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Abstract. We compare life-annuity values across Hong Kong, Japan, the United 

States, and Germany to quantify how cross-country differences in longevity and 

interest rates shape the cost of providing $1 of lifetime income. Using 2020 pe-

riod life tables from the Human Mortality Database (ages 65–110) and either a 

moving-block bootstrap or CIR simulations for interest-rate paths, we cleanly 

separate mortality and discount-rate effects. With common flat discount rates of 

1–3% (mortality-only comparison), annuity factors are highest in Hong Kong and 

Japan, reflecting lighter old-age mortality. Under stochastic, country-specific 

rates (mortality + rates), mean annuity-due factors equal 17.61 (Japan), 12.41 

(Hong Kong), 11.11 (United States), and 11.09 (Germany); Japan’s low-rate en-

vironment lifts value well above the others. A Kruskal–Wallis test rejects equal-

ity of the four distributions, and pairwise Wilcoxon tests show no significant dif-

ference only between the United States and Germany after Holm adjustment. Pol-

icy-wise, systems facing longer retirements and lower yields must accumulate 

larger reserves or adjust design (e.g., retirement ages, indexation, or risk-sharing 

products). The study provides a transparent baseline for cross-national annuity 

valuation and a framework that cleanly separates mortality and discount-rate ef-

fects. 
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1 Introduction 

Longevity risk—the possibility of outliving one's assets—is rising as life expectancy 

increases and large cohorts retire. For households and plan sponsors, the cost of guar-

anteeing lifetime income hinges on two primitives: (i) the survival distribution of retir-

ees and (ii) the discount rates used to value future payments. Longer lives and lower 

yields both raise the present value of a given lifetime income stream, tightening budget 

constraints for pension systems and insurers [1]. Because mortality and interest rates 

differ systematically across countries, a natural question is: How much more expensive 

is $1 of lifetime income in some economies than in others, and why? 

This paper provides a transparent, up-to-date cross-national comparison of age-65 

life-annuity values for Hong Kong, Japan, the United States, and Germany. Our ap-
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both sources. Concretely, we: (i) hold discounting fixed at flat rates (1%, 2%, 3%) to 
deliver a mortality-only benchmark using 2020 HMD life tables (ages 65–110); (ii) add 
stochastic, country-specific rate dynamics via a moving-block bootstrap of monthly 
yields (or CIR simulations) to obtain mortality+rates annuity-due factors as full distri-
butions; and (iii) provide inference using a Kruskal–Wallis test with Holm-adjusted 
pairwise Wilcoxon tests, plus tail metrics (VaR/ES). We also report an equivalent flat 
rate for each country that reproduces the Monte Carlo mean. 

Two sets of findings emerge. First, at common flat rates (mortality only), Hong Kong 
and Japan exhibit materially higher annuity factors than the United States and Germany, 
consistent with lighter old-age mortality in East Asia [2][1]. Second, once country-spe-
cific rate dynamics are introduced (mortality + rates), Japan’s annuity values become 
the highest by a wide margin: mean annuity-due factors equal 17.61 (Japan), 12.41 
(Hong Kong), 11.11 (United States), and 11.09 (Germany). Statistical tests reject equal-
ity across all pairs except the United States versus Germany. Taken together, longevity 
and yields jointly shape the cost of lifetime income; in low-rate, long-life settings (Ja-
pan), $1 of lifetime income is far more expensive. 

The paper relates to work on international mortality differences and annuity pricing 
[3][1], as well as to research on interest-rate declines and retirement liabilities (Aubry 
et al., 2019) and recent multi-country mortality forecasting [4]. Our contribution is a 
simple, replicable framework that (i) cleanly disentangles mortality from discounting, 
(ii) delivers distributional comparisons with straightforward nonparametric tests, and 
(iii) summarizes complex rate environments with an equivalent-rate mapping useful for 
policy and governance discussions. 

