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Abstract. In this study, we introduce a parallel implementation for
generating sets of maximal activities for workflows or systems modeled
using the Enriched Robustness Diagram with Loop and Time Controls
(ERDLT). This is inspired by literature on its predecessor multidimen-
sional workflow known as Robustness Diagram with Loop and Time Con-
trols (RDLT), but with considerations on control structures that are
unique to the former. Specifically, we propose a modification to the gen-
eration of traversal tree algorithm for RDLTs to consider the additional
components of ERDLTS, including some suggestions for its implemen-
tation in parallel code. We included theorems showing the consistency
of the modified algorithm with its original version in terms of produc-
ing results similar to the activity extraction algorithm for ERDLTs. We
found that unlike an RDLT having only one traversal tree, the presence
of guards implies multiple traversal trees for the same ERDLT model,
which have implications on its parallel activities.

Keywords: Modeling, Parallel Activities, RDLT, Structural Profiles,
Workflow Models

1 Introduction

The Robustness Diagram with Loop and Time Controls (RDLT) [1] is a graphical
model used to represent workflows. To define a sequence of steps from a source
to a sink node in a modeled workflow, a graph traversal algorithm similar to a
depth-first graph search, called the activity extraction algorithm (or Algorithm
A), is employed. The output of this algorithm, and hence the extracted sequence
of steps, is called an activity from the modeled system. There can be multiple
distinct activities derivable from the same RDLT model, and Algorithm 4 can
extract only one activity at a time.
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In [2], new concepts are established that were used to define multiple activi-
ties that can be executed in parallel in some RDLT model, called parallel ac-
tivities. It included algorithms for generating traversal trees and for extracting
parallel activities from RDLT models, where the former focuses on the struc-
tural aspect while the latter includes the behavioral aspect. In other studies,
[3,4] sought to extend RDLT to address its limitations in terms of the representa-
tion of some object-oriented concepts incorporated into some workflow concepts.
For this reason, new vertex and arc types are proposed for RDLTs that led to
the conceptualization of its new variant, called the Enriched RDLT (ERDLT).
Workflow or system modeling with ERDLT was shown to be improved in terms
of having representations of more specific structures and relationships, such as
object instance handling, inheritance, part-whole relationships and ownerships,
mutually exclusive paths, and multi-module interactions among others.

With recent developments related to parallel activities for RDLT, it is a
natural question to also reflect on how parallel activities can be identified and
extracted in ERDLT which will ultimately extend ERDLT modeling with parallel
workflows. To explore this, this paper aims to establish the relevant concepts
to formalize parallel activities in ERDLT, including an algorithm to generate
traversal trees from ERDLT models and design suggestions for its parallel code
implementation. We deal with theoretical results only, and hence we suggest
producing experimental results and validation as part of future work.

The rest of the paper is structured as follows. Section 2 entails the prelimi-
naries and Section 3 summarizes the problem and goals of this study. Section 4
presents our methodology, while the results are discussed in Section 5. Finally,
Section 6 contains the conclusions and recommended future work of this study.

2 Preliminaries

This section contains the relevant concepts used in the study presented in this
paper. Section 2.1 discusses the components of RDLT, followed by the description
of activity profiles and the workflow patterns of RDLT models in Sections 2.2
and 2.3, respectively. The parallel activities in RDLT and its underlying concepts
are discussed in Section 2.4, whereas ERDLT is introduced in Section 2.5.

2.1 Robustness Diagram with Loop and Time Controls

The RDLT is a novel concept introduced in [1]. It is a multidimensional workflow
model capable of modeling complex systems in their graphical representation.
Some real-world systems that were able to be represented using this model,
including an adsorption chiller system presented and analyzed in [1]. Use case
texts were also modeled using RDLT such as a use case for a library system
illustrated in [3], shown in Figure 1.

The vertex set V of an RDLT model R is composed of three types. En-
tity objects represent internal components of the modeled system, such as the
classes found in its domain model. On the other hand, boundary objects depict
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Fig. 1. Add External Books to Catalog Use Case RDLT Model (from [3])

an interface for users to interact with the system, while controllers illustrate
system functions and logic implemented in the system [1,5]. A directed arc is
used to connect these vertices in an RDLT model, where each such arc in the
set E of R has two static attributes, namely the constraints (C-attribute; see
left-hand arc values) and limits (L-attribute; see right-hand arc values). When
a node in an RDLT model does not have incoming(outgoing) arcs, it is called a
source(sink) vertex [1]. Generally, it is where the system process starts(ends).
For brevity, we exclude the substructure of RDLT with a unique behavior in
this section. In [3], an RDLT model without this substructure is referred to as
a simple RDLT. On the left of Figure 2 illustrates an arbitrary simple RDLT
model R. The static attributes of the arcs are written in the form C : L, where
C' = € means that the arc does not have constraints, while the values of L can
only be positive integers. An activity can be derived from R by performing a
traversal from the source x1 to the sink y4, where each time step of traversal
per arc is recorded sequentially as shown on the right of Figure 2. We discuss
RDLT activities in the next subsection.

2.2 Activities in RDLT Models

An activity of an RDLT is a sequence of steps that can be derived from its source
to a sink. An RDLT model R of a system can have multiple distinct activities
depending on the nodes that have been visited. In [1], the activity extraction
algorithm (or Algorithm A) is used to traverse R to extract possible activities
that can be derived from the system being modeled. It uses a depth-first search
approach in which the availability of the arcs for traversal depends on their C-
and L-attribute values that represent the constraints and limits, respectively.
In RDLT, a constraint associated with an arc (x,y) is a parameter supplied by
node x to node y. In order to visit a node, all constraints from its incoming arcs
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(Arbitrary RDLT Model) (Sample Activity)

Fig.2. Sample RDLT Model R and an activity S = {5(1),5(2),5(3),5(4),
5(5),5(6),5(7),5(8), 5(9), S(10)} where S(1) = {(z1,42)}; S(2) = {(y2,22)}; S(3) =
{(22,21)}; S(4) = {(22,22), (21,22)}; S(5) = {(22,92)}; 5(6) = {(y2,22)}; S(7) =

{(22,21)}; S(8) = {(22, 22), (21, 22)}; S(9) = {(22,43)}; S(10) = {(y2,44), (y3,54)}

must be satisfied. The limit of an arc, on the other hand, is its maximum allowed
number of traversals in one activity extraction. If the node has multiple outgoing
arcs, A chooses one of these arcs nondeterministically, then checks whether the
chosen arc can be traversed as described previously. The algorithm A outputs
an activity profile [1] that contains the set of components and the execution
requirements carried out by the system represented by R. An activity S with a
profile S = {S(1),5(2),...,S(k)}, k € N, is a set of sets S(t), where each S(t)
contains the set of arcs that are traversed at time step t. This is depicted in
Figure 2 as positive integer values in brackets, of the form [¢1, %, ..., t;], where [
corresponds to the arc limit. Figure 2 includes only one possible activity profile
that can be extracted from the illustrated model.

If an activity has a repeating structure, then there can be multiple activi-
ties sharing the same set of arcs, differing on the number of iterations of the
repeating structure. A collection of such activities is called an activity group
[6]. An activity group that is not a subset of some larger activity group is called
a maximal activity group [6] from which maximal activities can be identified.
A maximal activity is roughly described in [7] as having an activity profile
whose set of traversed arcs is not contained in a larger activity profile. In the
context of maximal activity groups, it is the activity that exhausted the max-
imum number of iterations on the repeating structure. The activity profile in
Figure 2 is therefore not a maximal activity. Rather, the activity that traverses
the arc (22,y2) twice would be a maximal activity. Figure 3 shows all maximal
activities derivable from the RDLT in Figure 2.

The difference between activities A and B is the traversal of arcs (z1,y1) and
(y1,22) or the lack thereof. Based on the constraints of the arcs, certain control
on the flow of graph traversal is imposed. The merge point of two incoming arcs
at vertex x2 imposes a particular flow control that caused the deviation between
activities A and B. This is called a control structure in RDLT models [1].
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Fig. 3. Maximal Activities of RDLT in Figure 2

2.3 Join and Split Structures in RDLT

The most common control structures used in RDLT modeling are the join and
split structures defined in [1,8,9]. In Figure 2, the arcs (z1,22) and (z2,22)
merge at z2 where both arcs have unequal constraints. This implies that both
arcs must be traversed in order to satisfy both constraints to proceed to y3.
Hence, the merge point at 22 is called an AND-join [1,9]. Note that the merge
in y4 is also an AND-join. Meanwhile, the arcs (z1,y2) and (22, y2) have equal
constraints. This means that after traversing either one of them, the constraint
has been satisfied for both of them, allowing us to proceed to z2 without having
to wait for the other arc to be traversed. Thus, this merge point at y2 is called
an OR-join [1,9]. If all incoming arcs to a node have no constraints (i.e. C' = ),
this node also depicts an OR~join. For the case of node 22 where one arc has a
constraint while the other has none, it behaves differently depending on which
arc is traversed first. If (y2,x2) is traversed first, there is no need to traverse
(y1, 22) to proceed from x2 since the latter has no constraints, thus acting like
an OR-join. But if it were the other way around, 2 would behave like an AND-
join since we cannot proceed from z2 unless all incoming arcs with constraints
are traversed. Hence, this merge point is called a MIX-join [1,9].

If a node has multiple outgoing arcs towards distinct other nodes, this node
is called a split. If all such arcs have equal constraints (or all have none), this
is called an AND-split [1,8]. On the other hand, if all such arcs have varying
constraints, it is called an OR-split [1,8]. It should be noted that in OR-splits,
the execution of one does not imply the nonexecution of the other [1]. They
simply imply that at least two process flows can be traversed from the split.

