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Abstract. Minimizing edge crossings in graph drawings is crucial for 
improving readability. One variant, the k-layered hierarchical crossing 
minimization problem, seeks optimal vertex orderings across all layers 
of a k-layered graph to reduce crossings. We explore a hybrid layer-by-
layer approach that combines two among the one-sided bipartite crossing 
minimization (OSCM) heuristics, barycenter, permutation, and sifting. 
These heuristics are applied above and below a specified cut-off index, 
dividing the graph into upper and lower regions. We implemented six 
hybrid cut-off algorithms and tested them on sparse k-layered graphs 
with ten (10) layers with layer widths b = 7 and b = 8, and edge counts 
defined by |E| = 2 · (k −1) · b. The results demonstrate trade-offs: heuris-
tics with higher solution quality generally incur higher computational 
cost. For time-sensitive applications, faster hybrids like bary sift and 
sift bary are preferable, whereas permu sift and sift permu are more 
suitable when solution quality is prioritized. Selecting the appropriate 
hybrid and cut-off value is key to balancing performance and efficiency. 

Keywords: computational geometry, graph theory, crossing minimiza-
tion 

1 Introduction 

Graph drawing has become increasingly important across various fields, such 
as science, technology, and engineering, with growing demand for better visu-
alizations. Unfortunately, edge crossings become a major obstacle in areas like 
designing electrical circuit diagrams and travel routes–such as metro line or road 
maps–where more crossings not only impair readability but also increase produc-
tion costs. Therefore, crossing minimization is crucial for enhancing visualization 
and meeting application-specific needs.

          Among the many graph classes tackled in crossing minimization, two-layer 
graph layouts have been widely studied due to their applications in hierarchical 
graph drawing and scheduling diagrams. A key problem in this domain is the 
one-sided crossing minimization (OSCM) problem, where one layer is fixed while 
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the other can be reordered to minimize crossings. Since OSCM is known to be 
NP-hard [2, 8], heuristic methods have been developed to find approximate so-
lutions efficiently. 

However, many real-world applications involve k-layered hierarchical graphs, 
where vertices are organized across multiple layers and edges run between adja-
cent layers. In such graphs, minimizing crossings becomes more difficult, as it is 
NP-hard [2], and decisions in one layer can significantly affect others. Standard 
layer-by-layer approaches, such as those used in the Sugiyama framework [10, 
4], often extend two-layer heuristics iteratively but tend to get stuck in local 
minima as the number of layers increases. 

Given the limited research for k-layered hierarchical graphs, this paper out-
lines the development of hybrid heuristics that use existing OSCM algorithms 
on directed acyclic multi-layered graph drawings. These graph drawings have no 
long edges, edges that connect nodes of non-consecutive layers. 

To achieve this, we aimed to (1) develop and evaluate multiple hybrid heuris-
tics for crossing minimization in multi-layered hierarchical graphs; (2) test the 
hybrid approaches on multi-layered hierarchical graphs to evaluate their scalabil-
ity, adaptability, and the impact of different cut-off strategies; and (3) evaluate 
the trade-offs between runtime and crossing quality across different variants of 
our hybrid algorithm. 

The variables that are relevant for evaluation are the graph size, edge cross-
ing counts, edge numbers, computational time, and algorithm parameters such 
as a hybrid algorithm’s cut-off index. Given that the study employs heuristic 
methods, achieving the optimal solution is not guaranteed. 

Section 2 of the paper will discuss the relevant concepts that will be neces-
sary in understanding the rest of the paper. Meanwhile, Section 3 will discuss 
the datasets, the aspects of the hybrid algorithm, and the experiments that were 
conducted to test the variants of the hybrid algorithm. Then, Section 4 outlines 
the results of the experiments and their analyses. Finally, Section 5 ties the re-
sults to the aims of the study and provides future directions. 

2 Preliminaries 

Before proceeding, we equip the readers, assumed to have a basic grasp of graph 
theory [1, 2, 5], with the necessary terminologies and concepts that can guide 
them in understanding the rest of the study. 

A hierarchical graph G = (V, E, ϕ) is a directed acyclic graph (DAG) where 
V represents the set of the nodes, E the set of the directed edges, and ϕ : V →
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{1, 2, . . . , k} is a function that assigns each node to one of k distinct levels. The 
nodes are divided into k non-overlapping groups V1, V2, . . . , Vk, such that every 
node belongs to exactly one group, and V is the union of these groups. Each 
group Vj corresponds to level j, determined by ϕ−1 (j). While edges only connect 
nodes from lower to higher levels, they may connect vertices across consecutive 
or non-consecutive layers. However, for this study, we will only consider k-layered 
hierarchical graphs with directed edges that connect vertices across consecutive 
layers [4]. 

