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Abstract. As a key industrial material, copper plays a critical role in numerous
production and business activities. Its price volatility poses significant risks to
enterprises, particularly in the absence of effective tools to manage uncertainty.
This study focuses on the optimal hedge ratio of copper futures. Using return data
from copper futures and spot markets during the period from 2020 to 2025, we
employ both the Copula-GJR-VAR model and the ARIMA-DCC-GARCH
model to estimate the hedge ratios. Comparative analysis reveals that the Copu-
la-GJR-VAR model more effectively captures the asymmetric volatility and tail
dependence structure between the copper futures and spot markets. Furthermore,
it demonstrates superior performance in terms of hedging effectiveness.
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1 Introduction

Hedging, also known as risk mitigation or risk offsetting, refers to the strategy by which
firms manage price volatility risks by taking futures positions opposite to their spot
market holdings, or by using futures contracts as substitutes for anticipated spot market
transactions. Through the use of futures contracts as temporary substitutes for buying
or selling commodities in the spot market, hedging enables firms to lock in prices for
current or future trades, thereby eliminating risks stemming from price uncertainty.

The hedge ratio is a core concept in hedging strategy. It represents the quantitative
relationship between the position established in the futures market and the position held
in the spot market. The determination of this ratio is critical to the effectiveness of
hedging, as it directly influences the trading volume in the futures market and deter-
mines how enterprises can optimally utilize futures contracts to minimize risks arising
from spot price fluctuations. In practice, the calculation of the hedge ratio requires
consideration of factors such as the correlation between spot and futures prices, the
magnitude of price volatility, and prevailing market conditions. An optimal hedge ratio
allows for maximum compensation between gains or losses in the futures market and
opposite movements in the spot market, thereby achieving risk minimization.
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In 1960, with the emergence of portfolio theory [, Johnson applied the principle of
achieving the highest possible returns at the lowest level of risk by treating futures and
spot assets as components of a unified investment portfolio. Within this framework,
both spot and futures positions are indispensable. Under the objective of minimizing
portfolio risk, one can determine the optimal number of futures contracts to hold based
on spot positions—thus deriving the optimal hedge ratio. The portfolio return can be
expressed as follows:

gt = Tgt — :Brft (1

Here, rg; denotes the combined return of the spot and futures portfolio, B represents
the hedge ratio, rg; stands for the spot return, and ry is the futures return. Under the
principle of minimizing the variance of portfolio returns, the optimal hedge ratio can be
derived. The formula is given as follows:

_ Cov(rgt, Tft)
B - Var(rg¢) (2)

This equation indicates that the optimal hedge ratio is equal to the covariance be-
tween spot and futures returns divided by the variance of futures returns. It ensures that
the hedging strategy minimizes the portfolio's overall risk exposure.

2 Related Work

Previous studies on hedging have predominantly been grounded in two theoretical
frameworks. The first is the traditional hedging theory, which asserts that the optimal
hedge ratio should be 1. This theory is founded on four strict assumptions: the spot and
futures positions must be in opposite directions, have identical delivery dates, involve
the same underlying commodity, and match in quantity !. Subsequent scholars ex-
tended this line of inquiry by emphasizing the insurance function of hedging, differ-
entiating it fundamentally from speculative behavior [,

However, the limitations of traditional hedging theory have become increasingly
apparent. Hedging, as a form of risk management, is intended to mitigate uncertainty
stemming from price fluctuations. Yet, futures trading itself involves inherent risks. In
certain periods, the price trends of futures and spot markets may not align. Within the
rigid framework of traditional hedging, misjudgments about market direction can lead
to substantial losses instead of protection.

The second theoretical framework is the modern portfolio theory-based approach to
hedging, which draws heavily on Markowitz's seminal work on portfolio selection in
1952. His theory provided a quantitative framework for risk diversification through
portfolio construction. This has been adapted into hedging strategies via vari-
ance-covariance matrix models, offering a new analytical lens that allows for improved
hedge ratio estimation compared to traditional methods™.

Regarding model selection, the conventional Ordinary Least Squares (OLS) method
has shown limitations when applied to spot and futures price series, particularly due to
its inability to account for heteroscedasticity in price movements. This can lead to
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inaccuracies in hedge ratio estimation™. In response, researchers have proposed the use
of Vector Autoregression (VAR) models, which are better suited to capturing both
short-term fluctuations and long-term equilibrium relationships between spot and
futures prices. The VAR model enhances the robustness of hedge ratio estimation by
addressing autocorrelation and improving the theoretical foundation for dynamic
hedging strategies!®l.