Remark 1. The activity extraction algorithm for RDLTs chooses the next node
from some node x to any of its adjacent nodes y in a nondeterministic manner
[1]. Hence, OR-splits and AND-splits do not always behave as expected at the
point of the split in an RDLT. Only with the use of an eventual join can the
said splits be designed according to the aforementioned joins, where the paths
of each branch of the split would merge [9].
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These structures influence the traversal and extraction of activities in an
RDLT model R. In [1], the algorithm A extracts an activity from R per execution
using a depth-first search approach. Another study proposed new algorithms that
use a breadth-first search approach to extract multiple activities from R that run
in parallel, where Remark 1 is reflected. The next subsection discusses parallel
activities in RDLT.

2.4 Parallel Activities in RDLT

The activity extraction algorithm only produces one activity profile from an
input RDLT R at a time. The number of traversals was tracked per arc through-
out the extraction process, and if it encountered an arc whose traversal limit is
reached and it has nowhere else to go to reach the sink, this activity will not
complete. Consider having identified two distinct activities S and S’ of R. If
there is a set of arcs that appeared in both activities, these arcs are called the
shared resource between S and S’ [2]. If we try to run both activities in R at
the same time, it is likely that their shared resource would reach their traversal
limits earlier. This introduces the risk that one of the activities of R may not
be completed if we try to run them in parallel. We call S and S’ competing
processes when S(S’) cannot be completed in R if S’(S) is allowed to complete
[2]. Taking as an example the activities A and B in Figure 3, the arcs traversed
that are common between them are the entire set of arcs used in activity B.
Since both activities use (z1,42) at time step 1 and L((z1,42)) = 1, only one of
them can complete, and thus A and B are competing processes. To avoid this,
we can reconfigure the limits of the shared resources between activities A and B
to allow both to complete. Figure 4 shows this modified version of R with both
activities A and B completed at time step 14. By Definition 1, this means that
A and B are parallel activities in R.

Definition 1. Parallel Activities for Simple RDLT (based on [2])
A set of mazimal activities A of an RDLT R are parallel if for every pair of
activities S, S’ € A, the following conditions hold:

1. S and S’ have the same set of input and output vertices;
2. S and S’ do not compete with each other; and
3. S and S’ complete at the same time.

In order to determine parallel activities in an RDLT R, two algorithms are
proposed in [2], namely the Generation of Traversal Tree (GTT) and Paral-
lel Activity Extraction (PAE) algorithms. The former generates all possible
maximal activities in R into a so-called traversal tree, then identifies those that
run in parallel, while the latter outputs the activity profiles of the parallel maxi-
mal activities in R. Both algorithms follow the rules for producing separate and
merged activity sets established in [2].

In summary, the technique used in both algorithms is to divide the time
points into time slices running from source to sink and determine whether at a
certain time slice, the multiple maximal activities in R are merged or separate.
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[3,3,7,7,11,11]

Fig. 4. Parallel Maximal Activities of the Modified RDLT

To determine the time slices, we consider the splits and joins in RDLT (see
Section 2.3). The scenarios per structure can be roughly described as follows:

1. OR/AND-split at vertex z - The boundary where activities that are
initially merged become separate activities across each outgoing arc from x.

2. MIX/AND-join at vertex y - For this case of MIX-join, some constraints
are unsatisfied. This is the boundary where multiple activities that are ini-
tially separate across all incoming arcs to x become merged into one activity.

3. MIX/OR-join at vertex y - For this case of MIX-join, no constraints
are left unsatisfied. The activities reaching y continue to be separated and
proceed independently of each other.

Scenario 1 always induces the separation of activities regardless of the split
type. Whether these activities remain separated or eventually merge depends
on the type of eventual joins, thus supporting the discussion in Remark 1. At
the end of the algorithms, the activities that remained separate will be the set
of maximal activities of R from which those that run in parallel are identified.
The enrichment of RDLT in [3] includes a new split type that enforces mutually
exclusive paths. This is likely to have an impact on the current implementation
of extracting parallel activities, as well as on its related concepts. We discuss
more about this enrichment in the next subsection.

2.5 Enriched Robustness Diagram with Loop and Time Controls

In [3,4], a variant of RDLT is established to address its identified limitations
called the Enriched Robustness Diagram with Loop and Time Controls (ERDLT).
Figure 5 shows an arbitrary ERDLT model and its set of components. It has addi-
tional vertex and arc types that can better capture object-oriented programming
concepts in workflow or system modeling. Real-world systems and use case texts
were modeled using ERDLT in [3,4] and demonstrated how system representa-
tion is improved compared to RDLT.

New vertex types include entity(boundary) proxy objects which serve
as instances of entity(boundary) objects, guards that represent decision con-
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Fig. 5. Sample ERDLT Model and its Components

trol objects and mutually exclusive paths, and invokers that represent ab-
stracted subprocesses or invoke another layer of system processes [3]. Mean-
while, new arc types include composition, aggregation, and generaliza-
tion/specialization arcs, which represent their respective hierarchical abstrac-
tions or relationships with multiple layers of entities [10,11].

To map an instantiation of an object, an entity(boundary) proxy object y can
be connected by a regular arc from an entity(boundary) object z. The arc (x,y)
is, therefore, called an instantiation dependency [3]. Moreover, an XOR-
split [3] is also defined with guard vertices. This type of split enforces mu-
tually exclusive paths, i.e., the traversal to one path implies the non-traversal
of the other. In Figure 5, the vertices w2 and a2 are guards whose outgoing
arcs have at least one positive-signed and one negative-signed C-value. The
former(latter) represents the path to traverse if the condition of the guard is
satisfied (unsatisfied), then blocks the latter(former) path.

These additional vertex and arc types have introduced more structures or
control flow designs can be derived in ERDLT models, including XOR-splits
that cannot be strictly imposed in RDLT. This implies that the previously de-
fined structures, behavior, and properties in RDLT models may not be exactly
applicable to ERDLT models, including the concept of parallel activities.

3 Problem Synthesis and Research Goals

The new structures and behavior introduced by the new sets of vertices and arcs
in ERDLT could imply that the defined concepts to establish parallel activities in



On Structural Aspect of Parallel Maximal Activities in Enriched ... 297

RDLT may not be fully applicable to ERDLT. Hence, there is a need to determine
how these concepts would be defined in ERDLT models. This is to extend the
improvement in system modeling offered by ERDLT's to parallel workflows and to
allow the representation, analysis, and verification of such workflows in ERDLT.
In this study, we focus on the structural aspects of parallel activities in an
ERDLT R, including an algorithm to generate traversal trees for R.

4 Methodology

In this section, the definitions provided in Section 2 will be evaluated to deter-
mine whether they can be fully reused in the context of ERDLT models, and
if not, modifications will be proposed. In particular, the concepts of activity
groups, maximal activities, and the rules to produce separate and merged activ-
ity sets (PSMAS) will be defined under ERDLT. The other definitions will also
be identified for their reusability under ERDLT. The Generation of Traversal
Tree (GTT) algorithm will also be modified to take into account the new ver-
tices introduced in ERDLT, and lastly, a design in implementing the modified
GTT in parallel code will be suggested.

4.1 Concepts of Parallel Activities in ERDLT

Table 1 roughly summarizes the concepts defined in Sections 2.2 and 2.4, and
whether they can be fully reused in the context of ERDLT models and what
considerations or additions to be made. We focus only on the structural aspect,
hence only the concepts of activity groups, maximal activities, PSMAS rules, and
the algorithm for generating traversal trees will be established for ERDLT.

No.|Relevant Concepts [2,6,7] Reusability to ERDLT [3]
1 [Activity Groups Fully reusable
2 |Maximal Activities Fully reusable, dependent to item 1
3 |Shared Resource Fully reusable
4 |Competing Processes Fully reusable, dependent to item 3
5 |PSMAS Rules Needs additional rules for XOR-splits
6 |Parallel Activities Fully reusable, dependent to items 2, 4, and 5

Table 1. Relevant Concepts to Parallel Activities in ERDLT

An activity group in an RDLT R is a group of distinct activity profiles with
the same set of vertices traversed. They only vary in the number of iterations on
the repeating structure in the said activity profiles. Even with the new vertex and
arc types in ERDLT, this definition still applies. Consequently, the definition of
maximal activities for RDLT also applies to ERDLT. However, ERDLT models
can now represent mutually exclusive paths (XOR-splits), which implies that the
PSMAS rules need to add cases for this structure. This type of split is induced
by guard objects, but not all splits they induce are XOR-splits according to its
definition in [12]. The next subsection discusses more about these splits.
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4.2 Split Types from Guard Vertices in ERDLT

The guard vertex was established in [3] with the purpose of having an explicit
representation of mutually exclusive paths or XOR-splits. An XOR-split is de-
fined as a point in the workflow process where only one of several branches is
chosen after a decision or some workflow control data [12]. However, the design of
guard vertices allows multiple branches to be chosen. Guards can have more than
one positive-signed or negative-signed outgoing arc; thus, even after blocking all
positive-signed outgoing arcs when the guard condition was not satisfied, more
than one negative-signed outgoing arc can be traversed. Hence, we introduce the
different types of split that can be induced by guard vertices.

We first introduce new terms with respect to the types of outgoing arc from
a guard vertex. From this point on, positive-signed outgoing arcs will generally
be referred to as true arcs, while negative-signed outgoing arcs will be referred
to as false arcs. This is because the former(latter) are the arcs that will be
left available for traversal when the guard condition is met(unmet) while the
latter(former) will be blocked by maxing out their traversal limits. The types
of split at guard vertices will be distinguished by the number of true and/or
false arcs. Moreover, we refer to the blocked arcs as non-satisfying arcs, while
the arcs left available for traversal are referred to as satisfying arcs. Using a
modified sign function sgng() that takes arcs (x,y) € E as input, which returns
1if (z,y) is a true arc and —1 if it is a false arc, we define the following splits:

1. (Strictly) XOR-split - There is exactly one true arc and one false arc from
x,where Jy,z € V, 3(x,y), (z,2) € E,and sgnp(C((x,y))) = ~sgnp(C((z, 2))).

2. Partial XOR-split - There is exactly one true/false arc and the opposite
is more than one from x, where Jy € V, 372 C V and y ¢ Z, I(z,y) € E
and 3(z,2;) € E for every z; € Z, i > 2, such that sgng(C((z,y))) =
—sgni(C((z, 20))).