2.1 One-Sided Bipartite Crossing Minimization 

In the one-sided bipartite crossing minimization problem, a two-layer bipartite 
drawing has the layer L0 fixed while L1 is free. Here, the goal is to determine 
a permutation π of L1 that belongs to the set of all L1 permutations (L1) 
such that π causes the least number of edge crossings in the two-layer bipartite 
graph G. As it is computationally expensive to explore all permutations, several 
heuristics have been developed to approximate the optimal solution: 

2.1.1 Barycenter Heuristic The barycenter heuristic calculates the average 
x-coordinate of neighboring vertices in the fixed layer (L0) for each vertex in 
the free layer (L1). This requires O(n) time to compute averages for n vertices 
in L0 and sorting these averages takes O(m log m) time for m vertices in L1. 
Consequently, the overall time complexity of the heuristic is O(n + m log m) [6]. 
However, it can perform Ω(

√
n) worse than the optimal number of crossings, 

where n is the number of vertices [5, 9]. 

2.1.2 Median Heuristic The median heuristic is similar to the barycenter 
heuristic, but it uses the median of the x-coordinates of the neighboring vertices 
to minimize crossings [5]. This approach has been shown by [2] to have an upper 
bound of three times the optimum number of crossings. It has the same running 
time bounds as the barycenter heuristic [4]. 

2.1.3 Permutation Algorithm The permutation algorithm is exhaustive 
because it considers every permutation of the free layer, producing an optimal 
result. However, this is computationally expensive and is only used for small 
graphs [9]. The time and space complexity of this heuristic is O(n!), where n 
represents the number of vertices in the free layer. 

2.1.4 Sifting for One Sided Crossing Minimization Reference [7] intro-
duced the sifting heuristic, a local optimization technique that iteratively moves 
a single vertex within a layer to minimize crossings. The process involves: 

1 Selecting a vertex and temporarily removing it from the ordering. In selecting 
a vertex to be reordered, it is popped from the head of a priority queue, where 
priority is determined by the indegree value of a vertex. 

.



2 Reinserting it at various positions while calculating the number of crossings.. 
3 Placing it in the position that minimizes crossings.. 
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Thus, sifting runs in O(n2 ) time, making it more computationally expen-
sive than the barycenter method but still significantly faster than permutation. 
Compared with other OSCM heuristics, the key findings from their work are: 

– For sparse graphs (|E| = |V1| + |V2|): Sifting consistently outperformed 
the barycenter and median heuristics, producing crossing numbers closer to 
the optimal solution. 

– For dense graphs: While sifting remained effective at lower densities, its 
advantage diminished as edge density increased, with barycenter and split 
heuristics performing comparably. 

2.2 k-Layered Hierarchical Graph Crossing Minimization 

Extending beyond two-layered graphs, k-layered crossing minimization tackles 
graphs with multiple layers, where the goal is to minimize crossings across several 
connected layers to improve visual clarity. Since the one-sided bipartite problem 
is a simplified case of the k-layered problem, the heuristics used in OSCM can 
be applied to the more complex k-layered hierarchical graphs. The common way 
to apply these OSCM heuristics is to use the layer-by-layer sweep approach, 
elaborated in Section 3.3. 

Current research in k-layered hierarchical graph crossing minimization has 
focused on the application of common heuristics and their hybrids, along with 
the layer-by-layer sweep, and the formulation of novel heuristics. Reference [9] 
considered the performance of a hybrid algorithm and traditional methods with 
a randomness approach against their unmodified versions. Their hybrid heuris-
tic behaves such that if the number of vertices in a layer is greater than six (6), 
barycenter is applied. Otherwise, permutation is used. For their modified per-
mutation and barycenter, they randomly permuted the layers before applying 
a heuristic because they observed that subsequent sweeps would not improve a 
section of the graph—instead, the swapped vertices would oscillate. However, 
the randomized and unmodified heuristics do not have a significant difference 
in their runtime results. Moreover, the permutation heuristic is impractical for 
moderate and large graphs. Meanwhile, the hybrid approach performed similarly 
to both barycenter versions, showing no significant improvement or decline in 
performance. Inspired by these findings, we have decided to implement a hybrid 
approach in our research to explore its potential effectiveness further. 

