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Abstract. In the context of rural revitalization and efficient agricultural resource
allocation, this study develops a mathematical model to optimize crop planting
strategies (2024-2030) for a mountainous village in North China, considering
diverse land types and planting constraints. A linear programming model is first
built based on plot types, aiming to maximize profits while adhering to cropping
rules and rotation requirements. Pearson correlation and K-means clustering are
then used to analyze economic relationships and classify crops for better substi-
tution and complementarity. Integrating land suitability and crop correlations, a
multi-objective optimization model is proposed to balance yield, cost, and market
demand. The results provide a data-driven strategy for sustainable and efficient
agricultural planning in resource-constrained villages'.

Keywords: Linear programming; Pearson correlation coefficient; Cluster anal-
ysis; Monte Carlo simulation

1 Introduction

In the context of the increasingly complex global food security situation and the grow-
ing constraints on agricultural resources and the environment, the scientific and rational
optimization of crop planting structure has emerged as a crucial lever for promoting
high-quality agricultural development and the implementation of the rural revitalization
strategy.

As the fundamental units of agricultural production, rural areas play an irreplaceable
role in ensuring food supply, boosting farmers' income, and optimizing the rural indus-
trial structure. However, influenced by multiple factors such as the variability of arable
land types, natural condition constraints, market price fluctuations, and the uncertainty
of agricultural production risks, traditional, experience-dependent planting patterns are
increasingly inadequate for meeting the modern agricultural demands for fine-grained
management and the maximization of economic benefits.

In recent years, mathematical modeling and optimization theory have been widely
applied in the field of agricultural decision-making. Techniques such as linear program-
ming (LP), and data mining provide more scientific decision-making tools for agricul-
tural resource allocation. Data-driven optimization models are capable of systemati-
cally analyzing the profit differencesamong various planting options under multiple
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constraints, thus offering a quantitative basis for regional agricultural structural adjust-
ment.

This study selects a rural area in a mountainous region of North China as the research
subject. Based on a comprehensive consideration of factors including arable land type
heterogeneity, crop rotation constraints, sales strategies, and the economic characteris-
tics of crops, we introduce methods such as linear programming, robust optimization,
correlation analysis, and cluster analysis to construct a multi-objective crop planting
optimization model.

Through a systematic analysis of the planting strategies for the period 20242030,
this paper aims to achieve the scientific configuration of the crop planting structure and
the maximization of economic benefits under the constraint of finite land resources,
providing a theoretical reference and practical insights for agricultural production de-
cisions in similar regions.

2 Problem Restatemen

2.1  Problem Background

For 41 crops (16 grains, 21 vegetables, 4 fungi), the study defines planting seasons and
plot suitability (e.g., Chinese cabbage in irrigated land’s second season; edible fungi in
ordinary greenhouses’ autumn/winter). Key challenges include analyzing economic
correlations (e.g., yield-cost positive correlation, weak price-yield correlation) via sta-
tistics and clustering crops into high-value (morels), medium-value (cucumbers), and
low-value (wheat) categories. The research integrates plot adaptation and crop econom-
ics, using linear programming to optimize long-term planting for maximum profit under
management and ecological sustainability. Results offer a replicable model for for sim-
ilar villages to address land constraints, enhance agricultural profits, and drive high-
quality rural development within resource limits.

2.2 Problem Formulation

In order to enable the village to make reasonable decisions during future farmland
planting and achieve higher production efficiency, it is now necessary to establish a
mathematical model by combining the actual situation with the given information to
analyze the following problems:

Problem 1: Taking the total crop output and expected sales volume as the main re-
search objects, respectively give the optimal planting schemes for the village's crops
from 2024 to 2030 for two sales strategies?.

Problem 2: Based on the analysis of Problem 1, comprehensively considering
whether crops can substitute for each other or promote each other's growth, as well as
the degree of correlation among expected sales volume, sales price, and planting cost,
further obtain the optimal planting scheme from 2024 to 2030.
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3 Problem Analysis

3.1  Analysis of Problem 1

Problem 1 is a planning problem, which requires us to analyze the data given in the
appendix and give the optimal planting schemes for the village from 2024 to 2030 ac-
cording to the sales strategies under two different situations. Firstly, list the correspond-
ing constraint conditions according to the materials and establish the objective function.
For the first sub - question, the main constraint conditions are plot area, crop rotation
strategy for leguminous plants, seasonal planting, etc. Starting from these conditions,
establish different objective functions for three types of land such as flat dry land, irri-
gated land, and two types of greenhouses, and sum them up to obtain the maximum
value of the village's crop revenue.