3. Pseudo XOR-split - There are more than one true and false arcs from =,
where 3Y,Z C V and Y N Z =0, and I(z,y;), (z, z;) € E for every y; € Y,
zj € Z,1>2,j>2,such that sgng(C((z,y;))) = —sgne(C((x, z;))).

Figure 6 shows an example of the split types enumerated that a guard vertex
can induce. Each type has an impact on the additional rules for producing sepa-
rate and merged activity sets and on the generation of traversal trees of ERDLT
models that contain guard vertices (see Appendix A for full formal definition).

4.3 Rules in Producing Separate Activity Sets on Guard Vertices

Since all split and join structures in RDLT are fully acquired by ERDLT [3,4],
the existing rules for producing separate and merged activity sets in [2] will also
apply in ERDLT (see Section 2.4). In addition to the three cases of this rule, we
will only add cases to handle split types from guard vertices.

4. Strictly /Partial XOR-split at vertex x - For this case of partial XOR-
split, there is only one outgoing arc allowed for traversal from x upon evalu-
ating whether its condition is met or not. The guard = proceeds to block arcs
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(Strictly) XOR-split

Fig. 6. Split Types on Guard Vertices

of a certain sign (positive or negative), and no separate profiles are induced;
hence, the process flow(s) of the existing profile(s) is(are) retained.

5. Pseudo/Partial XOR-split at vertex x - For this case of partial XOR-
split, there are more than one outgoing arcs allowed for traversal from x
upon evaluating whether its condition is met or not. The guard x proceeds
to block arcs of a certain sign (positive or negative), and a separate activity
profile S’ for each remaining arc (x,y;) in the ERDLT, S’ adopts the set of
arcs traversed in S built from source to x.

4.4 Proposed Generation of Traversal Tree Algorithm for ERDLT

To generate traversal trees in ERDLT models, we propose a modification of
the GTT algorithm from [2] such that the new types of vertices and arcs will
be taken into account. The entity and boundary proxy objects can be treated
similarly to the other vertex types, while an invoker y can be treated as bridges
between ERDLT models R = {V, E,T, M} and R’ = {V',E',T", M'}, where if
A(x,y) € E for some x € V and 3z € V' such that z is pointed to by an invoking
arc in F’, it can be interpreted as if the vertices x, y, and z are directly connected
by arcs (z,y) and (y, z). Similarly for Ju € V’ that has an outgoing arc that is
a returning arc in E', Jv € V, and J(y,v) € E, it can be viewed as if u, y,
and v are directly connected by (v,y) and (y,v). For the new relationship types
in ERDLT models, they mainly represent object-oriented relationships between
models and still depict process flows. Such relationships or arc types on their
own do not necessarily impose any kind of restriction on their traversal aside
from the process flow that they explicitly represent. Therefore, this modification
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to GTT is specifically aimed at dealing with guard objects which induce special
types of splits (see Algorithm 3 in Appendix C for the full pseudocode).
Similarly to the original version, the method Check(x,y;) (see Algorithm 2
in Appendix B) checks whether a vertex x has any adjacent vertex y;, j = 1,2, ...
where every 3(z,y;) € E is given a branch in the traversal tree. The difference
in Algorithm 3 is the additional lines 14 — 20, 23 — 25, 58 — 62, and 65 — 67
that handle invokers and guards. The former shifts the branch generation on the
same traversal tree between an invoked ERDLT and its caller ERDLT, while the
latter calls the method CheckGuardCondition(z) (see Algorithm 4 in Appendix
C) which is fully reused from the modified activity extraction algorithm A’ for
ERDLT models. Upon execution of the blocking of non-satisfying arcs, Algorithm
3 will not be able to generate branches for those arcs in the traversal tree. This
implies that in an ERDLT R that has only one guard vertex, R has two possible
traversal trees: one for when the guard condition is satisfied and another for
when it is not satisfied. Hence, the number of possible traversal trees that can
be generated from R grows along with the number of guard vertices in R.
Using Algorithm 3, the ERDLT model in Figure 5 has a total of three distinct
traversal trees illustrated in Figure 7 below. Due to the blocking mechanism of
the guard vertices, some vertices and arcs in an EDRLT R will not be present in
its generated traversal tree, unlike those of RDLT models. Therefore, there will
be multiple distinct traversal trees in ERDLT models depending on whether the
conditions of its guard vertex are satisfied or not, or the combinations of that if
there are multiple guard vertices. Such combinations can be observed in the trees
Tr~* and Tr~~ in Figure 7 (the superscripts are the sequence of satisfying arcs
per guard) when the condition of guard w2 in Figure 5 is not met. Theorems 1,
2, and 3 demonstrate the consistency, correctness, and asymptotic complexity of
Algorithm 3, respectively. See Appendix D for their respective proofs.

Theorem 1. Given an ERDLT R and an RDLT R’ where R and R’ are iso-
morphic to each other and have equal attribute values, Algorithm 8: MGTT gen-
erates its traversal tree from R that is equivalent to the traversal tree generated
by Algorithm 1: GTT from using R'.

Theorem 2. Given an ERDLT R, a maximal activity S can be derived from
R using the activity extraction algorithm A’ in [4] if and only if there exists a
branch in the set of traversal trees that corresponds to the reachability sets (or
sets of arcs) of S, that is, at time step i, both the activity extraction algorithm
and Algorithm 8: MGTT traverse an arc and a branch, respectively.

Theorem 3. The space and time complexity of Algorithm 3: MGTT is O(2"),
where n = |V| + |E|, V and E are the sets of vertices and edges in an ERDLT.
4.5 Design Suggestions on the GTT Algorithm in Parallel Code

We now present some suggestions or considerations if we try to design a version
of the GTT algorithm if it were to be implemented in CUDA [13,14]. The CUDA
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programming model is basically an integration of host and device code, where
the former is the sequential parts of the code executed in CPU while the latter
is the highly parallel parts that are executed on the GPU and usually includes
proper allocation and utilization of threads, thread blocks, and grid of blocks. If
we examine parts of GTT (both original and modified versions), there are two
while loops that are not nested. The first is for dealing with maximal activities
with iterations, while the second is for those without iterations [2]. We first focus
on the case where an RDLT model R (hence, the original version of GTT) has
no iterations such as R in Figure 2 without (22, 42) (called a looping arc [1]).

The original generation of traversal tree algorithm takes a classical sound
(meaning that all vertices and arcs are reachable [9]) RDLT R with one source
and one sink as input. R includes its sets of vertices V' and arcs E. One way of
mapping these into CUDA programming is that the entire R will be processed
in a grid with only one block, where one thread per arc in F will be allocated
to process the generation of their branches. Then, we retrieve the output per
branch and divide them into small groups. Threads will then be allocated per
group, then merging of the branches will be performed on every group if there
are common vertices between them. We do this until all branches are connected
into one traversal tree of R. This implies a better time complexity than that of
Algorithm 3, possibly O(nlogn) if the assigning of groups is designed properly
and accordingly. Figure 8 illustrates this flow of traversal tree generation in
parallel in the RDLT model in Figure 2 excluding the looping arc (22, y2).
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Y510, aj) —> (X2) —>X25(j, a, (s,m}))
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Fig. 8. General Flow of Traversal Tree Generation per Branch in Parallel
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This general flow only needs to be able to handle iterations, and the parallel
code version of GTT for RDLT models will theoretically be complete. If we
consider the blocking of guard objects to non-satisfying arcs, hence the modified
GTT for ERDLT models, we can utilize more blocks in a grid for generating its
traversal tree. Taking, for example, the ERDLT model R in Figure 5 which has
three distinct traversal trees illustrated in Figure 7, we can allocate three blocks
to generate these trees separately and concurrently. Each block will only need
some indicators of the set of satisfied and/or blocked arcs by the guard vertices.
However, determining the maximum number of distinct traversal trees from the
ERDLT models will introduce more complexity into the code.

5 Results and Discussion

The quirk of guard vertices covered most of the discussion in this paper. It
was originally established to allow ERDLT in modeling or representing mutually
exclusive paths or XOR-splits. However, based on the formal definition of guards
and the technical definition of XOR-splits, it was found that guard vertices do
not necessarily equate to the presence of (strictly) XOR-splits. In summary, we
defined true and false arcs, satisfying and non-satisfying arcs, and the additional
split types of guards, namely the partial and pseudo XOR-splits (see Section 4.2).
Moreover, we proposed an algorithm to generate traversal trees from ERDLT
models in which the behavior of guards is implemented (see Algorithm 3 in
Appendix C). Due to the blocking mechanisms of the guard objects, not all
maximal activities of an ERDLT model R can be seen in one generated traversal
tree if R contains at least one guard object. This implies that guard objects have
a significant impact on extracting parallel activities in ERDLT, such that the
pairs of maximal activities that do not belong in the same traversal tree will
never be parallel activities. This is because the activities that use the satisfying
arcs of a guard vertex will never execute simultaneously with those that use the
non-satisfying arcs. Therefore, we present the following theorem (whose proof is
also in Appendix D):

Theorem 4. For the set of traversal trees of an ERDLT model R generated by
Algorithm 8: MGTT, the parallel activities of R can be found only among the
mazximal activities in the same traversal tree.

For an ERDLT model R, its set of maximal activities is grouped into those
that use the satisfying arcs of a guard vertex, and those that use the non-
satisfying arcs in separate traversal trees. If there are multiple guards, com-
binations of whether or not their conditions were met in activity profiles should
also be considered. In Figure 7, the trees Tr* and Tr~ show one maximal
activity, respectively, while Tr~~ shows two maximal activities. With Theorem
4, we can only determine the maximal activities that could be parallel among
those shown in 77—~ (since the other trees each contain only one maximal ac-
tivity). All conditions for maximal activities to be parallel (see Definition 1) can
be cross-checked between R in Figure 5 and Tr~~ in Figure 7. The activities S



304 E. S. Petilos et al.

and S’ in Tr~~ have the same input and output vertices and both completed
at time step 11. Moreover, the L-attribute values of their shared resources can
accommodate the execution of both S and S’ at the same time. Therefore, S
and S’ are parallel activities in R.