The remainder of the paper is structured as follows. Section 2 reviews related litera-
ture. Section 3 describes data and the bootstrap/simulation design. Section 4 presents 
results. Section 5 concludes. 

2 Literature Review 

Population aging and rising life expectancy have been extensively documented across 
the globe. The steady improvement in life expectancy over the past century is often 
hailed as a great achievement (OECD, 2019), but it also poses challenges for retirement 
systems. Many studies note that individuals are living longer on average, especially in 
developed economies, which increases the duration of retirement and the total amount 
of payouts that pension plans and annuities must cover (OECD, 2019). At the same 
time, there is considerable heterogeneity in mortality across countries. For example, 
Japan has long been recognized for its high longevity, with life expectancy for Japanese 
women exceeding 87–88 years and men around 81–82 years in recent estimates
[5](OECD, 2023). Hong Kong (China) has even surpassed Japan in some measures, 
currently reporting the highest life expectancy at birth for men (around 83.0 years) and 
women (~88.3 years) among Asian economies [5](OECD, 2023). In contrast, the
United States and some European countries have relatively lower longevity; recent 
analysis shows the U.S. now has one of the lowest life expectancies at birth among 
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high-income nations for both men and women [2]. These differences are not only sta-
tistically significant but also persistent, reflecting factors such as lifestyle, healthcare, 
and social conditions. They directly influence actuarial calculations: a longer-lived pop-
ulation will have a “longer tail” of survival probabilities, thereby increasing the value 
of life-contingent benefits. 

Researchers in actuarial science and finance have long studied how mortality differ-
ences translate into annuity valuation differences. An early comparative study by
McCarthy and Mitchell (1999) illustrated that mortality tables can differ substantially 
across countries and that these differences have a substantial impact on annuity prices. 
In their analysis, the authors compared life annuity values for 65-year-old retirees using 
UK versus US mortality assumptions. They found, for instance, that a $1-per-year life 
annuity starting at age 65 for a U.S. male had an expected present value of about $11.92, 
whereas using the heavier (higher) mortality from a UK annuitant table yielded a value 
of only about $10.93 [1]. In other words, the American annuitant’s longer life expec-
tancy made his annuity roughly 9% more expensive. This example demonstrates that 
even among broadly similar countries, the choice of mortality table used to value an-
nuity flows has a rather substantial impact on the resulting annuity value. Other studies 
have echoed this point: lighter mortality (lower death rates) leads to higher annuity 
costs, all else equal, and even small percentage changes in mortality at older ages can 
noticeably alter the present value of lifetime payouts [1]. 

Beyond pure demographic effects, the interest rate or discount rate applied is another 
crucial determinant of annuity pricing. The researchers have examined how quickly and 
fully annuity prices respond to changes in market interest rates [6]. A drop in interest 
rates increases the present value of any future cash flow, and annuities are especially 
sensitive because they involve decades of payments. Researchers have observed that 
the low interest rate environment of the 2010s and 2020s, combined with ongoing lon-
gevity gains, has put upward pressure on annuity valuations and retirement liabilities 
[7]. For example, a study by the Center for Retirement Research noted that longevity 
improvement coupled with declining interest rates has increased the expected value of 
each dollar of annuity income over time [7]. In practical terms, when interest rates fall, 
insurers must charge higher premiums (or offer lower payouts) for the same annuity, 
since investment earnings on reserves are lower and retirees live longer to collect ben-
efits. The extreme case is Japan’s experience with near-zero or even negative interest 
rates: Japanese life insurers have struggled with legacy annuity contracts that were 
priced decades ago at 4–6% interest assumptions, while current yields are around 0% 
(Society of Actuaries, 2020). In fact, certain annuity products in Japan became finan-
cially untenable; for instance, variable annuities denominated in Japanese yen largely 
disappeared because the cost of providing long-term guarantees in a zero-rate environ-
ment was prohibitively expensive (Society of Actuaries, 2020). This exemplifies how 
interest rate differences across countries (e.g., Japan’s ultra-low rates vs. higher rates 
in the U.S.) can lead to very different annuity market conditions. 