3.2 Analysis of Problem 2

According to the problem statement, it is necessary to analyze the relationships between
crops, expected sales volume, sales price, and planting cost. First, quantify the linear
relationships among crops, expected sales volume, sales price, and planting cost via
correlation analysis. Next, cluster crops by yield per mu, sales price, and planting cost
to group those with similar economic traits and reveal their substitutability or comple-
mentarity. Then, integrate these insights into an optimization model (2024-2030) that
balances each crop’s economics, market demand, and costs to determine the best plant-
ing plan. Finally, benchmark the model’s results against prior studies to assess its ef-
fectiveness and improvements.

4 Model Assumptions

We run a Monte Carlo simulation by sampling future crop prices and costs from distri-
butions fitted to 2023 data (e.g., normal or triangular with historical standard devia-
tions). For each draw, we re-solve the linear program to obtain optimal profit and allo-
cation, then analyze the outcome distribution to gauge strategy sensitivity to price vol-
atility. This identifies robust versus volatility-sensitive crops and produces the expected
profit and profit variance for the multi-objective analysis in Problem 2. In short, Monte
Carlo delivers a realistic, risk-adjusted assessment by revealing how high-profit (but
often volatile) crops perform under uncertainty.
Assume that all crops are exactly all sold out in 2023.
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5 Symbol Description

Table 1. Symbol description.

Symbol Explanation Unit
i (i = 1, 2, ceey 4 1) The sales price of the i-th crop Yuan
S (j=12,...,54) The area of the j-th plot of land Mu
The yield f the i-th the ,j-th plot of
q., 1 e yield per mu of the i-th crop on the ,j-th plot o Catty
k and
¢, The planting cost of the i-th crop on the ,j-th plot of Yuan
& land
The percentage of the planting area of the i-th crop
Xi ik onthe j-th plot of land in the k-th quarter of the t-th
year
w The profit obtained from planting crops Yuan
Di,k ;‘(})12630utput of the i-th crop in the k-th quarter of Catty

6 Model Establishment and Solution

6.1 Model Establishment and Solution for Problem 1

Solution Ideas.

First, integrate and clean the crop data, plot information, and seasonal planting con-
straints—confirming there are no missing values—and analyze the relationships among
planting cost, yield per mu, and unit sales price. Since each plot’s profit is independent,
use the appendix’s plot divisions to build a planning model for a single plot type, im-
plement a solution algorithm in Python, and then aggregate the results into the village’s
optimal planting plan for 2024-2030.

Solution for the First Sub — question.

Establish the objective function.

In this section, all symbol annotations can be found in Table 1. Since flat dry land,
terraced fields, and hillside land only carry out single - season planting, let M = the
plots corresponding to flat dry land, terraced fields, and hillside land. Therefore, the
objective function for the profits of crops numbered 1-15 is as follows:

6 15
Wu=>>>(pmin(q, 5%, ,,.,D,)=c s ) (1)

jeM =1 i=1

Since the irrigated land is suitable for planting one season of rice or two seasons of
vegetables each year, therefore, let N= the plot corresponding to the irrigated land, so
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the objective functions for the profits of crops No.16, No.17 - 34 and No.35 - 37 are as
follows:

6
WN = Z z (pm mln(qlé,jsj‘xlé,j,t,] > D16,] )— Clé,jijl(),j,t,l)

JjEN t=1
+zzz(pzmln(qusj 1/[1’ ) C le]tl) (2’)
JEN t=1 i=17
6 37
+zz (p[ mln(qtj J 1112’ i,Z)_Ci,ijxi,j,l,z)
JeN t=1 i=

Since ordinary greenhouses can grow one season of vegetables and one season of
edible fungi per year, let O = the plots corresponding to ordinary greenhouses. There-
fore, the objective functions for the profits of crops numbered 17-34 and 38—41 are as
follows:

6 34
W Zzz(pL mln(qtj Jj rjzI’D[,j)_ci,jij[,j,l,l)
Jj€0 t=1 i=17 3)
) (
+ZZZ(R mm(qz, X2 i,2)_ci,jiji,j,t,2)
JjeO t=1 38

Since smart greenhouses can grow two seasons of vegetables each year, let P = the
plots corresponding to smart greenhouses. Thus, the objective functions for the profits
of crops numbered 17-34 are as follows:

6 34
w, = ZZZ(H min(q, ;% ;D) =€ 8%, 1)
JeP t=1 i=17
4)
+ZZZ(1’I mln(qz S s i,Z)_Ci,ijxi,j,t,2)
jeP t=1 i=17

Where p;,is the sales price of the i-th crop, S; is the area matrix of all 1 - 54 plots
of land, q;, ; is the yield per mu of the i-th crop on the j-th plot, ¢; 1s the planting cost
of the i-th crop on the j-th plot, Dl,  1s the output (expected sales volume) of the i-th
crop in the k-th quarter of 2023, Xx; g
of the i-th crop on the j-th plot in the k-th quarter of the t-th year (to ensure that the
planting area of each crop in a single plot is not too small, x takes values 0, 0.5, 1).