The work presented in this study only covers the structural aspects of parallel
activities in ERDLT models. In addition to the identified reusability mapping of
the concepts for these activities in Table 1, the results of this study can be used to
address the behavioral aspects of parallel activities in ERDLT. Furthermore, such
results can help in the formalization and verification of the soundness property
of ERDLT models, particularly the notions of soundness that consider multiple
activities running concurrently. This is because the literature that formalized
weak and easy soundness in RDLT [15] has noted that there will be no distinction
between easy and lazy soundness in RDLT models unless multiple concurrent
activities are considered. This has been explored in [16] using the established
concepts, results, and evidence in [2,15] and has succeeded in formalizing lazy
soundness for RDLT models with concurrent activities. Hence, our work can
serve as a preliminary step in the formalization of such notions of soundness in
ERDLT models in addition to extending ERDLT to modeling parallel workflows.

6 Conclusions and Future Work

The improved level of representation that ERDLT offers compared to RDLT has
its strength in integrating object-oriented concepts in workflow modeling. Its
usefulness can be extended to parallel workflows by formalizing parallel activities
in ERDLT. Our study provides the first step towards achieving this goal. The
definitions of relevant concepts in establishing parallel activities in RDLT were
identified and an overview of their reusability was provided in the context of
ERDLT models. This mapping includes both structural and behavioral aspects
of parallel activities in ERDLT, but this paper is focused on the structural aspect
where a modification to the algorithm for generating traversal trees is proposed
to handle the new vertex types, specifically the guard vertices. This is due to
the significant impact of such vertices on activity extractions that are reflected
in having multiple traversal trees of the same ERDLT model. We found that
parallel maximal activities of ERDLTSs can only be determined among those
grouped in the same traversal tree.

Suggestions for algorithm design of a parallel code version for the generation
of traversal trees were also provided and discussed. This study mainly focused
on theoretical results, and thus we suggest the implementation and validation of
the presented design in future work, as well as to cover the behavioral aspects
of parallel activities in ERDLT models and to determine structural profiles that
have implications on the notions of soundness in such models.
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A Formal Definition of ERDLT

Definition 2. Enriched Robustness Diagram with Loop and Time Con-
trols (ERDLT) [4]

An ERDLT is a graph representation R of a system that is defined as R =
(V,E, T, M) where

— V is a finite set of vertices where every vertex has a type Viype : V. —
{0, ‘bpt, ‘e, fept, fet gt it ), where DY bpt et fept, fef, fgt, and ‘it means the
vertex is either a “boundary object”, “boundary proxy object”, “entity ob-
ject”, “entity proxy object”, “controller”, “gquard”, or an “invoker”, respec-
tively. Furthermore, V =V, UV, UV, where:

o Vigpe : Vo — {0, €'}

o Vigpe : Vp = {‘bp‘, ‘ep‘}

0 Vigpe : Ve = {'¢',¢", i}

These subsets will be generally called as “object group”, “proxy group”, and
“controller group”, respectively.

FE is a finite set of arcs where every arc has a type Etype E — {‘ca’,‘a’, ¢, g},
where ‘ca‘,‘a‘,‘c’, and ‘g* means the arc is either a “communication assoczatzon ,
“aggregation”, “composition”, or a “generalization”, respectively. Further-

more, ' = E., U Ey, where:

o Eiype : Eca = {‘ca‘}, Ecq € (V XV)\E., where E.., = {(z,y)|[z,y € V,]
V [,y € Vy where Vigpe(x) # Vigpe(y)] V Viype(x) € Vp and Viype(y) €
Vol}

o Eiype : Ena — {‘a','¢', 9"}, Ena C [(Vo U V) x (V, U VL)\E}, where
B = (0 )y € (e} where Vigge(2) 7 Vigpe )] ¥ Vegee () =
‘bpt and Vigpe(y) = D] V [Vigpe(x) = D and Vigpe(y) = ‘bp* where
Etym/((fvy)) ='g'JV [x,y € V, where Viype(2) = Viype(y) and Epype((z,y))
= ‘g‘

These subsets will be generally called as “communication association group”,
and “hierarchical abstraction group”, respectively, with the following attributes
whose values are derived from the following functions,

o C: E — XU/{e} where X is a finite non-empty set of symbols and €
is the empty string. Note that for real-world systems, a task v € V| i.e.
Vigpe (V) € Vg, is executed by a component u € V, Viype(u) € Vo UV,
or an instance w € V, Viype(w) € V, is created from an object o €
V', Vigpe(0) € V, UV,. This component-task association and instantia-
tion relationship are represented by the communication association arcs
(u,v), (0,w) € E, Eppe((u,v)) = Eyype((0,w)) = ‘ca‘’. Additionally,
components © can be parents of other components j only when i,j €
Vo UV, where Viype(i) = Vigpe () or if Viype(i) = 0° and Viype(3) = ‘bp°
where Eyype((i,7)) # ‘g‘. This object-to-object relationship is represented
by hierarchical abstraction arcs (3,j) € E, Eyype((i,7)) € Ehq. More-
over, C((x,y)) € X represents a constraint to be satisfied to reach y
from x. This constraint can represent either an input requirement or a
parameter C((x,y)) which needs to be satisfied to proceed from using the
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component/task x toy. C((x,y)) = € represents a constraint-free process

flow to reach y from x or a self-loop when x = y. Furthermore, outgoing

arcs (m,n) € E of a guard m € V' to any other vertex n € V must have
signed C-values, hence, C((m,n)) € C, U C,, where:

— Chiype : Cp = +X U {+e€} where arcs (m,n) with such C-value will
be blocked for traversal if the condition of the guard is not satisfied.
Otherwise, these arcs can be traversed.

— Ciype : Cp, > —XU{—¢€} where arcs (m,n) with such C-value will be
blocked for traversal if the condition of the guard has been satisfied.

Otherwise, these arcs can be traversed.
o L:E —7Z% is the maximum number of traversals allowed on the arc.

— Let T be a mapping such that T((x,y)) = (t1,...,tn) for every (z,y) € E
where n = L((z,y)) and t; € N is the time a check or traversal is done on
(z,y) by some algorithm’s walk on R.

M :V — {0,1} indicates whether w € V' and every v € V where (u,v) € E
and C((u,v)) = € induce a subgraph G, of R known as a reset-bound sub-
system(RBS). The RBS G, is induced with the said vertices when M (u) =
1. In this case, u is referred to as the center of the RBS G,,. G ’s vertex set
Ve, contains u and every such v which includes (a) the child objects owned
by u, if any, (b) all vertices owned by u and by its child objects, (c) instances
v of u, and (d) its arc set Eq, has (z,y) € E if x,y € Vg,.

o If the center u is a parent in a composition of another vertex v, hence
I(u,v) € E where Epype((u,v)) = ‘¢, where Viype(u) = b, Vigpe(v) =
‘op‘, and then Jw € V where Viype(w) = ‘i° and (v,w) € E where
Eiype((v,w)) = ‘ca’, then G, is a nested RBS where the invoked RDLT
R’ of w has a center o € V where Viy,e(0) = ‘b and M(0) = 1, hence
an RBS.

An arc (a,b) € E.q is called an in-bridge of b if a ¢ Vg, b € Vg, .
Meanwhile, (b,a) € E., is called an out-bridge of b if b € Vg, and
a ¢ VG“’.

For every invoker ¢ € V where Viype(c) = ‘i* and R’ is the other ERDLT
being invoked by c, the arc (¢,d) € E.q of R’ is called an invoking arc
of R' where the vertex d € V', Viype(d) = ‘b* acts as a source vertex of
R’. On the other hand, (d,c) € E., of R is called a returning arc to
R where the vertex d € V' acts as a sink vertex of R’.

Lastly, arcs (a,b), (¢,d) € E are type-alike if Jy € V where (a,b), (¢,d) €
Bridges(y) with Bridges(y) = {(r,s) € Ecq|(r,s) is either an in-bridge
or out-bridge of y}, if 3x € V where (a,b), (¢,d) € Invoke(x) with
Invoke(x) = {(r,8) € Ecq of RUE., of R'|(r,s) is either an invoking or
returning arc of x}, or if Vy € V, (a,b), (¢,d) ¢ Bridges(y) U Invoke(z).

B Generation of Traversal Tree Algorithm for RDLT

Algorithm 1 Generation of Traversal Tree for RDLT [2], Tr(t), t = 1,2, ..., k,
k € N. Assumption per branch: Independent treatment of maximal activities
when performing checks and traversals.
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Input: RDLT R, with one source vertex s and one sink vertex f
Output: Traversal tree, set of parallel and non-parallel maximal activities
1: Seti=1
2: Set Tr(l) = [S]S([O])
3: Set Ancestors =)
4: while TRUFE do
5. Let X be the set of vertices in T'r with no outgoing branches pointing to
ancestral vertices, € X, x # pending, i.e. ([z])
6: if x € X, x = f and no other observed continuing branch then

7 Set parallel Activities, to be the set of activities that reaches [f] at the
same times, 1 < p < k, with eRU (x,y) € E > its actual use
8: Set Unparallel Activities, to be the set of activities that reaches [f] at
different times, 1 < g < k, with eRU(z,y) € E > its actual use
9: return [T'r(t), parallel Activities,, Unparallel Activities,, Vp, q|
10:  else if X = then
11: return 0
12:  end if
13:  for each (z,y;) € E where z € X do
14: if Check(x,y;) = TRUE and y; is in Ancestors, such that eRU (z,y;) €
FE > its actual use then
15: if (z,y,) is unconstrained then
16: Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
17: Set updatedConstraints = S([0, satis fiedConstraint Ancestral Arc,
currentSatis fied ArcConstraint])
18: Append T’I"(Z) a branch [x]prevConstraints — [yj]updatedc’onst'raints
19: else
20: Append T'r(i) a branch [z] — ([y;])
21: Checks for possibility to resolve — ([y;])
22: if — ([y;]) is an AND or MIX merge point then
23: Get max time ¢ from [z] = ([y;])
24: Append to Tr(t) the branch
[xk]prevConstraints — [yj]updatedConstraints
25: if — ([y;]) is a MIX or OR merge point then
26: Append to Tr(t) the branch
[x]prevConstraints — [yj]updatedConstraints
27: end if
28: end if
29: end if
30: end if
31: end for
32:  Append to Ancestors the vertex x
33 i+ +