In [7], a novel algorithm was introduced for k-layer straight-line crossing 
minimization known as sifting, originally used in the optimization of binary 
decision diagrams. The authors implemented the sifting algorithm for k-layered 
graphs in two ways: layer-by-layer sifting and global sifting. The layer-by-layer 
sifting applies the sifting algorithm as an OSCM problem per layer of a k-layered
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graph, while the global sifting considers all of the layered graph’s vertices at 
sifting. First tested on small, sparse 2-layered graphs with |E| = |V1|+|V2|, sifting 
performed better than the barycenter method, but for larger sparse 2-layered 
graphs, barycenter performed better than sifting. Experimenting on graphs with 
a constant edge density of 20 percent and a varying number of vertices, both 
layer-by-layer sifting and global sifting performed better than the barycenter. 
However, sifting yielded higher computation time. For k ∗b graphs, global sifting 
performed better than traditional heuristics and layer-by-layer sifting. In this 
type of graph, layer-by-layer sifting performed slightly less than the barycenter 
and median heuristic. Overall, this research shows the potential of sifting for 
further study in other graph types. 

3 Methodology 

3.1 Dataset 

3.1.1 Two-Layered Graphs Two (2) types of graphs are relevant in the 
bipartite graph dataset: sparse bipartite graphs G0 = (V, E) and bipartite graphs 
with varying densities G1 = (V, E). In both cases, the vertex set is defined 
as V = L0 ∪ L1, where |L0| = |L1|. For G0, the number of edges is set to 
|E| = |L0|+|L1|, ensuring that each vertex has an average of two (2) connections. 
Meanwhile, for G1, depending on the size of a graph, the number of edges is set 
to the number required to achieve the range of bipartite densities [3] 0.1 to 0.9. 
The graphs were randomly generated using the Python NetworkX library, with 
the constraint that no vertex is disconnected. 

3.1.2 k-Layered Graphs For benchmarking, we generated two (2) types 
of graphs: uniform-width sparse k-layered graphs [7] G0 = (V, E) where V = 
V0 ∪V1 ∪ ... ∪Vk, |Vi| = b (layer width), and |E| = 2 · (k − 1) · b; and alternating-
layer sparse k-layered graphs G0 = (V, E) where the vertex set is partitioned 
into multiple layers as V = V0 ∪ V1 ∪ ... ∪ Vk. The layers with even indices (i = 
0, 2, 4, ...) have sizes of |Vi| = 8, while the layers with odd indices (j = 1, 3, 5, ...) 
have size |Vj | strictly less than 8. For both of the graph types, for each pair 
of two consecutive layers |Vp| and |Vp+1|, the number of edges between them is 
|E| = 2 ∗ min(|Vp|, |Vp+1|). All the edges in the k-layered dataset only connect 
nodes of consecutive layers. 

3.2 Visualization tools 

To aid in the development and debugging process, we implemented graph vi-
sualization tools using Python libraries NetworkX and Matplotlib. By visual 
inspection, before and after applying crossing minimization algorithms, we were 
able to verify algorithm behavior and graph generation. While not used for quan-
titative evaluation, it allowed us to observe: 

– How different algorithms rearrange vertex positions.



– The relative effectiveness of each method in reducing crossings. 
– Cases where certain heuristics failed to significantly improve the layout. 
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3.2.1 Two-Layered Graphs Figures 1 and 2 are visualizations of a generated 
bipartite graph before and after the application of the barycenter heuristic. 

Fig. 1. Bipartite graph before applying the Barycenter heuristic. 

Fig. 2. Bipartite graph after applying the Barycenter heuristic. 

3.2.2 k-Layered Graphs Figure 3 is a visualization of a generated k-layered 
graph with 10 layers and a constant layer width of six (6) nodes. 

3.3 The Layer-by-Layer Sweep 

The Layer-by-Layer Sweep methodology is an effective strategy for minimiz-
ing edge crossings in hierarchical graphs. It involves processing the graph in a 
layer-by-layer manner to achieve an optimized visual layout with minimal edge 
crossings. 

The layer-by-layer sweep technique for a k-layered graph involves the fol-
lowing process: Initially, the vertex positions in the bottommost layer (L1) are 
fixed. Then, we utilize known heuristics from the One-Sided Bipartite Crossing 
Minimization (OSCM) method to minimize crossings between edges in the 2nd 

layer, treating it as a free layer. This process continues layer by layer, keeping
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Fig. 3. A k-layered hierarchical graph with 10 layers having a width of six (6) nodes 
per layer. 

the new order of vertices fixed in each subsequent layer and applying the OBCM 
heuristics. Once all layers have been processed, we then move upwards, maintain-
ing the fixed vertex order in layer Li, and re-arrange the vertices in layer Li−1 

for i = k, k − 1, ..., 2. This iterative sweep is performed alternately from top to 
bottom and bottom to top, repeating the process until no further improvements 
can be made. We conclude that the problem involves solving a series of two-layer 
crossing minimization problems. This involves minimizing the crossings between 
adjacent layers Li and Li+1 with Li held fixed, while reordering the vertices in 
Li+1. 