In the field of hedging for non-ferrous metals, widely used empirical models include
the Bayesian VAR (B-VAR) model”!, Vector Error Correction Models (VECM) 1,
and various forms of the GARCH family™. However, these models often fall short in
fully capturing the long-run equilibrium between spot and futures prices when used in
isolation.

To address this, Copula functions have gained popularity as they allow for the con-
struction of joint distribution functions from marginal distributions, enabling a more
precise representation of the dependence structure between variables. The Copu-
la-GJR-VAR model integrates multiple market features and provides a more accurate
estimation of hedge ratios under realistic risk modeling conditions. Furthermore, the
ARIMA-DCC-GARCH model accounts for the time-varying conditional correlations
between financial time series, enabling dynamic tracking of the evolving relationship
between spot and futures returns. This dynamic modeling approach aligns more closely
with the actual behavior observed in financial markets.

3 Empirical Study

This study utilizes a dataset comprising 1,212 observations of copper futures and spot
market trading data, covering the period from February 2020 to February 2025. The
closing price of copper futures is calculated as the moving average of daily closing
prices across different futures contracts. This computed closing price is then used to
derive the return series for copper futures, which serves as the basis for estimating the
optimal hedge ratio.

The data underwent the following steps: First, the futures and spot price data were
cleaned and organized to ensure consistency and completeness. Subsequently, sta-
tionarity tests were conducted on both the copper futures and spot prices. Where nec-
essary, appropriate transformations were applied to achieve stationarity. Following
this, the log returns of both copper futures and spot prices were computed, and the LM
(Lagrange Multiplier) test was performed to detect the presence of ARCH effects. This
step is essential to justify the application of GARCH-type models in the subsequent
analysis.The estimation results of LM test and correlation analysis are presented in
Table 1 and Table 2.

Table 1. Results of the LM Test

Variable Name Test Statistic P-value
rl 111.909 0.0000%**
r2 109.742 0.0000%**
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Table 2. Results of Correlation Analysis

Variable Name rl r2
rl 1 0.170%**
r2 0.170%** 1

Finally, a correlation analysis was conducted between the log return series of copper
futures and spot prices. The results indicated a statistically significant correlation
between the two series, thereby validating their suitability for further modeling and
analysis.

3.1 Estimating the Hedge Ratio Based on the Copula-GJR-VAR Model

The Vector Autoregressive (VAR) model is a multivariate time series analysis tech-
nique that captures the dynamic interrelationships among multiple variables!'!]. Its key
strength lies in expressing each variable as a linear function of its own lagged values
and the lagged values of all other variables in the system, without requiring any a priori
assumptions about causal direction. This makes the VAR model particularly
well-suited for forecasting and explaining complex economic and financial phenom-
enal!?,

The Glosten—Jagannathan—Runkle GARCH (GJR-GARCH) model, meanwhile, is
widely used in financial time series analysis to capture asymmetric volatility in asset
returns, particularly the so-called “leverage effect,” wherein negative shocks to returns
tend to increase volatility more than positive shocks of equal magnitude.

In this study, the VAR model is employed by treating copper spot and futures prices
as endogenous variables. Through their lag structures, the model captures the dynamic
interaction effects between the two series. The general specification of the VAR model
is presented in Equation (3):

{St o + X0 BriSeoi + Xy VaiFeoi + €1
Fo=o0,+ Zipzl B1iSe—i + Zle Y1iFeoi + €

Where: S, denotes the return of the copper spot price, F; denotes the return of the
copper futures price, €;; and €,, represents the residual term, which is used for further
analysis of volatility characteristics.The results of the model estimation are presented in
Table 3.