Comparative international research also highlights the role of public policy and mar-
ket structure. Some countries have well-developed annuity markets and regulatory
frameworks that account for their demographic and economic realities. For example, 
annuity market participation rates and product offerings differ widely: the UK and US 
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traditionally had robust voluntary annuity markets (though participation by retirees re-
mains limited, the so-called “annuity puzzle”), whereas countries like Germany histor-
ically leaned more on public pensions with less private annuitization. Hong Kong and 
Japan, facing rapidly aging populations, have explored policy measures to encourage 
lifetime income security. Hong Kong in 2018 launched a government-backed HKMC 
Annuity Plan to provide citizens with a guaranteed lifelong income, reflecting concern 
that retirees might outlive their savings in a high longevity setting. Singapore imple-
mented the CPF LIFE national annuity scheme for similar reasons, pooling longevity 
risk amid rising life expectancy [5](OECD, 2023). These policy interventions under-
score a common theme in the literature: as people live longer, governments and insurers 
must adapt by either accumulating greater reserves, adjusting payout formulas, raising 
retirement ages, or introducing products that share risk (like survivor bonds or longevity 
swaps) (OECD, 2019). 

In summary, prior studies establish that cross-national differences in mortality and 
interest rates are fundamental drivers of annuity value variation. Longer lifespans une-
quivocally raise the cost of providing life annuities, as more payments are expected to 
be made [3]. Meanwhile, lower interest rates amplify those costs by reducing the dis-
counting of future payments [7]. The literature suggests that international comparisons 
should account for both factors simultaneously. Indeed, recent forecasting research by 
Shang and Haberman (2025) explicitly models multi-country mortality trends and con-
cludes that survival probabilities have a pronounced impact on annuity prices, and that 
uncertainty in interest rates further adds volatility to annuity pricing projections. Our 
study builds on this body of work by providing an updated, focused comparison of four 
specific countries with diverse profiles. In doing so, we aim to contribute to the under-
standing of how demographic and economic differences translate into financial out-
comes for retirement income, and to inform discussions on managing longevity risk 
through appropriate policy and actuarial strategies. 

3 Data and Methodology 

We use the Human Mortality Database (HMD) as the primary source for mortality in-
puts. For each country -Hong Kong (HKG), Japan (JPN), the United States (USA), and 
Germany (DEUTNP)-we obtain: 

• Period life tables at single-year age resolution (age 0 to 110+ ), which provide 
standard mortality indicators such as the probability of death between ages x and 
x+1, survival probabilities, and remaining life expectancy. 

 

• Death counts by single year of age and calendar year, recording the observed number 
of deaths in the population. 

 

• Population exposures by single year of age and calendar year, representing the per-
son-years lived (the population at risk of dying) during the year. 

 

The analysis focuses on the year 2020 and ages from 65 up to a cap of 110, which 
improves numerical stability and reflects the diminishing cash-flow weight at extreme 
ages. Within each country, the number alive lx is normalized to a radix of 100,000 to 
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facilitate cross-country comparability. The life-table quantities ( qx,lx ) are used di-
rectly for point calculations and as anchors for the bootstrap. 

Interest-rate data are proxied by monthly series obtained via FRED through quant-
mod. Specifically, we use the 1-year U.S. Treasury constant maturity yield for the U.S.; 
long-term rate series for Japan and Germany; and for Hong Kong we proxy with U.S. 
yields plus a small spread. These series are expressed as annualized yields observed 
monthly. When monthly data are insufficient, we fall back on a short synthetic history. 