« represents the percentage of the planting area

Establish Constraints.
(1) Planting Area Constraint: The sum of the planting area proportions for each plot
is 1.

in,j,t‘k ZI’Viaj3t,k(k =1,2) (5)
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For the integer variable i, when the land type is flat dry land, terraced field, or hillside
land, 7 €[1,15]; when the land type is irrigated land, i € [16,37]; when the land type
ie[17,34] .

; when the land type is a smart green-

i €[38,41]

Xijals

X

is an ordinary greenhouse,
i,7,6,2°

house, ie[17,34].
(2) Each crop cannot be continuously planted in the same plot (including green-

houses) in successive seasons.
(a) For single - season plots (flat dry land, terraced fields, hillside land)

Xijed

+x, . <LVi, jt (6)

i,j,t+1
(b) For double - season plots (irrigated land, ordinary greenhouses, smart green-
houses)
<1\ i
xi’ il +xi,j,t,2 <LVi,j,t In the same year @
PN
xl.’ 2 + xl.’ 12 S 1, Vi, j,t, Not the same year
(3) Leguminous plants constraint: Ensure that leguminous plants are planted at least
once within three years.

t+2 2

DD x 2LV (8)

ielegume t k=1

(4) Irrigated land can be planted with one season of rice or two seasons of vegetables
each year.

34
Xigjun T in,j,t,l <1
i=17

37
DX S1=2x,,,, V8,V €[16,37]
i=35 ’ 6 ©)

34
Xig 2 T z X S 1
i1
37

Xigjun T fo./.r,z + X6, <1
i=35

Planting strategy planning.
Integrating the above - mentioned objective functions and constraint conditions, the
solution formula for maximum profit can be obtained as follows:

w,

Total profit

=Wy Wy +Wo +W, (10)

From this formula, the optimal planting strategy for the village from 2024 to 2030
can be calculated.
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6.2 Model Establishment and Solution for Problem Two

Pearson Correlation Coefficient®.

Since Problem Two requires considering the correlation between crops for analysis,
the Pearson correlation coefficient is introduced. The Pearson correlation coefficient
(Pearson Correlation Coefficient), usually simply referred to as the Pearson coefficient,
is a statistical index used to measure the strength of the linear relationship between two
variables. The calculation formula of the Pearson correlation coefficient is as follows:

XX XY (11)
& -XP Y-

Where X ; and Yl are the observed values of the two variables, X and Y are the av-

erages of the two variables, and r is the Pearson correlation coefficient.

To test the correlation between two variables, a hypothesis test on the sample is re-
quired before using the Pearson coefficient. The null hypothesis of the hypothesis test
is that there is no significant correlation between the variables (i.e., the correlation co-
efficient (p =0)). The statistic is calculated through a t-test to determine its significance.
The calculation formula is as follows:

jorn2 (12)

Jier

Here, r is the Pearson correlation coefficient, n is the sample size, and the t - value
follows a t - distribution with n - 2 degrees of freedom.

To determine whether it meets the linear condition, use SPSS software to draw a
scatter plot. It can be seen that there may be a strong linear relationship between the
planting cost and the yield per mu. The following figure shows the linear analysis of
the yield per mu and the sales price(shown in Fig. 1).

Planting costs

Yield permu
o
°

Unit price of the sale
°
°

Planting costs Yield per mu Unit price of the sale

Fig. 1. Scatter Plot of Yield per Mu, Planting Cost and Unit Sales Price.
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Using MATLAB software to calculate the Pearson coefficient (shown in Fig. 2).

Yield per mu Planting costs Unit price of the sale
Yield per mu 1 0.6239 -0.076
Planting costs 0.6239 1 0.4019
Unit price of the sale -0.076 0.4019 1

Fig. 2. 2 Pearson Coefficient of Yield per Mu, Planting Cost and Unit Sales Price.

The value of the Pearson coefficient lies between -1 and 1, describing the direction
and strength of the correlation between variables.

r = 1: Perfect positive correlation, meaning that as one variable increases, the other
variable also increases in a linear relationship.

r=-1: Perfect negative correlation, indicating that as one variable increases, the other
variable decreases in a linear relationship.

r = 0: No linear relationship, that is, there is no linear correlation between the two
variables.