(€))

Table 3. Output Results of VAR Model Estimation

(1) )
VARIABLES rl 2
Lrl -0.00960 0.000232
(0.0256) (0.00690)
L2.xl -0.00457 0.00265
(0.0256) (0.00690)
L3.xl -0.486%** 0.00408**

(0.0256) (0.00688)
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L.r2 0.265%* -0.0310
(0.109) (0.0292)
L2.12 0.0343 0.0828***
(0.108) (0.0292)
L3.r2 0.331%** -0.00310
(0.109) (0.0292)
Constant 0.000388 0.000417
(0.00120) (0.000324)
Observations 1,208 1,208

Standard errors in parentheses
4% n<0.01, ** p<0.05, * p<0.1
To address the potential asymmetry in copper spot and futures returns as well as
their co-movement dynamics, this study extends the traditional GARCH model by
incorporating the GJR(1,1) specification, which introduces an asymmetric term to
capture the leverage effect—that is, the differing sensitivity of volatility to positive and
negative shocks.
The theoretical foundation of this approach lies in using the residuals obtained from
the VAR model as error correction terms in the volatility modeling of the return series.
The conditional variance equation is specified as follows in Equation (4):

Utz =w+ a€t2—1 + Vlt—1€t2—1 + ﬁatz—l 4

Where: [;_; is a dummy variable that equals 1 when €,_;<0 (indicating the pres-
ence of a negative shock), I;_;=1 and 0 otherwise. A positive value of y>0 indicates
the existence of a leverage effect.

The parameter o captures the impact of positive shocks (i.e., favorable news) on the
conditional variance, while the term (aty) reflects the impact of negative shocks (i.e.
adverse news) on conditional variance.

The coefficient(a+f+0.5y), often referred to as the decay parameter, determines the
persistence of volatility. When (a+f+0.5y)<1, the model is considered covariance
stationary. A larger value of this sum implies slower decay of shocks, indicating that
the volatility in the return series is more persistent and takes longer to dissipate.The
estimation results of the GJR-GARCH model are presented in Table 4. And the
Output Results from the GJR-GARCH Model for Copper Futures Returns are pre-
sented in Table 5.

Table 4. Estimation Results of the Copper Spot Return Variance Equation

VARIABLES Estimate Std.Error
a 0.660** 0.030
y 0.663%** 0.092
B 0.001*** 0.000

Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1
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Table 5. Output Results from the GIR-GARCH Model for Copper Futures Returns

VARIABLES Estimate Std.Error
a 0.126%** 0.016
y 0.869%*** 0.016
4 0.000*** 0.000

Standard errors in parentheses
##% (.01, ** p<0.05, * p<0.1
This study adopts the sequential Probability Integral Transform (PIT) principle
proposed by Diebold to evaluate the appropriateness of the marginal distributional
assumptions in the Copula model framework!%. The core methodology involves ap-
plying a probability integral transformation to the standardized residuals, in order to
test whether the transformed values follow a uniform distribution on the interval (0,1).
This serves as a validation of the probabilistic characteristics of the residual series.If the
transformed series satisfies the independent and identically distributed (i.i.d.) assump-
tion, it indicates that the model effectively captures the dynamic behavior of the vari-
ables!'%, Furthermore, if the series remains uniformly distributed over (0,1), it confirms
the correct specification of the marginal distributions used in the Copula construc-
tion.The standardization of residuals from the GJR-GARCH model is expressed in
Equation (5):
€t
Zy = o (5)
The standardized residuals are transformed into uniform random variables U, and
Vithrough the probability integral transform. These transformed variables are then
joined via the Copula function to construct their joint distribution, as shown in Equa-
tion (6):

H(Zsis Zg) = C(Ups Vis 6) (6)

Based on an information criterion—based model selection process, this study evalu-
ates various Copula specifications. According to both the Akaike Information Crite-
rion (AIC) and Bayesian Information Criterion (BIC), the Clayton Copula exhibits the
best fit. Its greater flexibility in capturing lower tail dependence makes it particularly
suitable for modeling the asymmetric joint distribution of copper spot and futures
returns. Therefore, the Clayton Copula with time-varying dependence parameters is
adopted.Under the Copula-GJR-VAR framework, the conditional covariance between
spot and futures returns is expressed as Equation (7):

Cov(S;, F|Fi_1) = 0y * Op¢ * Pspe @)

Where og and og are the time-varying conditional standard deviations derived
from the GJR-GARCH model, and pgp; is the time-varying dependence coefficient
generated by the Clayton Copula.Based on this, the dynamic optimal hedge ratio is
calculated using Equation (8):