3.1 Mortality Uncertainty 

To capture sampling variability in mortality, we implement a Poisson bootstrap at each 
age using HMD exposures Ex  and central death rates mx. For bootstrap draw b, 
deaths are simulated as 

Dx
*(b)∼Poisson⁡(Exmx), mx

*(b)= Dx
*(b)

Ex
 (1) 

We convert to annual death probabilities by the standard transformation: 

qv
*(*)= mx

*(k)

1+(1-ax)mx
*(k) , ax≈0.5 for x ≥1 (2) 

Bootstrapped survival curves Sa
(i)(t) starting at age 65 are then constructed from the 

implied q2
*(i). For display, we compute 95% pointwise confidence bands for q, on a 

log scale; small numerical floors are applied to avoid log⁡(0) at extreme ages with 
sparse exponure. 

3.2 Interest-Rate Uncertainty 

Interest-rate paths are generated by two complementary methods. First, we implement 
a moving block bootstrap on monthly observations to preserve short-run serial depend-
ence. Because the inputs are monthly observations of annualized yields, we convert 
each monthly yield ym to a monthly periodic rate: 

im=(1+ym)
1/12

-1 (3) 

and then re-aggregate to annual effective rates for discounting by compounding over 
12 months. Second, if monthly histories are short or missing, we fit a CIR (Cox-Inger-
soll-Ross) model by method-of-moments on the available proxy series and simulate 
annual paths at the fitted mean-reversion level, speed, and volatility. Both approaches 
yield an annual rate sequence {ie}e≥2 from which we form discount factors: 

vl=∏  t
j=1 (1+ij)

-1
 (4) 
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3.3 Valuation 

We value an immediate, level life annuity at age 65 using 

a65=∑  T
t=1 vtS65(t) (5) 

where S65(t) is the probability of surviving t whole years beyond age 65 implied by 
the mortality input (period table, bootstrap draw, or forecast), and vt is the correspond-
ing discount factor. We report a deterministic sensitivity under flat rates of 1%,2%, and 
3% to benchmark results. 

3.4 Monte Carlo Design and Inference 

To jointly propagate uncertainty, we run a Monte Carlo where each replication draws 
(i) a bootstrapped mortality path and (ii) an interest-rate path (bootstrap or CIR), and 
computes the corresponding present value. With N replications per country, we sum-
marize the distribution by the mean, standard deviation, 2.5%/50%/97.5% quantiles, 
and tail-risk metrics (VaR0.95 and ES0.95). Cross-country differences in distributions 
are assessed using a Kruskal-Wallis test, with pairwise Wilcoxon tests and Holm ad-
justment for multiple comparisons. For interpretability, we also report an "equivalent 
flat rate" per country that reproduces the Monte Carlo mean annuity factor, providing 
a single-number mapping from the stochastic rate environment to a constant-yield 
benchmark. 

3.5 Cohort (Generational) Extension 

As an optional extension, we fit a Lee-Carter model to HMD deaths and exposures 
(ages capped at 110, with the fitting window restricted to ages 55-95 to avoid unstable 
cells). We construct an StMoMoData object from deaths and exposures, fit LC via 
StMoMo::fit, and then forecast the period index κt using forecast: auto.arima over a 
40-year horizon. Forecast death rates are reconstructed as: 

log⁡mx,t=ax+bxκt (6) 

transformed to qx, and converted to a cohort survival curve for a 65 -year-old at the 
last observed year. Combining this generational survival with simulated interest-rate 
paths yields a cohort annuity value, which can be contrasted with period-table valua-
tions. 

Note that truncate ages at 110 and apply small floors to avoid numerical issues at 
very old ages with sparse exposures. Rate proxies differ across countries; these can be 
harmonized (e.g., using consistent 1-year sovereign yields) or restricted to recent win-
dows to reflect the current environment. The Poisson bootstrap captures sampling un-
certainty in mortality conditional on the period table; structural uncertainty is addressed 
by the LC forecast block. Mortality-interest dependence is not modeled and could be 
incorporated in future work. Finally, real-world contracts may involve annuity-due tim-
ing, indexation, and expenses; these can be added to the cash-flow engine without 
changing the stochastic framework. 



