and interactive. While all old
control techniques are conventional, then the biggest strength of MPC is reacting to the
present and past states. Furthermore, the most crucial component of MPC is the
equation that reflects the entire system it is trying to control. This dynamic model is
applied to estimate the system behavior and to calculate the control quantity based on
optimizing the predicted results, which is equal to the control quantity at the present
moment [15].

The second basic concept in MPC is to choose the likely initial state of the system
by exploiting the past measurements. Thus, essentially the model of the plant is the tool
that is central to any of the control strategies based on MPC. The MPC mainly includes
three steps: Model prediction, Evolving position results, and dynamic state correction
[16].

In the first model prediction step in Figure2: Writing a model prediction often
involves predicting the future output of the system based on the historic information of
the object and the next output. Let us consider the first example of the output of the
system at time K. Suggest that the system has two possible line input trajectories u; and
u, at time K, the output trajectories, ysand y4, respectively, of the input pairs u; and u,
are devised. During optimization, every possible input trajectory of the system will go
through the space to generate the corresponding output, and so-called type-prediction
can be used for specifying the comparison conditions. Finally, the most appropriate
control input will be selected, which in turn will lead to better control of the system
considered.
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The mode] predietion process of MPC
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Fig. 2. The model prediction process of MPC
1. Model prediction should obtain a discrete state space equation depicted below
Xk+1 — Axk + Buk (27) Yk = ka + Duk (28)

A is the state transition matrix. B is the control input matrix. C is the output matrix, D
is the direct transmission matrix.

The next stage utilizes receding horizon optimization, and at each sampling time, the
system is re-optimized to get a new optimal trajectory of input. Only the first input is
applied to the controlled object at that sampling time. The principle is that we will try
to maximize the output using the status variables at time &, k+1, ..., k+ N. (Ne is the
control horizon), where k is the time index. As discussed earlier within discrete space
equation: When we choose the control variable in the moment k+i, so it will be the
output of moment k+i+/. Episodically, at each sampling time, we have the receding
horizon optimization. The Figure3 can show that at time k: it commands N, steps and
predicts the output, after choosing ux as the input of the control variable. We realize
that our control system gain at time k+/ has arrived at a predicted output. Meanwhile,
we still use the first control variable as input. Furthermore, the system iteratively
calculates a new control trajectory every sampling time and then apply only the first
input to the controlled object.
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Fig. 3. The receding horizon optimization step

The cost function, which is crucial for determining the optimal control actions of the
MPC controller and maintaining system states within prescribed bounds while
simultaneously regulating the expenditure of control energy it has an equation in 29:

206,w) = y(0) = Yeor 13+l Au 13 (29)

£(x,u) is the total cost or objective function that MPC aims to minimize. represents
the state of the system at time k, Au represents the control, @ and R are the penalty
matrices. Q positive semi-definite weight matrix that penalizes tracking errors and R is
positive definite weight matrix that penalizes the rate of change of the control input. ||
Au ||3 is the control effort.

During each control cycle the solve the optimization issue in 30( this formula is to
minimize a sum of stage costs and a terminal cost) subject to the system dynamics
(which are nonlinear) and any constraints on states and control inputs.

min (x(k), u) (30)

A cost function's purpose is to gain a balance of the conflict in the delivery of those
two matrices in terms of maximum state fidelity and minimum control energy, whereas
this leads to a highlight and recognition of the complex interrelationship between theory
and practice of control systems. Through controllers, it is possible to make the
intelligent choices that forecast the system performance in the future and avoid the one-
hit wonder control strategies. Otherwise, they might cause the decline in the efficiency
of a technology.

The last part of an MPC is the feedback of the result-correcting. This is a feedback
control process whose goal is to prevent deviations from the predicted model and
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correct for the uncovered disturbances. This is illustrated in Figure4. After identifying
the optimal input trajectory at the moment k, output trajectory generation can be
represented in green trajectory graphically. Then, it follows the first one of the two
optimal input values, u(k) has been applied on the controlled object. First, we can see
that there is a predicted value (a system state since the last action u(k) taken at time k)
for the time (t) k+1, that is point 2, and there is also an actual state (the result of the
action u(k)) for that time k+1, that is point 3. To correct the prediction error in space of
k+1 and y(k+1) prediction trajectoryl, they are down-shifted to synthesize a new
correction prediction trajectory, which is shown by red curve 4. Consequently, the
modeling errors can be eliminated, and the prediction error can be contained and
avoided from its accumulation.

