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Abstract. This study examines the impact of Al-driven market volatility on the
pricing of S&P 500 index options. The aim is to assess the limitations of the
Black-Scholes (BS) model under Al-induced volatility and explore
improvements by incorporating the GARCH model. Time-varying volatilities are
estimated using historical data from January 1, 2023 to April 21, 2024 and
GARCH (1,2) models which is proven to be the best model to estimate the
options’ price of S&P500, then comparing option prices from standard BS and
BS-GARCH models. This study finds that the GARCH model achieves the most
significant improvement in pricing accuracy for call options with shorter matur-
ities, 1-10 days. However, it performs poorly for put options, highlighting the
limitations of GARCH models in capturing the volatility dynamics of the latter,
especially for medium-term options. This finding suggests that during the high
volatility market driven by Al’s development, the prediction of call price will be
more accurate with BS-GARCH model, while there are still problems on the
prediction of put price.

Keywords: Black-Scholes, GARCH model, option pricing,time-varying vola-
tility, S&P 500.

1 Introduction

From January 1, 2023 to April 10, 2024, financial markets, especially the S&P 500
index, experienced significant volatility driven by the rise of Al. The period witnessed
the rapid adoption of AI technologies such as ChatGPT and Al-driven applications,
which triggered a surge in investments and speculation across industries. However, the
implications of Al's rapid integration into the broader economy and its impact on the
market in general and the S&P 500 in particular remain underexplored. The speculative
nature of Al-related investments has caused volatility to jump across sectors, not just
limited to technology but extending to industrials, healthcare, and financials, all of
which are well represented in the S&P 500.

However, traditional models such as Black-Scholes assume continuous volatility
and struggle to capture extreme and time-varying volatility driven by Al-related
movements. This study examines the limitations of the Black-Scholes model for pric-
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ing S&P 500 index options during the Al-driven period and evaluates the improved
performance of the BS model when brought into the GARCH model. This model can
carry out a series of operations such as option pricing for S&P 500 options in this
unique period more accurately by bringing the future volatility predicted by GARCH
model into BS model, so as to be more suitable for the market changes brought by
artificial intelligence.

Previous research has explored some typical stocks like NVIDIA. A large number of
experimental results show that the Black-Scholes model has some limitations in real
financial markets, and GARCH models need to be introduced to reduce forecast errors.
Using mathematical tools such as differential equations and stochastic processes, Black
and Scholes introduced the no-arbitrage theory and the concept of risk-neutral pricing,
based on the assumptions that financial markets are frictionless, security prices follow
geometric Brownian motion, stocks do not pay dividends, and there are no risk-free
arbitrage opportunities in the market [1]. This leads to the partial differential equation,
the Black-Scholes equation. However, these assumptions are difficult to implement or
are often violated in real markets. Jankova pointed out that the assumption of
non-arbitrage is often violated in practice, leading to market anomalies [2].

Another major problem is that the B-S model assumes that the underlying asset's
volatility is constant. This assumption is often incorrect in real markets because market
data exhibit discontinuities and jumps. Jankova states that each percentage point of
volatility usually has a huge impact on option prices, making this one of the most
serious problems with the B-S model [2]. Therefore, it is necessary to introduce the
GARCH model, which provides a more flexible alternative to the constant volatility
model. This modeling ability of dynamic volatility makes the pricing of options more
consistent with market data and can reflect the potential volatility risk of the market.
Bollerslev n.d. claimed that the GARCH model adjusts the conditional variance by
introducing a stepwise adaptive learning mechanism so that it can be time-varying [3].
This mechanism enables volatility to be dynamically adjusted according to past sample
changes and the variance level of its conditions, making the model more suitable for the
actual market situation [3].