34: end while
35: while TRUFE do



36:

37:
38:

39:

40:
41:
42:
43:
44:
45:
46:
47:
48:

49:
50:
51:
52:
53:
54:
55:

56:
57:

58:
59:
60:
61:
62:
63:
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Let X be the set of vertices in T'r with no outgoing branches and =z € X,
x is not a pending vertex, i.e. ([z])
if x € X, x = f and no other observed continuing branch then
Set parallel Activities, to be the set of activities that reaches [f] at the
same times, 1 <p <k
Set Unparallel Activities, to be the set of activities that reaches [f] at
different times, 1 < ¢ <k
return [T'r(t), parallel Activities,, Unparallel Activities,, Vp, g|
else if X = () then
return 0
end if
for each (z,y;) € E where z € X do
if Check(z,y;) = TRUE then
if (z,y;) is unconstrained then
Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
Set updatedConstraints = S([0, satis fiedConstraint Ancestral Are,
currentSatis fied ArcConstraint))
Append TT(Z) a branch [x]prevConstraints - [yj]updatedc’onstraints
else
Append Tr(i) a branch [z] = ([y;])
Checks for possibility to resolve — ([y;])
if — ([y;]) is an AND or MIX merge point then
Get max time t from [zx] — ([y;])
Append to Tr(t) the branch
[xk]prevConstraints — [yj]updatedConstraints
if — ([y;]) is a MIX or OR merge point then
Append to Tr(t) the branch
[z]prevCanstraints — [yj]updatedConstraints
end if
end if
end if
end if
end for
i+ +

64: end while=0

Algorithm 2 Check(x) [1]: Determines if there exists some y € V' where
(z,y) € E and its attribute L((z,y)) allows that at least one traversal on the
arc. If y exists, the algorithm updates T'((z,y)) and returns y, otherwise it
returns §.

Input: z €V
Output: y € V if the arc attribute L((z,y)) allows that at least one traversal

on the arc, () otherwise

1: y + w where w € V, (z,w) € E and for 1 < ¢ < |L(x,w)| such that either

CTInd, i — 1] =2 and CTInd, 4)[i] = 0, or CTInd,

sl =1]=0

2: if y # () then
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3:  if Ju € V such that (u,z) € F then

4: t; € T((x,y)) : ti < maxV + 1 where mazV = (mc)zg {maz{tL]l <k <
L((u,2)), te € T((u,2))}} + 1

5. else

6: t; € T((x,y)) 1 t; <1

7. end if

8: return y

9: else

10: return 0

11: end if=0

Theorem 5. Given an RDLT R, a maximal activity S is derivable from R us-
ing Algorithm A in [1] if and only if there exists a branch in the traversal tree
that corresponds to the reachability sets of S, that is, at time step i, both A and
Algorithm 1 traverse an arc and a branch respectively [2].

Proof. The different structures that compose an RDLT are used to prove this
theorem. We first prove that a maximal activity S derived from Algorithm A
in [1] form the RDLT is consistent with a branch in the traversal tree. Then
we establish that a branch in the generated traversal tree can be successfully
derived as a maximal activity S using the Algorithm A in [1].

Structure 1 is two vertices x and y connected through an e-constrained arc
from x to y. The corresponding branch of this structure will create a vertex x
and y, along with a line connecting x to y with an arrowhead pointing towards
y. The branch will be connected as follows: xg,...; = Ysjo,...,¢- If ¥ is reachable
from z in R, there would exist an activity profile S = {...,S(i) = {(z,9)},.. .}
In the traversal tree, the connection of vertices from x — y is at a time step
Tr(i), with ygpo,..q having the satisfied condition in e-constraint, traversing
from vertex xgjo,... (shown in Figure 9).

Structure 1

€
( ‘ ) ( ( ) Xs(00...07 Y5, a)

Fig. 9. Structure 1 of an RDLT and its corresponding branch in the traversal tree

Structure 2 is two vertices x and y connected through an X-constrained
arc from = to y. The corresponding branch of this structure will create a vertex
x and y, along with a line connecting x to y with an arrowhead pointing towards
y. The branch will be connected as follows: xgjo,..] = Ys)o,...,q- If ¥ is reachable
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from z in R, there would exist an activity profile S = {...,S(¢) = {(z,y)},.. .}
In the traversal tree, the connection of vertices from x — y is at a time step
Tr(i), with ygo,...,q) having the satisfied condition in X-constraint, traversing
from vertex xgjo,..) (shown in Figure 10).

Structure 2

a
H X s(o,..17 >Ys(q0, ...a)

Fig. 10. Structure 2 of an RDLT and its corresponding branch in the traversal tree

Structure 3 is three vertices , y, and z connected through an e-constrained
arc from x to y and x to z. This is called a SPLIT at vertex x. As per the rule
for every split in generating parallel activities, we induce a branch per split. The
corresponding branches of this structure will create x — y, and z — z. In this
scenario, we could have 3 possible cases;

1. Case 1: S = {...,5() = {(z,v)},...}. In the traversal tree, there would
exist a branch xgp,. ] = yso,....q at Tr( ).

2. Case 2: S = {.. ,S(z) {(z,2)},...}. In the traversal tree, there would
exist a branch xgp, ] = 2g[0,....q at Tr( ).

3. Case 3: S = {...,5(0) = {(z,v),(x,2)},...}. In the traversal tree, there
would exist a branch Tg0,..] = YS[0,....q] and Tgpo,. ] = Zs[o,....q at Tr(i).

Structure 3

%@ /yS([O.....g]]
X SO~

: 2500, .

Fig. 11. Structure 3 of an RDLT and its corresponding branch in the traversal tree

Structure 4 is three vertices z, y, and z connected through a X-constrained
arc from x to y and = to z. This is also a SPLIT at vertex x. As per the rule
for every split in generating parallel activities, we induce a branch per split. The
corresponding branches of this structure will create x — y, and © — z. In this
scenario, we could have 3 possible cases;
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1. Case 1: S = {...,50) = {(z,v9)},...}. In the traversal tree, there would
exist a branch wgp,. | = Yso,....q) at Tr (7).

2. Case 2: S = {.. 7S(z) = JE( 5 ..}. In the traversal tree, there would
exist a branch xgp, ] = zg(0,... 5 at Tr( ).

3. Case 3: S = {...,5(0)) = {(z,y),(x,2)},...}. In the traversal tree, there
would exist a branch Ts[0,..] = YS[0,....a] and Ts[0,..] = Zso,....5) at Tr(7).

Structure 4

y @ /’Vsun, wval)
xsun,.‘.n\‘

b Zg(, ..., b])

Fig. 12. Structure 4 of an RDLT and its corresponding branch in the traversal tree

Structure 5 is three vertices z, y, and z connected through a X-constrained
arc from x to y, and an e-constrained arc from x to z. This is also a SPLIT
at vertex x. As per the rule for every split in generating parallel activities, we
induce a branch per split. The corresponding branches of this structure will
create x — y, and z — z. In this scenario, we could have 3 possible cases;

1. Case 1: S = {...,5() = {(z,y)},...}. In the traversal tree, there would
exist a branch xgp,. | = ys at Tr( ).

2. Case 2: S = {.. ,S%z) = i 5} .}. In the traversal tree, there would
exist a branch xgp,. ] — zg)0,....q at Tr( ).

3. Case 3: S = {...,5(1) = {(z,y),(x,2)},...}. In the traversal tree, there
would exist a branch Tg[0,..] = YS[0,....a] and Ts[0,..] = Zs[0,....q at Tr(i).

Structure 5

y @ /Vsuo Lal)
X
S(0... 1\ .
£ (10, ... €]}

Fig. 13. Structure 5 of an RDLT and its corresponding branch in the traversal tree

Structure 6 is three vertices z,y, and z connected through a e-constrained
arc from x to z and y to z. This is called an OR-join at vertex z. As per the
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rule for an OR-join in generating parallel activities, the flow of the process will
not wait for any of the merging arc to reach z. The corresponding tree of this
structure will create x — z, and y — z. In this scenario, we could have 2 possible
cases;

1. Case 1: S = {...,5(i) =
exist a branch zgp, ] —

2. Case 2: S = {...,5(4)
exist a branch ygpp,.. ] —

3. Case 3: S = {...,5() ={
would exist a branch Ts,...
(2) = zsjo,....q at Tr(i).

{(z,2)},...}. In the traversal tree, there would
( ) — Z5[0,...,€] at T’I”(Z)
= {(y,2)},...}. In the traversal tree, there would
(2) = zsjo,....q at Tr(i).
= {(z,2),(y,2)},...}. In the traversal tree, there
1 = (2) = zsp,....q at Tr(i), and ygpo,..] —

Structure 6

@\E‘ Xs(o, .y (|Z’ 20, ..

R R ) R AT
Fig. 14. Structure 6 of an RDLT and its corresponding branch in the traversal tree

Structure 7 is three vertices x, y, and z connected through a X'-constrained
arc from z to z and y to z. This is called an AND-join at vertex z. As per the
rule for an AND-join in generating parallel activities, the joining of branches at
z will merge to a branch. The corresponding tree of this structure will create
x — (2) = z, and y — (2) — z. In this scenario, we could have 3 possible cases;

1. Case 1: S = {...,S8() = {(w,z)},...,S( +n) = {(y,2)}}, where x has
already been reached by some vertex w and n € N. In the traversal tree, there
would exist a branch wgjo,.. ] — %g[0,..] at T7(i), Yspo,..] = (2) = 2s[0,...,(a,b)]
at Tr(i 4+ n), where i € N.