The heuristics will be applied in a layer-by-layer sweep, treating the crossing 
minimization of every two layers as a one-sided bipartite crossing minimization 
problem. However, [9] pointed out that there are no clear criteria for determining 
when to halt the sweeping process. Hence, they devised a ‘forgiveness number’ 
with a value of 20. The ‘forgiveness number‘ is the number of times the algo-
rithm makes sweeps when it no longer improves the condition of the graph. The 
pseudocode of the layer-by-layer sweep is in Appendix B. 

3.4 Proposed k-layered Hybrid Heuristics 

To address the mentioned limitations of barycenter, sifting, and permutation, 
multiple hybrid approaches combining the strengths of these heuristics are pro-
posed to be evaluated. 

The proposed hybrid crossing minimization method explores the potential 
trade-off between running time and solution quality by dividing the layered 
graph into two (2) regions, separated by a cut-off index, and uses two (2) OSCM 
heuristics. The graph is processed in layer-by-layer sweeps, but only a subset of 
layers is handled by each heuristic: Algorithm A is applied to layer pairs before 
the cut-off index, while Algorithm B is applied to layer pairs after it. A cut-off
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index is the index of the layer where algorithms will not go beyond. Hence, when 
the cut-off index is 0, Algorithm B will be the solver for the whole graph, and 
when its value is the index of the last layer, Algorithm A is. The pseudocode and 
visualization are in Algorithm 1 and Fig. 4. Table 1 shows the different hybrid 
methods that were investigated. 

The motivation behind introducing the cutoff index is to provide flexibility 
in balancing between solution quality and computational efficiency. Applying 
different heuristics to the regions above and below the cut-off allows the method 
to control how much computational effort is allocated toward achieving near-
optimal results. For instance, a more exhaustive heuristic can be applied to 
a limited portion of the graph to improve optimality, while a faster heuristic 
handles the remaining layers to conserve resources. This design enables users 
to adjust the trade-off depending on the desired balance between accuracy and 
runtime. 

Fig. 4. Diagram of Hybrid Method 

Table 1. Hybrid methods and their component heuristics 

Name Algorithm A Algorithm B 

bary sift Barycenter Sifting 
sift bary Sifting Barycenter 
permu sift Permutation Sifting 
permu bary Permutation Barycenter 
bary permu Barycenter Permutation 
sifting perm Siftingu Permutation
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Al orithm 1 HybridMethodg 

Re uire: Graph G, Algorithm A, Algorithm B, cutoff value kq 
En ure: Updated graph configuration Ss 
1: otal layers ← number of layers in Gt 
2: f k > 0 theni 
3: /* Layer-by-layer sweep using Algorithm A from layers 0 to k */ 
4: Downward sweep from layer 1 to k using A 
5: Checkpoint() 
6: Upward sweep from layer k − 1 to 0 using A 
7: Checkpoint() 
8: nd ife 
9: f k < total layers − 1 theni 
10: /* Layer-by-layer sweep using Algorithm B from layers k + 1 to total layers-1*/ 
11: Downward sweep from layer k to total layers − 1 using B 
12: Checkpoint() 
13: Upward sweep from layer total layers − 2 to k using B 
14: Checkpoint() 
15: end if 
16: return G as S 

The crossing counter, a function that counts the crossing number of a bipar-
tite graph, is an important subroutine that is used in every aspect of algorithms 
in the crossing minimization problem. Since this function is one of the most 
called functions within heuristics and the layer-by-layer algorithm, it has to be 
efficient. In light of this, the crossing counter developed by [5] was used in our 
implementation. 

3.5 Experiments 

3.5.1 Two-Layered Graphs 

Experiment 1: Sparse Bipartite Graphs with Increasing Number of Vertices We 
consider randomly generated sparse bipartite graphs defined as |E| = |V1| + 
|V2| where |V1| = |V2|. For each graph type with layer sizes |V | ∈ {6, 8, 10}, 
we processed 20 samples. All the OSCM heuristics were used, including the 
permutation algorithm as a benchmark for the optimal solution. The final results 
for each graph type are obtained by averaging the results across the 20 samples. 