Gong and Thavaneswaran and Singh combined the GARCH model with the
Black-Scholes model and conducted an extensive empirical analysis using European
call options on the S&P 100 index [4]. Based on the statistics related to volatility (such
as mean and kurtosis), it is pointed out that using the GARCH model to deal with
volatility and considering the time-varying characteristics of volatility can significantly
improve the accuracy of option pricing models [4]. Wang, using historical options data
from Apple Inc. (AAPL) from January 2016 to December 2020, demonstrates that the
enhanced GARCH model is able to improve performance in the face of volatility
clustering and market changes by cross-validating the mean square error (MSE) of
different models' predicted prices with market data [5]. This improvement is particu-
larly notable in market conditions where volatility dynamics are typically prominent.

An and Su pointed out that the GARCH model provides a closed-form solution in
American option pricing, linking it to spot prices and historical spot prices, so that the
correlation between volatility and spot returns can be better captured [6]. Arunsingkarat
et al. shows that the GARCH model clearly outperforms other pricing models, in-
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cluding the well-known black-scholle model, as the RMSE is significantly reduced in
our sample of option prices, for both 30-day and 60-day maturities [7].

Rawat noted that the share prices of Al concept stocks have experienced significant
volatility and jumps, especially after breakthroughs in Al technology [8]. Key events
such as OpenAl's launch of ChatGPT caused Al company stock prices to rise rapidly.
For example, because of the rise of generative artificial intelligence technology, tech
stocks account for 70% of the S&P 500's total return in 2023 [8]. Mak states that shares
of NVIDIA have rallied (+30.04%), while Meta has also been hit by Al and virtual
reality optimism, with the stock up +17.29% in 2023 [9]. By 2024, Al applications will
extend beyond the semiconductor industry to software and data analytics like Palantir,
which has benefited from government contracts and demand for Al data tools, and its
stock price has risen significantly (+55.25%) [9]. On the other hand,S&P 500 tracker
funds also show how the rise of Al and related technologies is affecting volatility across
markets. Krkoukli shows that, from the beginning of March 2024 to April 2024, the
SPY fund grew by about 10.39%, closely tracking the S&P 500's performance [10].

This asymmetry requires traditional pricing models to be adapted to this market re-
ality when analyzing and forecasting the prices of these stocks. Especially in the era of
the rise of Al, the unpredictability of such turbulence is higher, and if only BS model is
used at this time, the prediction results of volatility may not be accurate. Moreover,
there are few relevant experiments before this, so this study wants to explore the impact
of introducing GARCH model into BS model on option price estimation.

2 Methodology

This section outlines the procedure used to evaluate the pricing accuracy of the
Black-Scholes model under constant and time-varying volatility conditions. The
methodology comprises four main components: data preprocessing, volatility modeling
using a GARCH(1,2) specification, option pricing using the Black-Scholes formula,
and model performance evaluation.

2.1 Data Collection and Preprocessing

Historical daily closing prices for the S&P 500 Index (SPX) for the period from January
1, 2023 to April 21, 2024 were collected from Yahoo Finance for volatility modeling.
Daily log returns are calculated as follows:

rtzln( Pt) (D)

Pt—1

Where P, represents the SPX closing price on day t. The return series was then
checked for stationarity, and no outliers were removed to preserve the natural volatility
structure.

European-style SPX option data for April 22, 2024 were obtained from Barchart,
including bid-ask midpoint prices, implied volatilities, strike prices, and time to ma-
turity (DTE) for call and put options.
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Option‘s Data Cleaning Criteria:Volume = 0 — removed, Bid-ask midpoint = 0
AND no trades — removed, DTE < 1 — excluded, Duplicated rows — removed, IV
and TV (implied volatility and theoretical value) — flagged for future usage.

2.2 Volatility Estimation: GARCH(1,2) Model

To capture the time-varying volatility of SPX returns, this study uses the GARCH (1,2)
model. Before selecting the model, a complete diagnostic process was carried out:

2.2.1 Run-in Heading in Bold. The squared residuals of the logarithmic regression
series were analyzed by autocorrelation function (ACF) and partial autocorrelation
function (PACF) plots to identify autocorrelation in the conditional variance.The
ARCH-LM test up to lag 10, was conducted to formally assess the existence of ARCH
effects. After confirming significant ARCH behavior, a series of GARCH (p,q) models
from (1,1) to (3,3) were estimated using EViews. Model selection is based on mini-
mizing Akaike information criterion (AIC) and Bayesian information criterion (BIC).
GARCH (1,2) is the most appropriate specification.