2. Case 2: S = {...,50) = {(w,y)},...,S( +n) = {(z,2)}}, where y has
already been reached by some vertex w and n € N. In the traversal tree, there
would exist a branch wgjo,..] = ysjo,..] at T7(7), Ts0,..] = (2) = 2s[0,...,(a,b)]
at Tr(i 4+ n), where i € N.

3. Case 3: S = {...,5() = {(w,z),(y,2)},...}. In the traversal tree, there
would exist a branch zgp ] — (2) — together with ygp,..] — (2) —
2500,....(a,b)] &t T7(i +n), where i € N .
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Structure 7

CU—
/

z
. S([0, ..., (a, b)])

T Yo, ) >z)

Fig. 15. Structure 7 of an RDLT and its corresponding branch in the traversal tree

Structure 8 is four vertices w, x,y, and z with a X-constrained arc from w

to z, a X-constrained arc from x to z and a X-constrained arc from y to z where
C'((w, 2)) = C'((z,2)) # C'((y, 2)). This is a case of an OR~join at (w, 2), (z, 2),
and finally merges at an AND-join at (y, z). As per the rule for OR~ and AND-
join in generating parallel activities, the corresponding tree of this structure will
create w — (2) = 2z, * = (2) — 2, and finall a y — (2) — z. In this scenario,
we could have 3 possible cases;

1.

Case 1: S ={...,50() = {(u,w)},...,S(i + n) = {{(y,2)}}, where w has
already been reached by some vertex u and n € N. In the traversal tree, there
would exist a branch ug,..] = wgo,..] at T7(i), Ys,..] = (2) = 2s[0,...,(a,b)]
at Tr(i +n), where i € N.

. Case 2: S ={...,50) = {(u,2)},..., 5@ +n) = {{(y,2)}}, where w has

already been reached by some vertex v and n € N. In the traversal tree, there
would exist a branch ugp,..] = go,...] at T7(i), Yso,..] = (2) = 2s[0,...,(a,b)]
at Tr(i 4+ n), where i € N.

. Case 3: S = {...,5() = {(w, 2),(z,2),(y,2)},...}. In the traversal tree,

there would exist a branch wgjo,..] = (2) = 2g(0,...,(a,p)] at T7(i) and a

branch zgjo,..] = (2) = zs(0,...,(a,)] at T7(i), where e N.

.....

Structure 8

a =TT Weo, ) >z

a
®—>® T T Xy, ] >(z)
z
/ S(I0, ., (3, b}
b
T Y, ] >z

z
S([0, ..., (a, b)])

Fig. 16. Structure 8 of an RDLT and its corresponding branch in the traversal tree
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Structure 9 is three vertices z, y, and z connected through an e-constrained
arc from z to z, and a X-constrained arc from y to z. This is called a MIX-join
at vertex z. As per the rule for a MIX-join in generating parallel activities, the
corresponding tree of this structure will create © — (z) — 2, and y — (2) — 2.
In this scenario, we could have 3 possible cases:

1. Case 1: S ={...,5(i) = {(y,2)}}. In the traversal tree, there would exist a
branch ygo,..] — (2) = zsjo,...,) at Tr(i), where i € N.

2. Case 2: S = {...,50) = {(w,y)},...,S(@E +n) = {(x,2)}} where y has
already been reached by some vertex w and n € N. In the traversal tree,
there would exist a branch ugy,..] = ysp,..] at Tr(i), and zgj0,..] — (2) =
2800,...,(e;b)] at Tr(i 4+ n), where i € N.

3. Case 3: S = {...,5() = {(z,2),(y,2)},...}. In the traversal tree, there
would exist a branch xgp,.] = (2) = Zzgjo,...,(e,p)] together with ygr | —
(2) = zsjo,...n) at Tr(i), where i € N.

Structure 9

@\ TIPS, ) >(2) > ‘ZS{IEL o (& BY])

=t >Y500,.) >(z) >Z50, ..., b])

Fig. 17. Structure 9 of an RDLT and its corresponding branch in the traversal tree

If a vertex y is reachable from a vertex x in the RDLT, then there exists an ac-
tivity profile such that S = {...,S() = {(z,z1),...},...,S(@+n) = (¥n,y),...}
where n € N. The set of reachability configurations S(i) to S(i + n) can be
divided into different parts each corresponding to one of the structures shown
above. Thus, the branch at a certain Tr(7) is obtained by following the rules in
producing separate and merged activity sets of each structure.

Theorem 6. The space and time complexity of Algorithm 1 is O(2"™), where
n = |V|+|E|, |V| represents the total count of vertices, |E| as the total count of
edges [2].

Proof. The space complexity of Algorithm 1 is primarily set on the storage of
the traversal tree. Each vertex in the traversal tree is stored along with its
outgoing branches. The space complexity of the algorithm could exponentially
grow as it reaches every vertex and edge. Thus, the overall space complexity of
the algorithm can be expressed as O(2™) in generating the branches of maximal
activities in R, where n = |V| 4 |E|, |V| represents the total count of vertices,
|E| as the total count of edges.
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For the time complexity of Algorithm 1, the while loop iterates until there
are no more vertex to explore, which is determined by the condition X = 0.
Every vertex in the input RDLT might be needed to be explored. Therefore, the
time complexity for traversing the vertices can be expressed as O(|V]), such that
|V| is the total count of vertices. For each vertex x € X, the algorithm processes
its outgoing edges. In the worst-case scenario, each vertex has multiple outgoing
edges. Therefore, the complexity for the time of processing outgoing edges can
be expressed as O(|E|), where |E| is the total count of edges.

Resolving merge points involves additional operations, such as determining
the maximum time and adding branches to the traversal tree. This operation
occurs within the loop for processing outgoing edges and can be considered
constant time for each iteration. In the worst case, the time complexity of the
algorithm will exponentially grow as it reaches every vertex and edge.

Thus, the time complexity of Algorithm 1 can be expressed as O(2") in
generating the branches of maximal activities in R, where n = |V| + |E|, |V]
represents the total count of vertices, |E| as the total count of edges.

C Modified GTT Algorithm for ERDLT

Algorithm 3 Generation of Traversal Tree for ERDLT, T'r(t), t = 1,2, ..., k,
k € N. Assumption per branch: Independent treatment of maximal activities
when performing checks and traversals.

Input: ERDLT R, with one source vertex s and one sink vertex f
Output: Traversal tree, set of parallel and non-parallel maximal activities
1: Seti=1
2: Set Tr(l) = [S]S([O])
3: Set Ancestors = ()
4: while TRUFE do
5 Let X be the set of vertices in T'r with no outgoing branches pointing to
ancestral vertices, € X, x # pending, i.e. ([z])

6: if v € X, 2 = f and no other observed continuing branch then

7 Set parallel Activities, to be the set of activities that reaches [f] at the
same times, 1 < p < k, with eRU (z,y) € E > its actual use

8: Set Unparallel Activities, to be the set of activities that reaches [f] at
different times, 1 < g < k, with eRU(z,y) € E > its actual use

9: return [Tr(t), parallel Activities,, Unparallel Activities,, Vp, q|

10:  else if X = () then

11: return 0

12:  end if

13:  for each (z,y;) € E where x € X do

14: if x is a guard vertex, i.e. Viype(z) = ‘g‘ then

15: CheckGuardCondition(x)

16: else if x is an invoker, i.e. Viype(z) = ‘i‘ then



17:

18:
19:

20:
21:
22:

23:
24:

25:
26:
27:
28:

29:
30:
31:
32:
33:
34:
35:

36:
37:

38:
39:
40:
41:
42:
43:
44:
45:
46:
47:

48:
49:
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Get invoking arc (z,y;) from invoked ERDLT R’ where y; € R’ is its
source, Viype(y) = ‘b //shifts branch generation on the same traversal
tree from R to R’
Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
Set updatedConstraints = S([0, satisfiedConstraint Ancestral Are,
currentSatisfied ArcConstraint))
Append TT(Z) a branch [x]prchonstraints - [yj]updatedConstraints
end if
if Check(x,y;) = TRUE and y; is in Ancestors, such that eRU (z,y;) €
E > its actual use then
if (z,y,) is a returning arc then
Assign invoker from R which called the current invoked ERDLT R’
to y; //shifts branch generation on the same traversal tree from R’
back to R after this branch
end if
if (z,y,) is unconstrained then
Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
Set updatedConstraints = S([0, satis fiedConstraint Ancestral Arc,
currentSatis fied ArcConstraint])
Append T’I”(Z) a branch [x]prevConstraints — [yj]updatedConstraints
else
Append Tr(i) a branch [z] — ([y;])
Checks for possibility to resolve — ([y;])
if — ([y;]) is an AND or MIX merge point then
Get max time ¢ from [z] = ([y;])
Append to Tr(t) the branch
[xk']prevConst'r'aints — [yj]updatedConstraints
if — ([y;]) is a MIX or OR merge point then
Append to Tr(t) the branch
[x]prevConstraints — [yj]updatedConstraints
end if
end if
end if
end if

end for
Append to Ancestors the vertex x
T+ +
end while
while TRUFE do
Let X be the set of vertices in T'r with no outgoing branches and = € X,
x is not a pending vertex, i.e. ([z])
if x € X, x = f and no other observed continuing branch then

Set parallel Activities, to be the set of activities that reaches [f] at the
same times, 1 <p <k
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51:
52:
53:
54:
55:
56:
57:
58:
59:

60:
61:

62:
63:
64:
65:
66:

67:
68:
69:
70:

71:
72:
73:
74:
75:
76:
77:

78:
79:

80:
81:
82:
83:
84:
85:
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Set Unparallel Activities, to be the set of activities that reaches [f] at
different times, 1 < ¢ < k
return [T'r(t), parallel Activities,, Unparallel Activities,, Vp, q|
else if X = () then
return 0
end if
for each (z,y;) € E where z € X do
if = is a guard vertex, i.e. Viype(x) = ‘¢‘ then
CheckGuardCondition(x)
else if x is an invoker, i.e. Viype(z) = ‘¢ then
Get invoking arc (x,y;) from invoked ERDLT R’ where y; € R’ is its
source, Viype(y) = ‘b //shifts branch generation on the same traversal
tree from R to R’
Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
Set updatedConstraints = S([0, satisfiedConstraint Ancestral Are,
currentSatisfied ArcConstraint))
Append TT(Z) a branch [I]preuConstraints — [yj]updatedConstraints
end if
if Check(z,y;) = TRUE then
if (x,y;) is a returning arc then
Assign invoker from R which called the current invoked ERDLT R’
to y; //shifts branch generation on the same traversal tree from R’
back to R after this branch
end if
if (x,y;) is unconstrained then
Set prevConstraints = S([0, satis fiedConstraint Ancestral Arc])
Set updatedConstraints = S([0, satis fiedConstraint Ancestral Are,
currentSatis fied ArcConstraint])
Append TT(’L) a branch [‘r}prevConstraints — [yj]updatedConstraints
else
Append T'r(i) a branch [z] = ([y;])
Checks for possibility to resolve — ([y;])
if — ([y;]) is an AND or MIX merge point then
Get max time t from [zx] — ([y;])
Append to T'r(t) the branch
[xk]prevc’onstraints — [yj]updatedConstraints
if — ([y;]) is a MIX or OR merge point then
Append to Tr(t) the branch
[I]prevCOnstraints — [yj]updatedConstraints
end if
end if
end if
end if
end for
i+ +
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86: end while=0

Algorithm 4 CheckGuardCondition(x) [3]: Determining whether the condition
of a guard x was satisfied or not. If it is satisfied, the algorithm fills —1 to all
T((x,y)) according to L((z,y)) of all such arc (z,y) where C((x,y)) is
negative, otherwise, —1 is filled to all such arc (z,y) where C((x,y)) is positive.

Input: Guard vertex x

Output: T((z,y)) = [t1,...,tn] where n = L((z,y)) and every t; = —1 for
all negative C-valued outgoing arcs of z if the condition of x is satisfied.
Otherwise, t; = —1 for all 0 < ¢ < n is assigned to all positive C-valued

outgoing arcs of x

1: if condition of guard z is satisfied then

22 QCV:Q+ {¥(x,r) € E, r € V where C((z,r)) is negative} //selects
all negative C'—valued arcs and stores them into set @

3: else

4 QCV:Q+« {¥V(z,r) € E, r € V where C((z,7)) is positive} //selects
all positive C'—valued arcs and stores them into set @

5: end if

6: while 3(x,r) € Q where |{ty € T((x,r))|tx > 0}| > 0 do

7 Vi, € T((x,r)) @t < —1 //set all T—values of each arc in @) according
to their respective L—values

8: end while=0

D Proofs of Theorems in Sections 4.4 and 5

Theorem 1. Given an ERDLT R and an RDLT R’ where R and R’ are isomor-
phic to each other and have equal attribute values, Algorithm 3: MGTT generates
its traversal tree from R that is equivalent to the traversal tree generated by Al-
gorithm 1: GTT from using R'.

Proof. The justification given to the proposed modification to GTT resulted
in the addition of code blocks to consider only the presence of invokers (with
its corresponding invoking and returning arcs) and guard vertices. These code
blocks are in if statements that are only executed if the traversed vertex at
some time step is an invoker or a guard. Therefore, if there are no such vertices
in an ERDLT model R, together with the other unique vertex and arc types of
ERDLTS, this implies that the original GTT can be used to generate a traversal
tree from R. Specifically, there exists some RDLT R’ that is isomorphic to R (see
Remark 2 below) with the context given above, which can be an input to the
original GTT to generate a traversal tree. Furthermore, the difference between
RDLT and ERDLT is their sets of vertices and arcs, and there is no claim in [3,4]
that the absence of unique vertex and arc types of ERDLT in R will make R not
an ERDLT model. Therefore, we can also call the RDLT model R’ in Figure 2
an ERDLT model, or there also exists an ERDLT R that is isomorphic to R’.
Consequently, we can execute both the original and modified versions of GTT on
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R’ and R, respectively. Since the new code blocks in the modified GTT will not
execute because there are no invokers or guards in R, both versions will generate
trees that are exactly the same. Moreover, if R and R’ do not contain the looping
arc, i.e. (22,y2) ¢ E and (22',y2") ¢ E’, the trees that will be generated by both
the original and modified GTT will be equal to the final tree in Figure 8.

O

Remark 2. The isomorphism mentioned in Theorem 1 means that the vertices x
and y in an ERDLT R are connected if and only if their corresponding vertices
z’ and 3 in the RDLT R’ are connected.

Theorem 2. Given an ERDLT R, a maximal activity S can be derived from
R wusing the activity extraction algorithm A’ in [4] if and only if there exists a
branch in the set of traversal trees that corresponds to the reachability sets (or
sets of arcs) of S, that is, at time step i, both the activity extraction algorithm
and Algorithm 3: MGTT traverse an arc and a branch, respectively.

Proof. This proof is patterned on the proof made in [2] for the similar theorem
on Algorithm A in [1] and the original algorithm for generating a traversal tree
for RDLT models in [2]. This proof is given in Appendix B. We first prove that a
maximal activity S derived from the activity extraction algorithm for an ERDLT
model is consistent with a branch in the traversal tree. We then establish that
a branch in the generated traversal tree can be derived as a maximal activity S
using the activity extraction algorithm for ERDLT in [4].

The basis for whether an arc is traversable is fully reused in ERDLT [3,4]. It
is also the basis for the three join structures in RDLT models [1]. Hence, such
structures (including splits) can be fully constructed in ERDLT models. This
is also reflected in the activity extraction algorithm for ERDLT since it is a
modification of algorithm A in [1], where their difference is only a few additional
blocks of codes dealing with guard and invoker vertices. In line with this, the
proof presented in the Appendix B would also fully apply here.

In addition to the nine structures in the proof of Theorem 5 in [2] (see
Appendix B), we present additional structures for the split types of guard vertices
in a traversal tree Tr and for invokers along with the corresponding invoking
and returning arcs. For the former, since guard vertices would still block some
arcs that correspond to meeting their condition or not, maximal activities that
use these blocked arcs can only be represented in a separate traversal tree Tr’
where these arcs would not be blocked upon traversing the guard vertex.

Structure 10 is three vertices x, y, and z connected through a true arc
(z,y) and a false arc (z,z). This is called a (strictly) XOR-split at vertex z.
As per the rule for such split structure, the guard proceeds to block a signed
arc depending on whether its condition is met or not. This will produce two
scenarios on different traversal trees:

— If the guard condition is met, the corresponding branch of this structure
will create a vertex x and y, along with a line connecting = to y with an
arrowhead pointing towards y. The branch will be connected as follows:
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xs[0,..] — Ys[0,...+¢- If y is reachable from x in R, there would exist an
activity profile S = {...,5() = {(z,9)},...}. In the traversal tree, the
connection of vertices from x — y is at a time step 77 (i), with ygo,.. 44
having the satisfied condition in C' of (z,y), traversing from vertex xgp,.. .

— If the guard condition is not satisfied, the corresponding branch of this struc-
ture will create a vertex x and z, along with a line connecting = to z with
an arrowhead pointing towards z. The branch will be connected as follows:
xs,..] — 2s[0,...,—q- If z is reachable from z in R, there would exist an
activity profile S = {...,S(i) = {(x, 2)},...}. In the traversal tree, the con-
nection of vertices from x — z is at a time step 7'(), with zgjo,... —¢ having
the satisfied condition in C' of (z, z), traversing from vertex xgp,.. ].

Figure 18 shows this split structure and its corresponding two possible branches
in different traversal trees Tr and Tr’.

structure 10
(Tr)
+£ g,y —* Yo, +)
& (Tr')
-£ X,y ——*Ysio,__«p
Fig. 18. Structure of a (strictly) XOR-split in ERDLT and its corresponding branch
in the traversal tree

Structure 11 is four vertices w, z, y, and z connected through a true arc
(w,x) and false arcs (w,y) and (w, z). This is called a partial XOR-split at vertex
w. As per the rule for such split structure, the guard proceeds to block signed
arcs depending on whether its condition is met or not. This will produce two
scenarios on different traversal trees:

— If the guard condition is met, the corresponding branch of this structure
will create a vertex w and x, along with a line connecting w to x with
an arrowhead pointing towards z. The branch will be connected as follows:
Wso,..] = Ts[o,....+¢- If = is reachable from w in R, there would exist an
activity profile S = {...,5(i) = {(w,x)},...}. In the traversal tree, the
connection of vertices from w — x is at a time step T (i), with xgp .. 4
having the satisfied condition in C' of (w, z), traversing from vertex wgjo,..-

— If the guard condition is not satisfied, there are two adjacent vertices allowed
for traversal. This is still a SPLIT after the guard blocked the non-satisfying
arcs. As per the rule for every OR/AND-split in generating parallel activities,
we induce a branch per split. The corresponding branches of this structure
will create w — y and w — z. In this scenario, we could have three possible
cases:



322

1.

2.

E. S. Petilos et al.

Case 1. S={...,5(i) = {(w,y)},...}. In the traversal tree, there would
exist a branch wgyo,..] = ys(,...,.—c at Tr(i).

Case 2. S={...,5(i) = {(w, 2)},...}. In the traversal tree, there would
exist a branch wgjo, .| — 2g)o,...,—¢ at Tr(i).

Case 3. S ={...,5() = {(w,y), (w, 2)},...}. In the traversal tree, there
would exist a branch wgp,..] = ¥so,...,.—q and wgyo,..] = 25(0,...,— ab
Tr(i).