Experiment 2: Graphs with Increasing Density We consider a class of bipartite 
graphs with layers V1 and V2, where |V1| = |V2|. The graphs are generated 
with increasing edge densities, ranging from 0.1 to 0.9. For each density level, 20 
graph samples are generated and evaluated using OSCM heuristics, including the 
permutation algorithm as the optimal solution. The final results for each density 
are obtained by averaging the results across the 20 samples. Due to hardware 
limitations and algorithm complexities, we only considered graph classes with 
|V1| = |V2| ∈ {5, 8, 10}.
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3.5.2 k-layered Graphs 

Experiment 3 (N-M Hybrid 1): Hybrid 1 vs Full Barycenter on Increasing Num-
ber of Vertices per Layer We evaluate the performance of the hybrid algorithm 
of [9], which we will refer to as ’Hybrid 1,’ against both Full Permutation [9] 
and Full Barycenter (multisweep) methods. The experiment uses randomly gen-
erated sparse k-layered graphs with a fixed number of layers k = 10. Instead of 
uniform layer sizes, we alternate the number of nodes per layer between n and 
m. In this experiment, we fix n = 8 and vary m ∈ {4, 5, 6, 7, 8}. 

For each configuration of m, we generate 20 random graphs and average 
the results. All three heuristics are applied: Hybrid 1 (permutation + barycen-
ter), Full Barycenter, and Full Permutation. The Full Permutation method 
serves as the baseline, as it is theoretically the closest to optimal in terms of 
minimizing edge crossings. 

Experiment 3 (N-M Hybrid 1): Hybrid 1 vs Full Barycenter on Increasing Num-
ber of Vertices per Layer We evaluate the performance of the hybrid algorithm 
of [9], which we will refer to as ’Hybrid 1,’ against both Full Permutation [9] 
and Full Barycenter (multisweep) methods. The experiment uses randomly gen-
erated sparse k-layered graphs with a fixed number of layers k = 10. Instead of 
uniform layer sizes, we alternate the number of nodes per layer between n and 
m. In this experiment, we fix n = 8 and vary m ∈ {4, 5, 6, 7, 8}. 

For each configuration of m, we generate 20 random graphs and average 
the results. All three heuristics are applied: Hybrid 1 (permutation + barycen-
ter), Full Barycenter, and Full Permutation. The Full Permutation method 
serves as the baseline, as it is theoretically the closest to optimal in terms of 
minimizing edge crossings. 

Experiment 4: Performance of Hybrid Algorithms Across Different Cut-off In-
dices (M-M Uniform Width Graphs) The performance of hybrid algorithms un-
der different cut-off indices against k-layered graphs was investigated. We con-
sidered classes of uniform-width sparse k-layered graphs (i.e. the width of the 
layers follows the pattern n−n −n−n . . .) having uniform layer widths of 7 and 
8, and 10 layers. For each graph class, twenty (20) samples are generated. We 
benchmarked every proposed hybrid algorithm stated in Table 1 in every possi-
ble cut-off index, on each generated sample. All possible cut-off indices are 0 to 9 
(zero-indexed), given that there are 10 layers on all generated samples. In effect, 
60 algorithms were tested against one sample, on all twenty samples. Collected 
data include original graph crossings, new graph crossings on all methods on all 
their cut-off value variations, and the time spent by a heuristic doing a layer-
by-layer sweep within a hybrid algorithm. The Full Permutation method, 
serves as the baseline. In implementation, the results of permu sift with a 
cut-off value of 9 was treated as the full permutation because at this configu-
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ration, permutation is already applied on all graph layers. The final results for 
each graph type are obtained by averaging the results across the 20 samples. 

3.6 Performance Metrics for Benchmarking 

The primary metrics for comparison and analysis are the average computa-
tional time (total and component-wise) and average empirical approximation 
ratio (EAR). The computational time was measured in seconds. 

The Empirical Approximation Ratio (EAR) for method m at cut-off value c 
is defined as: 

EAR(m, c) = 
C(m, c) 

C(baseline) 
, (1) 

where 

– C(m, c) is the average number of crossings produced by method m with 
cut-off c, averaged over all graph samples, 

– C(baseline) is the average number of crossings produced by the baseline 
method, permu sift with cut-off value equal to the last layer index, k − 1, 
averaged over all graph samples. k is the total number of layers in a graph 
class. 

An EAR value closer to 1.0 indicates better approximation to the best-known 
solution, while larger values imply worse solution quality. The total average com-
putational time is the average of the total running times of a hybrid algorithm 
across all samples. Meanwhile, the average component-wise computational time 
refers to the average time spent by each sub-algorithm within a hybrid algorithm, 
also computed across all samples. 