2.2.2 GARCH(1,2) Model Specification
re=p+e, €~N(0,0f) 2)
of = w + oy€efy + B0ty + P20t (3)

U: constant mean return

€;: innovation/residual at time t

o?: conditional variance

w: long-term average volatility

a,: ARCH term (impact of lagged squared returns)
B, B,: GARCH terms (volatility persistence)

2.2.3 Volatility Forecasting Procedure. Once the GARCH (1,2) model is estimated
using data from January 1, 2023 to April 21, 2024, the conditional variance of h =1 to
20 trading days is predicted. These forecasts represent the predicted volatility for
different Days-to-Expiration (DTE).

Each predicted volatility was annualized as:

Oannualized = V 252 - O¢ (4)

These forward looking volatilities are then used as inputs for options with corre-
sponding DTEs in the Black-Scholes model.

2.3 Option Pricing Models

Two models were constructed for comparison:
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Model A: Constant volatility using the realized historical standard deviation
Model B: GARCH-based forward-looking volatility
Black-Scholes Formulas:

C =S, N(d;) —Ke - N(d,) ®)
P =Ke ™ - N(—d;) — Sp - N(—d,) (6)
d1 = —ln(?O)ZE/;—EGZ)T, dz = d1 - 0\/T (7)

Where:

S: spot price

K: strike price

r: risk-free rate (constant)

T: time to maturity

o: volatility (historical or GARCH-predicted)
N(-): cumulative standard normal distribution

2.4 Model Performance Evaluation

The pricing results of these two models are benchmarked against real market option
prices.

2.4.1 Evaluation Metrics. Root Mean Squared Error (RMSE):

RMSE= /% n (B -p)° (®)

Mean Absolute Percentage Error (MAPE):

100\% <n |ﬁ—Pi|

MAPE=="2 5L, |2 9)

2.4.2 Residual Visualization. To uncover performance patterns, the residual distribu-
tion was visualized using:Boxplots, KDE curves, and Histograms.

2.4.3 Stratified Error Analysis. To further evaluate GARCH's behavior, pricing
errors were analyzed by:

DTE is divided into three stages: short (1-5 days), medium (6-10 days) and long
(11-20 days)

2.5 Model Hypothesis

Considering the rapid development of Al and the time-varying characteristics of market
volatility, GARCH models are able to capture market volatility more accurately and
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improve option pricing, which will signaficantlly decrease the error of forecast. As a
result, future call and put options will be priced with lower RMSE and MAPE than
when only the Black Scholes model with constant volatility is used.

3 Result and Discussion

3.1 Model Diagnostics and GARCH Specification Selection

To determine the appropriate GARCH model to capture the conditional volatility of
SPX returns, a series of diagnostic tests and model comparisons are performed based on
data from January 1, 2023 to April 10, 2024, as shown in Table 1.

Table 1. Residual Autocorrelation.

ACF PACF Q-Stat Prob
1 -0.023 -0.023 0.1764 0.675
2 0.088 0.088 2.6898 0.261
3 0.096 0.101 5.6685 0.129
4 -0.046 -0.049 6.3489 0.175
5 0.088 0.069 8.861 0.115
6 0.061 0.065 10.06 0.122
7 0.031 0.03 10.371 0.169
8 0.179 0.157 20.88 0.007
9 0.094 0.101 23.789 0.005
10 0.059 0.036 24.954 0.005
11 -0.004 -0.051 24.958 0.009
12 0.009 -0.008 24.985 0.015
13 0.035 0.015 25.383 0.021
14 -0.037 -0.063 25.848 0.027
15 0.089 0.055 28.478 0.019
16 0.069 0.048 30.059 0.018
17 -0.031 -0.064 30.375 0.024
18 0.038 -0.019 30.859 0.03
19 0.09 0.111 33.622 0.02
20 -0.003 0.015 33.626 0.029