40             H. Liu

4 Analysis and Discussion 

Based on the data from HMDweb, we obtained the life tables for four regions (Hong 
Kong, Japan, USA, and DEUTNP). We then selected the data for the year 2020, focus-
ing on individuals aged 65 or above (up to 110), including variables such as Country, 
Age, qx, and exposure. 

Based on the data from HMDweb, we obtained the life tables for four regions (Hong 
Kong, Japan, USA, and DEUTNP). We then selected the data for the year 2020, focus-
ing on individuals aged 65 or above (up to 110), including variables such as Country, 
Age, qx, and exposure. 

First, using the formula qx=dx/lx, we plotted the logarithmic curves of each coun-
try’s qx. Next, we applied a single-sampling method to generate the number of deaths 
at each age between 65 and 110. Assuming that the number of deaths follows a Poisson 
distribution with mean Ex×mx, and combined with the known exposures Ex, we calcu-

 

 

lated the corresponding mx. Then, using the Equation (2), we derived the adjusted an-
nual death probabilities and converted them into survival curves. Finally, we repeated 
this procedure 300 times to obtain a range of survival curves. The dashed lines represent 
the 95% confidence interval, while the solid line represents the median. 
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Fig. 1. Old-age death probability (qx) by country – log scale with 95% bootstrtap bands (ages 

65-110)  

Figure 1 illustrates that as people age, the mortality rate increases rapidly. Japan and 
Hong Kong have the lowest mortality rates among the four regions, followed by Ger-
many, while the United States has the highest. Because Hong Kong has a smaller pop-
ulation and a smaller sample size, the range of its confidence intervals is wider. 

Since the present value of an annuity is determined by both the mortality rate and 
the interest rate, we begin with a sensitivity analysis of the interest rate. By assuming 
that the interest rate is fixed at 1%, 2%, and 3%, we can calculate the present values of 
receiving one dollar at the beginning of each year starting from age 65. 

Table 1. Sensitivity of age-65 life annuity-due factor to flat discount rates (per $1 annual pay-
ment: 2020 mortality, ages 65-110). 

Country 0.01 0.02 0.03 

Germany (DEUTNP) 18.0 16.2 14.7 

Hong Kong (HKG) 20.5 18.2 16.4 

Japan (JPN) 20.4 18.2 16.3 

United States (USA) 17.1 15.5 14.1 
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Table 1 illustrates that the present values in Hong Kong and Japan are significantly 
higher than those in DEUTNP and the United States. Since the interest rate is the same, 
the mortality rate is the only factor influencing the present values. This also supports 
the conclusion that Hong Kong and Japan have lower mortality rates as shown above. 

Next, we conduct a Monte Carlo simulation to account for the uncertainty of both 
mortality rates and interest rates. For each set of data, we generate an independent mor-
tality path and an independent interest rate path. The Poisson method described above 
is used to simulate mortality. For interest rates, we collect the historical monthly annu-
alized rates of return for each country. For countries with more than 24 months of data, 
we apply the moving block bootstrap method to preserve short-term correlations and 
aggregate the results into annual effective interest rates. We select several consecutive 
blocks starting from a random point using the “sampling with replacement” method and 

 

combine them to form annual interest rates. For countries with fewer data points, we 
estimate interest rates using the CIR model (drt = κ(θ - rt)dt + σ√rtdWt). We repeat this 
process 500 times to generate boxplots and violin plots, and then record some of the 
most important statistical information in Figure 2 and Table 2.  

Fig. 2. Simulated distributions of age-65 life-annuity present values (annuity factor per 
$1/year), by country  

Note: Each violin shows the density of simulated annuity present value per $1/year, from age 
65 to 110. The overlaid box indicates the interquartile range (IQR); the horizonal line is the me-
dian; whisker marks ±1.5×IQR. N=500 simulations per country.  

Note: Violin plots show the Monte Carlo distribution under stochastic mortality and interest 
rates; the embed box shows the interquartile range with median line (N=500 per country).  

Table 2. Monte Carlo summary of age-65 life-annuity present values (per $1/year, annuity-due) 
by country.  