COV(St'FtlFt—l) — @ (8)

hedge_ratio = —————— =
ge- Var(FFen) | oR
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After implementing the model in R, the resulting dynamic hedge ratio series is
smoothed using a moving average. Under the Copula-GJR-VAR framework, the av-
erage optimal hedge ratio is calculated to be 0.8729, indicating that 0.8729 units of
standardized Shanghai copper futures are required to hedge one unit of standardized
Changjiang copper spot.According to the minimum variance hedging theory, the op-
timal hedge ratio is the one that minimizes the variance of the return on a hedged
portfolio. In the ARIMA-DCC-GARCH framework, the optimal hedge ratio is de-
rived by estimating the conditional mean, conditional variance, and dynamic condi-
tional correlation between spot and futures returns.

The basic specification of the model is shown in Equation (9):

Ipt = I — Brat ©

Here,rpt denotes the return of the hedged portfolio. 3 represents the optimal hedge
ratio. To minimize the variance of the hedged portfolio, the following relationship
holds, as shown in Equation (10):

mi;glvar (rpt)=Var(ryy — Pray) (10)

Based on the properties of conditional variances and covariances, the optimal
hedge ratio can be expressed in terms of model-estimated quantities, as shown in
Equation (11):

Cov(ryeraeOi-) an

hedge_ratio =
8e- Var(ral6e-1)

Here, Cov(ryy, I'yt|0¢—1)denotes the conditional covariance between spot and fu-
tures returns, and Var(r,|0;_1) denotes the conditional variance of futures returns.
In the ARIMA-DCC-GARCH model, these conditional moments are estimated di-
rectly from the model, allowing for the dynamic computation of the optimal hedge
ratio over time. In this study, the Akaike Information Criterion (AIC) and Bayesian
Information Criterion (BIC) are used as the selection criteria. The model with the
lowest AIC and BIC values is chosen as the best-fitting specification.As shown in
Table 6, the ARIMA(1,0,1) model exhibits the best performance. Therefore,
ARIMA(1,0,1) is selected for the subsequent modeling and estimation.

Table 6. Model Selection Table

AIC BIC
ARIMA(1,0,1) -15335.83 -15300.15
ARIMA(1,0,0) -15642.74 -15525.63
ARIMA(0,0,1) -15426.43 -15324.28

After fitting the ARIMA(1,0,1) model separately to the return series rl and r2, the
respective residuals el and e2 are extracted. A stationarity test is then performed, and
the results reveal that €2 exhibits multicollinearity, indicating a potential issue with
stationarity. Therefore, differencing is applied to €2 to ensure stationarity of the re-
sidual series.
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Subsequently, LM tests are conducted on both residuals to detect the presence of
ARCH effects, which is a prerequisite for applying the DCC-GARCH model. As
shown in Table 7, both residual series exhibit significant ARCH effects at the 1%
significance level, confirming the appropriateness of using the DCC-GARCH frame-
work for modeling time-varying conditional variances and correlations.

Table 7. LM Test Results for Residual ARCH Effects

Variable Name Test Statistic P-value
el 104.554 0.0000%***
le2 104.431 0.00007%**

The estimation results from the bivariate DCC-GARCH model are presented in
Table 8. The coefficients of the ARCH terms are 0.310 and 0.212, both statistically
significant at the 1% level. This indicates the presence of significant autoregressive
conditional heteroskedasticity (ARCH effects) in the residuals of both the copper spot
and futures return series—suggesting that past shocks have a notable impact on cur-
rent volatility.

The GARCH coefficients are estimated at —0.767 and 0.712, respectively, and are
also significant at the 1% level. These results imply that past volatility levels exert a
substantial influence on current volatility, with asymmetric effects between the spot
and futures markets.

The DCC parameters, Lambdal andLambda2, are both significant at the 1% level,
indicating that the dynamic conditional correlation is highly persistent. The signifi-
cance of both parameters reflects the model’s ability to adjust dynamically to changes
in correlation between the spot and futures markets over time.

Based on the ARIMA-DCC-GARCH model estimation, the optimal hedge ratio is
computed using the predicted conditional covariances and variances. The result yields
a hedge ratio of 0.687, meaning that 0.687 units of standardized Shanghai copper
futures are required to hedge one unit of standardized Changjiang copper spot.