The ACF plot shows moderate autocorrelation at several lags, in particular lags 8, 9,
15 and 19, suggesting persistent volatility clustering. In contrast, PACF shows a sig-
nificant peak at lags 1, 2 and after, with a gradual decline in value rather than a sudden
break. This pattern suggests the presence of conditional heteroscedasticity and supports
the inclusion of multiple lagged terms in the moving average component of the condi-
tional variance equation.

To formally test for ARCH effects, the ARCH-LM test was conducted with lag
orders of 5 (left)and 10(right):
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ARCH-LM (5 lags): The p-value of the chi-square statistic is 0.083229, which is
marginally insignificant at the 5% level, but the evidence of heteroscedasticity is
weaker.

ARCH-LM (10 lags): The p-value drops sharply to 0.006021, strongly rejecting the
null hypothesis of no ARCH effect. This result supports the presence of higher-order
ARCH behavior in the return series.

These findings confirm that the SPX return series exhibit time-varying volatility and
significant high-order effects, justifying the use of GARCH (p, q) models with q>2, as
shown in Table 2.

Table 2. Model Selection Based on Information Criteria.

Model AIC BIC LoglLikelihood
GARCH(1,1) 2.29126 2.33858 -360.31
GARCH(1,2) 2.26536 2.32451 -355.2
GARCH(1,3) 2.28499 2.35579 -357.31
GARCH(2,1) 2.27825 2.3374 -357.24
GARCH(2,2) 2.2845 2.35548 -357.2
GARCH(2,3) 2.32835 2.40611 -362.4
GARCH(3,1) 2.32239 2.40611 -363.21
GARCH(3,2) 2.32329 2.35673 -362.4
GARCH(3,3) 2.33687 24315 -363.56

GARCH models from (1,1) to (3,3) are estimated and compared using Akaike in-
formation Criterion (AIC) and Bayesian information criterion (BIC). The GARCH
(1,2) model produced the lowest AIC and BIC values, indicating the best trade-off
between model fit and complexity. This specification is also found to be stable during
the estimation process.

3.1.1 Conclusion: Choice of GARCH(1,2). The GARCH (1,2) model is selected as
the optimal framework for SPX volatility modeling by combining the residual struc-
ture, formal heteroscedasticity tests and information theory criteria. It captures the
volatility clustering observed in the return series while avoiding overparameterization.

3.2 Option Pricing Accuracy: Constant vs. GARCH-based Volatility

3.2.1 Descriptive Statistics of the Option Datase. Fig.1 and Fig.2 show the distribu-
tion of DTE of Call options and Put options.
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DTE Distribution - Call Options
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Fig. 1. DTE distribution of Call option.
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Fig. 2. DTE distribution of Put option.

After applying the data cleaning criteria, 12 call options and 18 put options were
retained for analysis. All contracts have positive trading volume and open interest,
non-zero bid-ask midpoints, and more than one day to maturity .The DTE distribution
shows that calls are mostly concentrated between 7 and 10 days, while puts have a
slightly shorter term structure and a more concentrated term structure.

3.2.2 RMSE and MAPE Comparison (Constant vs. GARCH). In order to assess the
accuracy of the model, this paper compares the root mean square error (Fig.3) and the
mean absolute percentage error (Fig.4) between the constant volatility and GARCH

enhanced Black-Scholes models across all options selected.

Option Pricing Error (RMSE)
GARCH vs Constant Volatility

Call Call Put Put
GARCH Vol Const Vol GARCH Vol Const Vol

Fig. 3. Root mean square error between the constant volatility and GARCH enhanced
Black-Scholes models across all options selected.
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Option Pricing Error (MAPE)
GARCH vs Constant Volatility
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Fig. 4. Mean absolute percentage error between the constant volatility and GARCH enhanced
Black-Scholes models across all options selected.