3.7 Hardware and Software Specifications 

Table 2. Experiment Specifications 

Specification Experiment 1 Experiment 2 / k-Layered 

System Personal Computer High-Performance Computing Server 
Processor Intel Core i5-9300H AMD EPYC 7513 
RAM 16 GB 16 GB DRAM 
Operating System Windows 11 Home Edition Linux Ubuntu 22.04.5 LTS 
Software Visual Studio Code — 

PythonProgramming Language Python
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Fig. 5. Performance of heuristics for sparse graphs with layer widths 6, 8, and 

4 Results and Analysis 

4.1 Experiment 1 

4.1.1 Observations 

– The median heuristic performed the worst out of the three heuristics with 
the number of crossings produced higher for all types of graphs. 

– The sifting heuristic overall performed the best out of the three heuristics 
for all types of graphs, with it showing the lowest number of crossings for 
|V1| = |V2| = 10. 

– The barycenter heuristic performed on par with the sifting heuristic for 
|V1| = |V2| = 6 and 8 but worse at higher vertex count 10. 

The results in Fig. 5 indicate that the median heuristic performed the worst 
for all values of layer sizes for all sparse graphs. For smaller graphs, the barycen-
ter and sifting have equal performance but only diverge at higher values of layer 
sizes. 

4.2 Experiment 2 

4.2.1 Observations 

– The sifting heuristic consistently performs well and remains the closest to 
the optimal solution across all density levels. 

– The barycenter heuristic starts off weaker at low densities but improves 
as density increases, performing more competitively at higher densities. 

– The median heuristic exhibits inconsistent performance, sometimes ex-
ceeding the crossings of both barycenter and sifting heuristics.



– As edge density increases, the performance of the barycenter and sifting 
heuristics becomes closer to each other, with barycenter improving in higher-
density graphs. 
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Fig. 6. Performance of heuristics vs. optimal solution across different edge densities. 

The results in Fig. 6 indicate that as edge density increases, the performance 
of the barycenter and sifting heuristics improves and gets closer to the optimal 
solution. The median heuristic, however, remains inconsistent across different 
densities. At higher densities, barycenter performs as well as sifting while hav-
ing better runtime efficiency. Overall, sifting remains the most reliable choice in 
terms of crossing minimization, but barycenter becomes a competitive alterna-
tive when computational efficiency is a priority. 

4.3 Experiment 3 

4.3.1 Observations 

– Hybrid 1 consistently performs better than Full Barycenter in all values of 
m. 

– As m increases, the performance gap between Hybrid 1 and Full Barycenter 
generally decreases. 

– Full Barycenter consistently yields higher crossing percentages than Hybrid 
1, except at m = 7, 8 where their values converge. 

As shown in Fig. 7, both heuristics yield more crossings than Full Permu-
tation, as expected, but Hybrid 1 consistently results in fewer crossings than 
Full Barycenter. The percentage values are calculated relative to the minimum 
number of crossings produced by Full Permutation. Notably, Hybrid 1 main-
tains a performance advantage in most cases, especially when m is smaller. As 
m increases, the performance of Hybrid 1 and Full Barycenter converges. This is
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Fig. 7. Performance comparison of Hybrid 1 and Full Barycenter against Full Permu-
tation (baseline) 

expected since, with more vertices, Hybrid 1 tends to default to using barycen-
ter alone when no better permutation is found, reducing the distinction between 
the two heuristics in denser instances. Additionally, the results suggest that Hy-
brid 1 provides a favorable balance between computational cost and solution 
quality, particularly in sparser graphs. Unlike Full Permutation, which is com-
putationally infeasible for large inputs, Hybrid 1 achieves lower crossings than 
Full Barycenter while remaining significantly more scalable than exhaustive per-
mutation. Overall, this experiment highlights the robustness and adaptability of 
Hybrid 1, showing that it captures the advantages of permutation-based refine-
ment when feasible, while gracefully degrading to the reliability of barycenter 
when the search space becomes too large. 

4.4 Experiment 4 

4.4.1 Observations for Graphs with Layer Width of 7 Nodes It is 
important to note that for a certain graph class, the densities of all generated 
graphs are identical. Figure 8 shows the performance of the different hybrid 
algorithms in terms of the EAR across increasing cut-off indices. For permu bary 
and sift bary, there is a general downward EAR trend as the value of the 
cut-off index increases. This suggests that increasing the cut-off index allows 
the first algorithms of these hybrid methods to fully explore the search space, 
yielding better solutions as they increasingly operate on more regions of the 
graph. On the contrary, bary sift and bary permu perform worse as the cut-off 
value increases. This can be attributed to the barycenter increasingly taking on 
the role of the solver for most regions of the graph. Meanwhile, sifting permu 
generated the least EAR for most of the cut-off values. Algorithm permu sift 
almost follows the mentioned trend, except bary permu outperforms it at cut-
off values 1 and 3. An explanation could be that since sifting and permutation 
explore a much larger search space, they were able to produce better solutions 
than the other algorithms in most of the cut-off values. At the cut-off value 9, 
all algorithms except bary sift and bary permu achieved a solution very close
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to the baseline solution. This can be attributed to sifting and permutation being 
the sole solver in all of the layers. 