Country Mean SD Pct2.5 Pct50 Pct97.5 VaR95  ES95 
Hong Kong 12.41 0.63  11.15   12.49 13.63   13.43  13.65 
Japan 17.61 0.52  16.58   17.62 18.56   18.45  18.62 
United States 11.11 0.62  9.71   11.15 12.12   11.98  12.15 
Germany 11.09 0.49  10.24   11.03 12.10   11.91  12.17 
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Through the uncertainty analysis, we can infer that the present value of the annuity 
in Japan is much higher than others, following by Hong Kong, while Germany and US 
are lowest. The variance of the data in Germany is relatively small, so it looks concen-
trated. The variance in US and Hong Kong is higher, which represent the value of an-
nuities is relatively dispersed.  

What’s more, we also did Wilcoxon test to determine whether the pension distribu-
tions of each of the two countries are same. The results are displayed in Table 3. 

Table 3. Pairwise Wilcoxon rank-sum tests comparing simulated annuity-value distributions 
(age 65) across countries  

Pair p p_adj sig 

Hong Kong vs. Japan 2.56214E-34*** 1.53729E-33 *** 

Hong Kong vs. United States 8.1619E-26*** 1.63238E-25 *** 

Hong Kong vs. Germany 1.07822E-27*** 3.23465E-27 *** 

Japan vs. United States 2.56214E-34*** 1.53729E-33 *** 

Japan vs. Germany 2.56214E-34*** 1.53729E-33 *** 

United States vs. Germany 0.551866737 0.551866737  
Note: Outcomes are present values (annuity-due factors) per $1/year starting at age 65 under 

stochastic mortality and interest rates; N=500 simulations per country. Tests are two-sided Wil-
coxon rank-sum (Mann-Whitney) with Holm adjustment over the six pairs. Significance codes: 
*** padj<0.001, ** padj<0.01, * padj<0.05, ns otherwise.  

Pairwise Wilcoxon tests indicate that the United States and Germany do not differ 
significantly in their annuity-value distribution, likely reflecting broadly similar mor-
tality and discount rate environment. All other pairs differ significantly.  

Finally, we did the Kruskal-Wallis test rejects the null that the four countries share a 
common distribution (p=4.59×10-67), confirming tthat the distribution are not drawn 
from a single population.  

5 Conclusion 

This paper quantifies how cross-country differences in longevity and interest rates 
translate into the cost of providing lifetime income at age 65. Three messages emerge. 
First, mortality differences matter: with common flat rates, Hong Kong and Japan have 
materially higher annuity factors than the United States and Germany. Second, rates 
amplify gaps: with country-specific rate dynamics, Japan’s annuity values far exceed 
the others (mean 17.61 vs. 12.41 in Hong Kong and ~11.1 in the U.S. and Germany). 
Third, uncertainty is non-trivial: tail metrics and violin/box plots show meaningful dis-
persion, especially where rate histories are volatile or short. Our equivalent flat rate 
provides a simple mapping from complex stochastic environments to a constant-yield 
benchmark. 

Implications follow. Households in long-life, low-rate settings need more wealth to 
secure a given income floor. Sponsors and insurers face longer-duration liabilities and 
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higher reserves, strengthening the case for liability-driven investing and longevity risk 
transfer. Policymakers can restore sustainability with retirement-age indexation, condi-
tional benefit indexation, or risk-sharing designs; state-backed life-income options can 
provide scale where private markets are thin. Limitations include the use of period ta-
bles, no mortality–rate dependence, and abstraction from expenses, selection, inflation 
indexation, and bequests. Extending to cohort/gender-specific mortality, joint state-
space modeling, and joint-and-survivor or deferred annuities would further enrich the 
analysis. 

Bottom line: longevity and discount rates jointly and materially shape the cost of 
lifetime income. In long-life, low-rate economies, delivering $1 of guaranteed income 
is significantly more expensive—an arithmetic that funders and regulators should make 
explicit in design and funding rules. 
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