For call options, the RMSE of the constant volatility model is 6.70 and the MAPE is
65.38%. In contrast, the GARCH-based model significantly reduces both metrics with
a RMSE of 3.61 and a MAPE of 33.89%. This suggests that the time-varying volatility
captured by GARCH improves the pricing accuracy of call options.

For put options, however, the pattern is reversed. The constant volatility model has
an RMSE of 3.41 and a MAPE of 77.87%, while the GARCH model has a higher
RMSE of 5.64 and a MAPE of 102.81%, indicating a decline in performance.

3.2.3 Residual Distribution Analysis. The following diagram illustrates the differ-
ence between BS and BS-GARCH residual distributions using KDE (Kernel Density
Estimation) analysis and boxplot analysis (Fig.5 and Fig.6).

Call Option Pricing Error Distribution (KDE)

| Option Model
0:40 Call-BS (Black-Scholes)
035} m Call-GARCH (GARCH Volatility)
0.30
Q‘ 0.25}
2
8 0.20

0.15f
0.101
0.05f

0'00—7.5 =50 25 00 25 ?0 7.5 10.0 12‘.5

Pricing Error

Fig. 5. Residual distributions of call option by KDE (Kernel Density Estimation) analysis.
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Call Option Pricing Error (Boxplot)
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Fig. 6. Residual distributions of call option by boxplot analysis.

For call options, although the residuals of the GARCH model have a wider spread
range than those of the BS model, it can be seen from the KDE that the GARCH model
generates on average a smaller price error than the BS model. Moreover, it can also be
seen from the boxplot that the interquartile range (IQR) of the GARCH model is
slightly wider than that of the BS model, but the relative position of the median is closer
to 0.However, the error distribution of the BS model clearly favors positive errors, and
the relative position of the median is around 5, which is significantly larger than that of
the GARCH model (Fig.7 and Fig.8).

Put Option Pricing Error Distribution (KDE)

Option Model
0.7F Put-BS (Black-Scholes)
mm Put-GARCH (GARCH Volatility)

N TR |
-20 -15 -10 -5 0 5 10
Pricing Error

Fig. 7. Residual distributions of put option by KDE (Kernel Density Estimation) analysis.
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Put Option Pricing Error (Boxplot)
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Fig. 8. Residual distributions of put option by boxplot analysis.

As can be seen from the KDE plot, the Put-GARCH pricing error is concentrated
around 0, but its tail spread is long, which means that the model has large error fluc-
tuations, especially in the negative error direction. This suggests that the PUT-GARCH
model may produce large underestimates when estimating Put option prices. In con-
trast, Put-BS has a more concentrated distribution of pricing errors, and although there
is still a small tail extension, a higher proportion is concentrated around 0, indicating
more accurate pricing errors and lower volatility.

Turning to the box plot, the Put-BS model shows better stability and lower volatility.
The pricing errors are more concentrated and the error range is smaller, and the model
shows better stability and smaller error range. In contrast, although the Put-GARCH
model has a median close to 0, its pricing errors are more volatile and there are more
outliers, especially in the negative error direction, showing poor pricing stability.

3.2.4 Error Decomposition by DTE (Time to Expiration) of BS-GARCH. For call
options, the highest RMSE values for days 11 to 20, followed by days 1 to 5. DTE of
6-10 days has the smallest RMSE value. For the MAPE, it is basically maintained at the
level of around 35, and the MAPE with a DTE of 11-20 is the highest at 36.6. This
suggests that the BS-GARCH model is more suitable for forecasting options with DTE
ranging from 1 to 10 days, as shown in Table 3.

Table 3. RMSE and MAPE in DTE terms.