Fig. 8. Empirical Approximation Ratio (EAR) across different cutoff values for layered 
graphs of width 7. 

It can be observed in Fig. 9 that the methods sift bary and bary sift 
exhibited the generally least amount of total running time in seconds, close to 
zero, in all cut-off values compared to the algorithms. However, this comes at 
the cost of a higher EAR than the other algorithms. This may be less desirable 
when layout quality is critical. For permu bary and bary permu, there is a visible 
downward trend of EAR, showing improving solutions, while the average total 
running time increases, as cut-off values increase and decrease, respectively. It 
indicates that permutation is increasing its prevalence, explaining the increase 
in runtime. Meanwhile, permu sift and sift permu have EAR that is generally 
closer to the baseline solution for all cut-off values, albeit with a rising trend in 
running time, as cut-off values increase and decrease, respectively. 

Fig. 9. Empirical Approximation Ratio (EAR) versus average total runtime for various 
hybrid methods on graphs with layer width 7.
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Figures A1 to A6 in Appendix A show stacked bar charts that break down the 
average execution times of the individual component algorithms in each hybrid 
method. The graphs track how these times change as the cut-off value increases. 
In Figs. A1 and A2, the component runtime of the barycenter algorithm is al-
most negligible, as permutation dominates. In Figs. A6 and A5, the runtime of 
the sifting algorithm is more distinguishable, but permutation is still dominant. 
Also, algorithms without permutation tend to have running times of less than 
0.5 seconds. These provide empirical evidence for the theoretical running time 
of these algorithms, where permutation has a factorial running time, sifting is 
quadratic, and barycenter is linear. 

There is a decreasing trend of total runtime as the cut-off value increases 
in Figs. A1, A3, and A5, while the opposite occurs in Figs. A2, A4, and A6. 
The decreasing trend indicates that for hybrid algorithms, as the cut-off value 
increases, the more computationally expensive algorithms (e.g., permutation in 
bary permu and sifting in bary sift) are applied to a smaller number of layers. 
Meanwhile, for algorithms with increasing trends, the opposite occurs. 

4.4.2 Observations for Graphs with Layer Width of 8 Nodes It can 
be observed that the same general trends for EAR remain the same for in-
creasing cut-off values and average total running times (see Fig. 10 and Fig. 
11). While graphs with a layer width of 8 have similar runtime trends with the 
smaller graphs, there is a notable increase in overall execution time as seen in the 
stacked timing plots. This great increase in runtime is highly evident in hybrid 
algorithms that use permutation, showing its poor scalability with respect to 
input size. 

Similarly, the layered graphs follow the same EAR and runtime trends. How-
ever, they demonstrate a more pronounced increase in total execution time, fur-
ther emphasizing the growing computational cost associated with larger graph 
sizes. This reinforces the observation that scalability is a major limitation for 
some heuristics, especially for permutation, as graph sizes grow.
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Fig. 10. Empirical Approximation Ratio (EAR) across different cutoff values for lay-
ered graphs of width 8. 

Fig. 11. Empirical Approximation Ratio (EAR) versus average total runtime for vari-
ous hybrid methods on graphs with layer width 8. 

5 Conclusion and Future Work 

In this paper, we evaluated the performance of hybrid algorithms, developed 
with existing heuristics (i.e., barycenter, permutation, sifting) in terms of com-
putational time and solution quality. The proposed hybrid methods featured 
a cut-off component to divide the input graph into regions solved by differing 
heuristics and were tested across various cut-off conditions and graph configu-
rations, particularly graphs with widths of 7 and 8 vertices. 

Most of the hybrid methods exhibit a consistent trend between average em-
pirical approximation ratios (EARs) and average running times across differing 
cut-off values. Variations of hybrid algorithms that can provide better solutions 
often suffer from high computational time, while the opposite is also true. This 
trade-off between running time and solution quality is apparent because hy-
brid algorithms with cut-off values that allow more computationally intensive
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algorithms to cover more subgraph regions exhibit higher running time. In addi-
tion, there is a scalability issue, especially with computationally intensive graphs 
dealing with larger graphs. This highlights the need to choose the appropriate 
algorithm based on the graph conditions and in consideration of the trade-offs 
between solution quality and running time. The appropriate algorithm to be 
used depends on the priority of the user. When execution time is a constraint in 
minimizing graphs, hybrid heuristics bary sift or sift bary could be utilized, 
albeit with lower solution quality. Since permu sift and sift permu provide 
more stable solution quality across all cut-off values, these could be used when 
solution quality is preferred. However, these should be used with an appropri-
ately chosen cut-off to balance the computational time. 