The obtained p-values are all less than the significance level of 0.05. We reject the
null hypothesis, indicating that the correlation coefficient is significant.

Result Analysis.

1.Yield per Mu and Planting Cost.

There is a strong positive correlation between the yield per mu and the planting cost
(r>0). This result shows that as the yield per mu increases, the planting cost also shows
an upward trend. Specifically, crops with higher yields often require more inputs, such
as more intensive fertilizer application, more frequent irrigation, higher - quality seeds,
and more meticulous management, all of which will significantly increase the planting
cost. Conversely, lower yields may be associated with lower planting inputs.

2.Yield per Mu and Unit Sales Price.

The correlation between the yield per mu and the unit sales price is weak and nega-
tive (r<0). There is almost no significant linear relationship between the change in the
yield per mu and the unit sales price. That is, within the scope of the sample data, the
increase or decrease in the yield per mu has little obvious correlation with the change
in the unit sales price. The negative correlation indicates that when the yield per mu
increases, the unit sales price decreases slightly, but this trend is very weak and is not
sufficient to indicate a substantial negative correlation between the two. In other words,
the fluctuation of the yield per mu has limited influence on the unit sales price, and it
may be more affected by other factors.

3.Planting Cost and Unit Sales Price.

There is a weak positive correlation between the planting cost and the unit sales
price(r>0). When the planting cost increases, the unit sales price shows an upward
trend, but this trend is not strong. That is, within the scope of the sample data, the
change in the planting cost has a relatively limited impact on the unit sales price. Pos-
sible reasons include the influence of market demand, supply - chain conditions, and
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other economic factors, which may play a greater role in determining the change in the
unit sales price. This weak positive correlation indicates that although a higher planting
cost may lead to a slight increase in the sales price, this relationship does not have
significant predictive power.

K - means Clustering.

To better explore the correlation and complementarity between crops, the K - means
clustering algorithm was used to conduct a clustering analysis on the yield per mu,
planting cost, and unit sales price of crops.

The optimal number of clusters (K) was determined primarily using the Elbow
Method, a widely accepted heuristic approach®. This method quantifies the total cohe-
sion (or sum of squared errors ) of the clustering results across a range of K values. The
steps of the Elbow Method are summarized as follows:

Define K range: Select an appropriate range of K values, typically starting from K=1.

Calculate Clustering Metrics: For each K, execute the K-means algorithm and com-
pute the Total Cohesion (the sum of the squared Euclidean distances from each data
point to its assigned cluster center).

Generate Elbow Plot: Plot the relationship between the K value (x-axis) and the To-
tal Cohesion (y-axis). As K increases, the Total Cohesion monotonically decreases.

Identify Optimal K: The optimal K is identified at the "elbow point"—the position
where the sharp decline in Total Cohesion stabilizes, indicating a marginal decrease in
the benefit gained from increasing the number of clusters. This K value represents the
optimal balance between model fit and complexity.

5

Aggregation coefficient line chart

0 e & B o o o o a o B B L L B Lo s s e s s s n s ]
1 B 11 16 21 26 31 36

Fig. 3. Aggregation coefficient line chart.
According to the aggregation coefficient line chart(shown in Fig. 3), when the cate-

gory is 3, the downward trend of the line slows down, so the number of categories can
be set to 3, and the clustering result is:
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Category
@
[ Fi
3

Cabbage

Planting costs

Fig. 4. 3D Plot of Clustering.

Category 1: Low-Priced Specific Crops.

Characterized by low prices and stable demand, these crops offer limited economic
returns despite low planting costs and suitability for large-scale cultivation.

Category 2: Medium-Economic Crops.

With moderate yields, costs, and prices, these mass-market crops meet daily needs,
require simple techniques, and dominate agricultural production due to stable demand
and low production costs.

Category 3: High-Value-Added Crops.

Despite low yields and high costs, their premium prices generate substantial profits
(e.g., morel mushrooms, prized for edible-medicinal uses and rich nutrients). Requiring
advanced technology, their low substitutability ensures high market value and returns.

Cluster Result Analysis.

(1) Crop Substitutability Analysis.

By analyzing crops in different clusters, we find that Crops within the same cluster
show high substitutability due to similar yield, price, and cost. For example, wheat and
barley in Category 1 have nearly identical economic parameters. This allows easy con-
sumer switching during supply shortages, reducing market fluctuations.

(2) Crop Complementarity Analysis.