Structure 11

(Tr)
Wsim,..p—> Xgi0,._+=])

(Tr")

Ysio,...en

Wi,

25{[0,..<])

Fig. 19. Structure of a partial XOR-split with one true arc and multiple false arcs in
ERDLT and its corresponding branch in the traversal tree

Structure 12 is four vertices w, z, y, and z connected through true arcs
(w,z) and (w,y) and a false arc (w,z). This is called a partial XOR-split at
vertex w. As per the rule for such split structure, the guard proceeds to block
signed arcs depending on whether its condition is met or not. This will produce
two scenarios on different traversal trees:

— If the guard condition is met, there are two adjacent vertices allowed for
traversal. This is still a SPLIT after the guard blocked the non-satisfying
arcs. As per the rule for every OR/AND-split in generating parallel activities,
we induce a branch per split. The corresponding branches of this structure
will create w — x and w — y. In this scenario, we could have three possible
cases:

1.

Case 1. S={...,85(i) = {(w,x)},...}. In the traversal tree, there would
exist a branch wgo,..] = Tsp,...,+¢ at Tr(i).

Case 2. S={...,5() = {(w,y)},...}. In the traversal tree, there would
exist a branch wgy,..] = ysp,....+ at Tr(i).

Case 3.5 ={...,50) = {(w,x), (w,y)},...}. In the traversal tree, there
would exist a branch wgjg,..] — Zg),... +¢ and wgp,..] = Ys(o,...,+¢ at
Tr(i).

— If the guard condition is not satisfied, the corresponding branch of this struc-
ture will create a vertex w and z, along with a line connecting w to z with
an arrowhead pointing towards z. The branch will be connected as follows:
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Wso,..] — 2s[0,...,—- 1f 2 is reachable from w in R, there would exist an
activity profile S = {...,5(:) = {(w, 2)},...}. In the traversal tree, the con-
nection of vertices from w — z is at a time step T'r(i), with zgjo,... ¢ having
the satisfied condition in C' of (w, 2), traversing from vertex wgyo,.. |-

(Tr)
/ Xs([0,..+e])

Wsim,..)

Structure 12

Ysio,..+)

(Tr')
Wsip,_ > Z5(0,._<])

Fig. 20. Structure of a partial XOR-split with one false arc and multiple true arcs in
ERDLT and its corresponding branch in the traversal tree

Structure 13 is five vertices z, a, b, ¢, and d connected through true arcs
(2,a) and (z,b) and false arcs (z, ¢) and (z,d). This is called a pseudo XOR-~split
at vertex z. As per the rule for such split structure, the guard proceeds to block
signed arcs depending on whether its condition is met or not. This will produce
two scenarios on different traversal trees:

— If the guard condition is met, there are two adjacent vertices allowed for
traversal. This is still a SPLIT after the guard blocked the non-satisfying
arcs. As per the rule for every OR/AND-split in generating parallel activities,
we induce a branch per split. The corresponding branches of this structure
will create z — a and z — b. In this scenario, we could have three possible
cases:

1. Case 1. S ={...,5(1) = {(#,a)},...}. In the traversal tree, there would
exist a branch zgp,.. ] = agyo,... +¢ at T7(i).

2. Case 2. S={...,5() ={(z,b)},...}. In the traversal tree, there would
exist a branch zgjo,..] = bgp,...,+q at T7(i).

3. Case 3. S =1{...,50) = {(#,a),(2,b)},...}. In the traversal tree, there
would exist a branch zgp,..] — as(o,....+¢ and zgsp,..] = bs[o,...,+¢ ab
Tr(i).

— If the guard condition is not satisfied, there are two adjacent vertices allowed
for traversal. This is still a SPLIT after the guard blocked the non-satisfying
arcs. As per the rule for every OR/AND-split in generating parallel activities,
we induce a branch per split. The corresponding branches of this structure
will create z — ¢ and z — d. In this scenario, we could have three possible
cases:
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1. Case 1. S ={...,5(i) ={(z,¢)},...}. In the traversal tree, there would
exist a branch zg,..] = cgpo,...,.—q at Tr(i).
2. Case 2. S={...,5() ={(z,d)},...}. In the traversal tree, there would
exist a branch zg,..] — dgo,...,.—q at Tr(i).

3. Case 3. S =1{...,5(i) = {(2,¢),(2,d)},...}. In the traversal tree, there
would exist a branch zgp,..] — ¢so,....—q and zgjp,..] — ds,...,—q at
Tr(i).

Structure 13

(Tr)
Agi[o,. +2])

Zim,. 1)

B+

O
O
5 -
(&

Fig. 21. Structure of a pseudo XOR-split in ERDLT and its corresponding branch in
the traversal tree

Structure 14 is three vertices x, y, and a where y is an invoker in a caller
ERDLT R together with a vertex x connected with an arc from x to y, while a is
the source boundary object of the invoked ERDLT R’ pointed at by an invoking
arc. The corresponding branch of this structure will create vertices z, y, and a,
along with lines connecting x to y and y to a with arrowheads pointing to y and
a, respectively. The branch will be connected as follows: z 40,1 = Ys0,....q —
go,....c,e]- If y is reachable from = in R where a is automatically reachable from
y with the invoking arc, there would exist activity profiles S = {...,S(i) =
{(z,y)},SGE+1) = {5'},...} where S' = {S'(1) = (a,v),...} and v € V' in R’.
The reachability configurations in S only contain arcs in R, while that of S’
only contains arcs in R’, but the two combined can be simplified as one activity
profile Suimp = Loy S(0) = {(2,9)}, S +1) = {(, )}, S(i +2) = {(a,v)}...}.
The arc (y,a) therefore represents the invoking arc in R’. In the traversal tree,
the connection of vertices from & — y is at time step T'r(¢) with Ys[o,...,e] traversed
from o, .., while the invoking arc represented by y — a is at time step T'r(i+1)
with ago,... ¢ traversed from yqo,... ¢, shown in Figure 22.
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Structure 14

Caller ERDLT R
° : @
Invoked ERDLT R*
€
—

Fig. 22. Structure of an invoker in R with its invoking arc in R’ and their corresponding
branches in the traversal tree

g, p——*Y¥sim,_ep ——*3sqp,_=2])

Structure 15 is three vertices b, y, and z where b is a vertex in an invoked
ERDLT R’ with an outgoing arc that is a returning arc, while y is an invoker
in the caller ERDLT R together with a vertex z connected with an arc from y
to z. The corresponding branch of this structure will create vertices b, y, and z,
along with lines connecting b to y and y to z with arrowheads pointing to y and
z, respectively. The branch will be connected as follows: byp,..] = Ys[o,....q —
24[0,...,e,e]- 1f 2 is reachable from y in R where y is automatically reachable from
b with the returning arc, there would exist activity profiles S’ = {...,5'(i) =
(b,R~H} and S = {..,S(i + 1) = {(y,2)},...} where (b, R™!) represents the
returning arc. The reachability configurations in S only contain arcs in R, while
that of S’ only contains arcs in R, but the two combined can be simplified as one
activity profile Sgimp = {..., S() ={(b,v)}, St +1) = {(y, 2)},...}. The symbol
R~! from the previous representation of the returning arc in S’ is therefore
replaced by the invoker, hence the arc (b,y) in Ssimp. In the traversal tree, the
returning arc represented by b — ¥ is at time step T'r(i) with y,o,... o traversed
from by(o,.. , while the connection of vertices from y — z is at time step Tr(i+1)
with 2400, ,q traversed from y,... o, shown in Figure 23.

O

Theorem 3. The space and time complexity of Algorithm 3: MGTT is O(2"),
where n = |V |+ |E|, V and E are the sets of vertices and edges in an ERDLT
R={V,E,T,M}.

Proof. The only addition to the modified version of GTT is dealing with invokers
and guard vertices. The former case treats invoking and returning arcs as if
the vertices in the invoked ERDLT are directly connected to its caller ERDLT
through the invoker. On the other hand, in the latter case, either true or false
arcs can only be given a branch in the traversal tree and never both for the same
tree. This implies that the guard vertices in an ERDLT model R can reduce the
total of possible arcs to traverse. However, it is still possible for an R to contain
no invokers or guard vertices. Hence, we follow the proof for Theorem 6 on the
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Structure 15

Caller ERDLT R

@ E o
Invoked ERDLT Rj
j :

Fig. 23. Structure of an invoker in R with its returning arc in R" and their correspond-
ing branches in the traversal tree

bsio.p Y sip0,..21) P Zg(0,...c.21)

space and time complexity of the original GTT algorithm (see Appendix B) to
prove this theorem.
O

Theorem 4. For the set of traversal trees of an ERDLT model R generated by
Algorithm 3: MGTT, the parallel activities of R can be found only among the
maximal activities in the same traversal tree.

Proof. The second requirement for maximal activities to be parallel in Definition
1 states that they should not compete with each other such that their shared
resources should be able to accommodate all of them when executed concur-
rently. Meanwhile, guard vertices impose mutually exclusive paths, as described
in Section 4.2. The blocking mechanism of guards on non-satisfying arcs is im-
plemented in the modified generation of traversal tree algorithm (see Algorithm
3 in Appendix C), which causes an ERDLT model to have multiple traversal
trees depending on the number of guards present in its set of vertices. There
will be at least one maximal activity per tree, similar to the trees in Figure 7.
These maximal activities of the ERDLT model R in Figure 5 are spread across
these trees so that they are grouped (or isolated) based on the path allowed
or blocked by the guards. This implies that a pair of maximal activities of R
that do not belong to the same traversal tree each has traversed paths that are
mutually exclusive imposed by some guards. Therefore, such pairs should not
execute simultaneously in R to preserve the mutual exclusiveness of the paths
of the guard vertices. Hence, with the same reasoning, we say that the maximal
activities of R that can execute in parallel can only be found among those in the
same traversal tree.

O
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Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial 4.0 International License (http://creativecommons.org/licenses/by-nc/4.0/),
which permits any noncommercial use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were made.

The images or other third party material in this chapter are included in the chapter's
Creative Commons license, unless indicated otherwise in a credit line to the material. If material
is not included in the chapter's Creative Commons license and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder.
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