—— tmajectory 4
—— trajectory 1

poipi2

point3

K K+1 Future

Fig. 4. Feedback correction

niine;
Rererance Trajactory eI (B
Senera Tor ESptinmizariony

Quadrotor
(Flant)

Fig. 5. FigureS. Control logic diagram

Certain descriptions of flowchart in Figure5: Reference Trajectory Generator serves
to create the required reference signal (trajectory) to meet the assignment requirements,
Optimization Solver is formulated at each sampling time with an optimal control
problem, which is then Receding Horizon Strategy: The first action from the control
sequence obtained and applied; Actuator and Plant is that the way the quadrotor is
influenced by the MPC is through the control commands as the latter are transmitted to
the quadrotor (the plant). The actuators therefore transform these control signals into
forces and moments in physical form and thereby result in the quadrotor's movement.

3 Simulation and results

In Table 1, the main information is given in terms of MPC settings. The constraints
section is where you put controls (in N ¢ m) input range that the actuators should work



874 Y. Zhou

with to be sure that they are within the safety limits and to avoid saturation. This save
stability and make a good general control. Article 1 in the weights section declares the
weight of translational motions along the x, y, and z axes as 1.0, 1.3, and 1.0
respectively, while the roll, pitch, and yaw motions are given unity weight as 1.0. Such
a preference is implemented in a manner that the system will be able to track the
position with smaller errors, at the same time, smoothly controlling the Euler angles of
the object, as a consequence.

Table 1. The required parameters of MPC

MPC Parameters
Sample time (Ty) 0.1 seconds
Prediction Horizon (P) 10 seconds
Control Horizon (M) 3 seconds

Limits for four control inputs

Limits of Uy [0, 10] N.m
Limits of U, [—2, 2] N.m
Limits of U, [—2, 2] N.m
Limits of Uy [—2, 2] N.m

Weights for Output variables

Translation motion in X 1.0
Translation motion in y 1.3
Translation motion in z 1.0
Roll motion 1.0

Pitch motion 1.0
Yaw motion 1.0

Figure7 shows the trajectory function adapted to observe the performance in this
nonlinear MPC project, which has the function below:
x(t) = 4sin(t)
y(t) = 4sin(t)cos(t) 31
z(t) =4 + 0.8cos(2t)

Figure6 depicts one status of UAV during the simulation; The white is the reference
UAV and the dark one is the controlled entity. Figure8 show the reference and
performance among three axes,This dynamic equation manifests itself in terms of
frequency, with a pronounced shift of the signal at y; because of this, more rapid
amplitude changes occur, rendering the system more sensitive to noise and non-
linearities. Overall, this MPC controller application maintained a reference path and
provided proper control inputs and optimal tracking control to achieve the goal of the
research efficiently.
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x

Fig. 6. The trajectory status while t=3.6s

[——

Fig. 7. The reference trajectory

Fig. 8. The Tracking trajectory behavior in xyz axes.

4 Conclusion

The study discusses a highly efficient nonlinear Model Predictive Control (MPC) in the
case of quadrotor UAV movement, being the approach that fully deserves to be
adopted. The proposed approach exploits the dynamical model that is described by
Newton's and Euler's equations, which take into account both translational and
rotational aspects. The dynamic model that consists of those physical influencing
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factors such as thrust, gravity, air drag, and gyro effect forms a theoretical basis of
nonlinear MPC framework. As far as the analytical Jacobian of the state function is
concerned, it essentially enables the controller to process information more quickly,
resulting in a situation when it can apply to real-time constraints.

The controller performance simulations further testify to the system configured
developed. The computer-simulated trajectory, which operates with closed-loop
control, leads the UAV, in particular, to trace a complicated closed form with a
designated function of reference over a 10-second interval. The findings emphasize that
while the control approaches the x and z trajectories with lower errors, the error in the
y trajectory is larger in magnitude, yielding a higher error.

The overall structure and simulation result platform pointed out the capabilities of
nonlinear model predictive control, especially in tackling the UAV control problems
with fine trajectory chasing and disturbance rejection. Further work involves applying
the adaptive control strategy to analyze and optimize the disturbances and
nonlinearities.
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