On the other hand, crops from different categories may exhibit complementarity,
mainly reflected in changes in market demand and consumption patterns. For instance,
increased sales of high-value-added crops in Category 3 due to rising market demand
may drive up sales of mass consumer goods in Category 2. This phenomenon can be
attributed to population growth, improved living standards, and consumers’ increasing
demand for food diversification. Thus, crops from different categories may mutually
promote each other in the market, achieving overall market growth(shown in Fig. 4).
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6.3  Multi-Objective Optimization for a Sustainable and Risk-Adjusted
Strategy

Minimize Input Usage (Enhance Sustainability): We introduce explicit sustainability
objectives by quantifying resource usage. Two primary measures are considered:

Fertilizer Use: Many crops, especially high-yield ones, require chemical fertilizers
that can impact soil and water quality. We define a metric for total fertilizer consump-
tion.

F;nml = Z fi‘iji,j,t,k (13)

i ).tk

where fl is the fertilizer required per mu for crop. The objective is to minimize total

fertilizer input over the planning horizon. By reducing fertilizer use, the strategy pro-
motes soil health and lowers environmental pollution (and also cuts input costs).

Water Use: Water is a critical resource, particularly for irrigated land and greenhouse
cultivation. We similarly calculate total irrigation water used.

H,u= Z IS X, (14)

ij.t.k

where hi is the water requirement per mu for crop. The objective is to minimize total

water consumption. This favors crops and planting patterns that are water-efficient,
crucial for sustainability in a water-scarce scenario.

These objectives serve as proxies for environmental impact. Other related metrics
like carbon footprint or pesticide use could also be included, but in our model fertilizer
and water serve as the main quantifiable sustainability indicators. By including them,
we ensure the chosen crop plan is not only profitable but also environmentally respon-
sible.

Minimize Risk: To address the risk profile of high-profit crops, we introduce a risk
objective using a mean-variance optimization approach inspired by portfolio theory.
Based on the Monte Carlo simulations of profit outcomes, we can compute the variance

Var (W) associated with a given cropping plan. We include an objective to minimize

the variance of yearly profit for the 2024-2030 period. This penalizes strategies that
have a high spread in possible outcomes (typically those overly focused on volatile,
high-value crops). An equivalent way to frame this is maximizing a risk-adjusted re-

turn; for example, maximize E(W)— A+/Var(W) for some risk aversion A, or

maximize the Sharpe ratio ————— . In practice, we handle it as a separate objective
Var(W)

of minimizing variance, which will be balanced against the profit objective. Including

this objective encourages the selection of a diversified crop portfolio — one that may

sacrifice some expected profit in order to greatly reduce uncertainty (for instance, mix-

ing in more stable staples from Cluster 3 to hedge against the uncertainty of Cluster 1

crops). It directly addresses the issue that crops like morel mushrooms, while highly
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profitable on average, might have highly variable yields or prices; the optimizer will
account for that by not over-allocating area to such risky crops beyond an optimal point.

In summary, our multi-objective model seeks to maximize expected profit, minimize
resource use, and minimize profit risk. These objectives capture economic, environ-
mental, and risk-management aspects of the decision problem.

7 Conclusions

This study centers on the optimization of crop planting strategies for a specific rural
area. Based on actual arable land conditions and crop statistical data, we systematically
constructed a mathematical optimization model primarily aimed at profit maximization.
Furthermore, correlation analysis and cluster analysis methods were integrated to
deeply explore the economic characteristics and substitution relationships among dif-
ferent crops. By solving the established model, we derived the optimal planting struc-
ture scheme for this rural area during the period 2024-2030.

The research results yield several key findings:

Enhanced Economic Efficiency via Linear Programming: Under the comprehensive
consideration of constraints related to land type heterogeneity, rotation systems, and
planting seasons, the planting strategy model based on Linear Programming (LP) ef-
fectively improved overall economic returns and significantly optimized land resource
utilization efficiency.

Correlation among Economic Factors: A certain degree of correlation exists among
yield per unit area, planting cost, and selling price. Specifically, there is a significant
positive correlation between yield per unit area and planting cost, while the correlation
with selling price is weaker. This finding indicates that sole reliance on high yield does
not necessarily guarantee higher profits.

Crop Substitution and Complementarity: Through K-means cluster analysis, the
main crops were categorized into distinct economic characteristic classes. This analysis
validated that crops within the same cluster exhibit strong substitutability, whereas
crops from different categories show a certain complementarity in the market structure,
which contributes to enhancing the risk resistance capacity of the overall planting struc-
ture.

Overall, the modeling system established in this paper provides a scientific and quan-
titative basis for the optimization of crop planting structure in rural areas. It also lays
the foundation for future research incorporating factors such as climate change, policy
regulation, and market dynamics, offering valuable insights for promoting agricultural
sustainable development and the implementation of the rural revitalization strategy.
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