Table 8. Estimation Results of the ARIMA-DCC-GARCH Bivariate Model

(1) ) )
Vlilgg B Dcc-garch Dcc-garch A dijs3t)ment Cov/Var
ARCH el ARCH_le2 Rho
L.arch 0.0310%** 0.212%%*
' (0.0363) (0.0367)
L garch -0.767** 0.712%**
’ (0.387) (0.0507)
0.0452%**
Lambdal 0.0117)
0.949%**
Lambda2 (0.0144)
Constant 3.58e-07%** 6.66e-08%**
(8.60e-08) (2.00e-08)
0.687***

hedge_ratio (0.144)
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Observa-

. 1210 1210 1210 1210
tions

Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

3.2  Performance Comparison of Copper Futures Hedge Ratios

To identify the optimal hedge ratio, it is necessary to evaluate the actual hedging per-
formance resulting from the hedge ratios estimated by the different models discussed
in the previous section. This comparison helps assess which model yields a more
effective hedge in practice.

Among the existing evaluation methodologies, this study adopts the widely used
Ederington's hedging effectiveness approach!!®! to compare the performance of dif-
ferent hedge ratios. Under this framework, hedging effectiveness is quantified by the
proportion of variance reduction in the return series of the hedged portfolio.

The formal specification of the evaluation model is given in Equation (12):

_ Var(Uy)—-Var(W)
- Var(Ug)

e (12)

In this context, Var(U;) represents the variance of the unhedged spot return, while
Var(W,) denotes the variance of the return on the hedged portfolio. Based on this, the
evaluation can be further specified by the following equations:

Var(U,) = Var(Dry) (13)
Var(U,) = Var(Dry) + B2Var(Dry,) + 2;Cov(D1y,D1y;) (14)

Here, [; represents the hedge ratio estimated under different models. Based on the
above definitions, the final expression for hedging effectiveness can be derived as
Equation (15):

_ —Biz Var(Dryt)+2B;Cov(Dry¢,D1ot)

Ve = (15)

Var(Dryt)

This formula is subsequently employed as the primary metric for evaluating hedg-
ing performance. Using Stata, the hedging effectiveness is calculated for each hedge
ratio derived from different models. The results are presented in Table 9.

Table 9. Comparison of Hedging Effectiveness Across Models

Model Copula-GJR-VAR ARIMA-DCC-GARCH
B 0.872 0.687
Var(U,) 12547.328 12547.328
Var(Ww,) 3821.095 6723.884
0, 0.6973 0.4661

From the results, it is evident that applying the optimal hedge ratios estimated by
each model leads to a significant reduction in the portfolio variance, confirming the
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effectiveness of the hedging strategies. The larger the value of hedging effectiveness
(HE), the greater the efficiency of using futures to hedge spot positions.

A comparative analysis reveals that the Copula-GJR-VAR model outperforms the
ARIMA-DCC-GARCH model in terms of hedging performance. Similarly, in terms
of hedge ratio magnitude, the ranking follows:

Copula-GJR-VAR model > ARIMA-DCC-GARCH model.

From a comprehensive perspective, although the Copula-GJR-VAR model in-
volves higher hedging costs compared to the ARIMA-DCC-GARCH model, it deliv-
ers superior hedging performance. Thus, the overall analysis suggests that the Copu-
la-GJR-VAR model provides the most effective hedging outcomes among the models
considered.

4 Conclusion

This study integrates the Copula function with the GJR-VAR model to develop a
hybrid modeling framework capable of capturing the dynamic interactions, asymmet-
ric volatility, and tail dependence between copper spot and futures markets. By
breaking away from the conventional assumptions of linear correlation and static
volatility embedded in traditional hedging theory, the proposed approach offers a
novel theoretical foundation for risk management in commodity markets under com-
plex conditions.

The empirical findings demonstrate that the volatility in copper markets exhibits
significant leverage effects, whereby negative shocks have a far stronger impact on
volatility than positive shocks. Furthermore, the dynamic conditional correlations
between spot and futures returns display clear tail dependence, particularly during
extreme market conditions. These insights contribute to a deeper academic under-
standing of the risk transmission mechanisms in the copper futures market and pro-
vide methodological references for future research.

Moreover, the practical effectiveness of the proposed model in risk mitigation is
verified through empirical testing, offering an innovative and actionable framework
for copper-related enterprises seeking to manage price risks more effectively.
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