Model Group Type | Group RMSE MAPE
Call-GARCH DTE Short (1-5) 3.333516586 33.04407795
Call-GARCH DTE Medium (6-10) | 2.477410069 31.71585623
Call-GARCH DTE Long (11-20) 4.529572588 36.57510118
Put-GARCH DTE Short (1-5) 1.946074895 137.756234
Put-GARCH DTE Medium (6-10) | 8.785509266 79.39849053
Put-GARCH DTE Long (11-20) 4.087949621 81.97402748
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However, for put options, the lowest RMSE values are found for DTE of 6-10 days,
followed by 1-5 days. The largest RMSE value was found for DTE of 6-10 days.The
MAPE for put options shows greater variability compared to call options, highlighting
the higher sensitivity of put options to the volatility model, especially with respect to
pricing errors at different maturities.

3.3 Comparison of Hypothesises with Actual Results

The GARCH model significantly outperforms the Black-Scholes model with constant
volatility in pricing call options. By introducing time-varying volatility, the GARCH
model significantly reduces RMSE (from 6.70 to 3.61) and MAPE (from 65.38% to
33.89%), indicating that the GARCH model can more accurately capture the volatility
changes of the market, especially in the case of volatility clustering in the short term,
which is in line with the expectation in the hypothesis. However, the GARCH model is
less effective in pricing put options, with RMSE and MAPE of 5.64 and 102.81%,
respectively, much higher than the constant volatility model (RMSE of 3.41 and MAPE
of 77.87%). This suggests that although the GARCH model performs well in capturing
the volatility of call options, it may have some limitations in dealing with the volatility
and downside risk of put options. This asymmetric performance reveals the heteroge-
neity of GARCH models in dealing with the pricing of different types of options, which
may be explained by the failure of put options to fully reflect the negative volatility risk
of the market.

3.3.1 Recommendations and Limitations. Improving model diversity to cope with
different characteristics of market volatility can be the most reasonable advise. Ex-
perimental results show that GARCH model can effectively improve the pricing ac-
curacy of call options, but it does not perform well for put options. Therefore, it is
recommended to combine multiple volatility models when pricing, especially using
different models for different types of options. For example, Wang’s approach to
dealing with complex volatility properties originating in markets alone includes the use
of generalized autoregressive conditional heteroskedastic models (GARCH), stochastic
Alpha Beta Rho models (SABR), stochastic volatility elicitations (SVI), and Dupire
local volatility models [5].

As for the limitations of the study, the issue of local market applicability can be
considered as one of the issues that still need to be considered. The S&P 500 index
analyzed in this study may be affected by differences in market structure because of its
complexity. Emerging markets or non-US markets, for example, may face different
volatility characteristics and may be affected differently by Al technology. Therefore,
the applicability of the conclusions of the study, which may be in other markets or other
financial products, needs further verification.
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4 Conclusion

This paper aims to prove that in the volatile market caused by the rise of Al, compared
with the BS model with constant volatility, introducing the dynamic volatility predicted
by GARCH model into the BS model can improve the accuracy of option pricing to a
certain extent. Firstly, this study collects the historical data of SPX and
2023.1-2024.4.22, which coincide with the rise of AI. Then, based on the data of
2023.1-2024.4.10, Eviews is used to conduct a series of tests of ACF, PACF, LM, AIC
and BIC. GARCH (1,2) was confirmed as the best model to ensure the rationality of the
study. Then, the option price data predicted by BS model and BS-GARCH model are
compared with the market price. Firstly, RMSE and MAPE are calculated, and then
KDE image and box chart of pricing error are drawn. Finally, DTE is divided into
1-5days, 6-10days and 11-20days three stages to further test the prediction ability of
BS-GARCH.The results of this paper show that the GARCH model significantly im-
proves the pricing accuracy of call options compared with the BS model, especially for
options maturing in 1-10 days, the RMSE and MAPE are substantially reduced.
However, for put options, the GARCH model performs poorly with large pricing
errors, especially at 6-10 days to maturity. The residual analysis shows that the
GARCH model error is more stable for call options, while it is more volatile for put
options. In general, the GARCH model performs better in pricing call options than put
options, and performs the best especially for short maturity options.
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