Future research endeavors may focus on the following areas of exploration: 

– Hybrid algorithms involving other one-sided bipartite crossing minimization 
algorithms, such as the branch-and-cut exact algorithm. 

– Comparison with global k-layered crossing minimization algorithms. 
– Implementation of a parallelized k-layered algorithm, to improve execution 

times. 
– Conducting theoretical analysis on the convergence and optimality of the 

proposed hybrid methods, and extending evaluations to a broader range of 
graph configurations beyond sparse graphs with fixed layer widths. 
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Appendix A Additional Runtime Figures 

Fig. A1. Stacked runtime of Barycenter and Permutation across cutoff values in 
bary permu, for layer width 7. 

Fig. A2. Stacked runtime of Permutation and Barycenter across cutoff values in 
permu bary, for layer width 7.
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Fig. A3. Stacked runtime of Barycenter and Sifting across cutoff values in bary sift, 
for layer width 7. 

Fig. A4. Stacked runtime of Sifting and Barycenter across cutoff values in sift bary, 
for layer width 7.
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Fig. A5. Stacked runtime of Sifting and Permutation across cutoff values in 
sifting permu, for layer width 7. 

Fig. A6. Stacked runtime of Permutation and Sifting across cutoff values in 
permu sift, for layer width 7.
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Fig. A7. Stacked runtime of Barycenter and Permutation across cutoff values in 
bary permu, for layer width 8. 

Fig. A8. Stacked runtime of Permutation and Barycenter across cutoff values in 
permu bary, for layer width 8.
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Fig. A9. Stacked runtime of Barycenter and Sifting across cutoff values in bary sift, 
for layer width 8. 

Fig. A10. Stacked runtime of Sifting and Barycenter across cutoff values in sift bary, 
for layer width 8.
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Fig. A11. Stacked runtime of Sifting and Permutation across cutoff values in 
sifting permu, for layer width 8. 

Fig. A12. Stacked runtime of Permutation and Sifting across cutoff values in 
permu sift, for layer width 8.
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Appendix B Layer-by-Layer Sweep Algorithm 

Algorithm B1 LayerByLayerSweep(G) 

Re uire: Graph Gq 
En re: Optimized graph vertex ordering Ssu 
1: min crossings ←∞ ▷ minimum number of crossings found so far 
2: urrent crossings ← 0c 
3: est layer struct ← initial layout of Gb 
4: urrent layer struct ← initial layout of Gc 
5: orgiveness value ← 20f 
6: while true do 
7: // Downward sweep: top-down layer-by-layer 
8: for i ← 1 to boundary layer do 
9: Fix vertices in layer i − 1 
10: Permute layer i using a heuristic 
11: Update current layer struct 
12: current crossings ← compute crossings of current layer struct 
13: end for 
14: // Checkpoint after downward sweep 
15: if current crossings < min crossings then 
16: min crossings ← current crossings 
17: best layer struct ← current layer struct 
18: else 
19: f orgiveness value ← f orgiveness value − 1 
20: end if 
21: if f orgiveness value = 0 then 
22: break 
23: end if 
24: // Upward sweep: bottom-up layer-by-layer 
25: for j ← boundary layer −1 to 0 do 
26: Fix vertices in layer j + 1 
27: Permute layer j using a heuristic 
28: Update current layer struct 
29: current crossings ← compute crossings of current layer struct 
30: end for 
31: // Checkpoint after upward sweep 
32: if current crossings < min crossings then 
33: min crossings ← current crossings 
34: best layer struct ← current layer struct 
35: else 
36: f orgiveness value ← f orgiveness value − 1 
37: end if 
38: if f orgiveness value = 0 then 
39: break 
40: end if 
41: nd whilee 
42: return best layer struct
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Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial 4.0 International License (http://creativecommons.org/licenses/by-nc/4.0/), 
which permits any noncommercial use, sharing, adaptation, distribution and reproduction in any 
medium or format, as long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons license and indicate if changes were made.
        The images or other third party material in this chapter are included in the chapter's 
Creative Commons license, unless indicated otherwise in a credit line to the material. If material 
is not included in the chapter's Creative Commons license and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain 
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