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Abstract. This article presents the results of a theoretical study on the deviation 

of water flow from the flow line in direct-flow sprinkling devices. The deviation 

of water flow from the flow line significantly affects its distribution over the field 

surface and the efficiency of sprinkling. The article also examines the forces 

acting on the water flow during sprinkling, the trajectory of the flow movement, 

and its mathematical model. In addition, analytical calculations of sprinkling 

intensity during long-distance sprinkling are carried out. The influence of the 

initial velocity of artificial droplets on the deviation of the water flow from the 

flow direction is studied. 

Keywords: sprinkling, water flow, deviation angle, mathematical model, 

aerodynamic force, trajectory. 

1 Introduction 

In order to save water resources and irrigate agricultural crops efficiently, the sprinkling 

method is widely used. In particular, direct-flow long-distance sprinkling systems stand 

out in modern agricultural engineering for their high efficiency. At the same time, the 

deviation of water flow from the flow line leads to its uneven distribution in the fields, 
the formation of water layers of different thicknesses in the sprinkled area, and 

consequently has a negative impact on irrigation efficiency. 

Although scientific literature provides information on the movement of water flow in 

the aerodynamic medium and the forces acting on it – centrifugal, Coriolis, and other 

forces – the deviation angle and deviation distance of water flow from the flow line in 

long-distance sprinkling have not been sufficiently analyzed [1]. Recent studies have 

also focused on mathematical modeling and optimization of sprinkler irrigation systems 

under various operating conditions [9–14]. In this regard, this article theoretically 

examines the deviation of water flow from the flow line, its influencing factors, and 

consequences. Based on a mathematical model, a method for determining the deviation 

angle, the trajectory of the flow, and the sprinkling intensity is proposed. 
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2 Materials and methods 

The sprinkling process is carried out using short-, medium-, and long-distance sprin-
kling devices. Long-distance sprinkling occurs under high pressure, with a large initial 
velocity of the water flow. In most cases, water flow is sprinkled onto the field surface 
using barrels equipped with nozzles of different diameters, which form a flow line. 
These nozzle barrels generate direct-flow sprinkling [1]. 
According to Yu.F. Snipich’s studies, the expansion angle of the water flow is 3–4 de-
grees [2]. In A.P. Isaev’s research, the length of the first section of the water flow was 
determined by the following formula [3]: 

𝑙𝑙1  = 278,7 ÷ 2,1 × 10−4𝑅𝑅𝑅𝑅 𝑑𝑑𝑠𝑠 ,  m.                                            (1) 
her . 

The flight distance of a water droplet ejected from the nozzle is given as: 
                  𝐿𝐿 = 𝑙𝑙1 + 𝑙𝑙2 + 𝑙𝑙3, m.                                                            (2) 

e, ds – the diameter of the water droplet, Re – Reynolds number

Determining the trajectory of the water flow ejected from nozzle barrels has practical 
importance [4]. 
During the sprinkling process in crop fields, the barrels of long-distance sprinkling de-
vices perform a reciprocating motion with an angular velocity ωω in the direction per-
pendicular to the machine’s movement. This causes additional forces to act on the water 
flow and the water droplets. 
The velocity of the water flow along the XZ axis (perpendicular to the direction of the 
machine’s movement) depends on the reciprocating motion of the working organ and 
the relative motion generated around point A (see Fig. 1). To derive the mathematical 
model of the water flow movement along the XZ axis, the process is analyzed. 
The sprinkling machine moves forward with velocity ϑm. The rotation center is located 
at point O, where the direct-flow sprinkling device rotates with angular velocity ω. The 
nozzle, situated at the end of a barrel of radius R (equal to the barrel length in this case), 
has a linear velocity ϑs and starts sprinkling from point O0 along the OZ axis. The flow 
line is directed along line OB, and the sprinkling process takes place in the three sec-
tions mentioned above. 
Based on the law of inertia, the continuity equation of fluid flow, surface tension force, 
hydrodynamics, Newton’s second law, and other well-known physical principles, the 
motion of the water flow can be considered as a complex relative movement in the XYZ 
coordinate system. 
At the beginning of the process, the rotation angle of the sprinkler barrel is φ=0∘. As 
sprinkling begins, the angle φφ increases, and by the end of the process, it reaches 180∘. 
The length of the water flow, l1, is determined by Isaev’s formula (1) and corresponds 
to distance AB in the diagram. 

𝑙𝑙1𝑥𝑥  = (278,7 ÷ 2,1 × 10−4𝑅𝑅𝑅𝑅 𝑑𝑑𝑠𝑠) cos𝛼𝛼 cos𝜑𝜑 ,  m.                          (3) 
𝑙𝑙1𝑧𝑧  = (278,7 ÷ 2,1 × 10−4𝑅𝑅𝑅𝑅 𝑑𝑑𝑠𝑠) cos𝛼𝛼 sin𝜑𝜑 ,  m.                           (4) 

here, α – installation angle of the barrel relative to the horizontal (droplet launch 
angle). 
In the graphs shown in Fig. 2, the lengths of the distance AB (the length of the first 
section of the water flow), calculated using formulas (3) and (4), are presented along 
the X and Z axes with respect to changes in the angle φ. Due to the stretching of the 
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water flow, the maximum length along the X-axis is l1 x=0.12 m at φ=90∘, while its 
projection along the Z-axis reaches l1 z=0.32 m l1 z=0.32m at φ=15∘. 

 
 

Fig. 1.  Scheme of water flow deviation from the flow line in direct-flow sprinkling 
(top view of the sprinkling device). 

The velocity component at point A has a speed of ϑA and forms an angle λ relative to 
the X-axis. The length of the water flow equals l1=∣AB∣, with its center of gravity lo-
cated at point B. According to the laws of dynamics, the water flow moves around 
point A with an angular velocity ψ̇. As a result of this motion, the water flow centered 
at point B is subjected to centrifugal force with normal and tangential components, an-
gular velocity ψ̇, and the Coriolis force. 
Due to the surface tension force of the liquid, a force arises that resists the stretching of 
the water flow, while the aerodynamic force of the surrounding medium acts in the 
opposite direction to the motion of the moving body. Under the influence of these 
forces, the water flow moving along the OB direction, with velocity components ψ̇
 and ϑA, forms an angle ψ and deviates from the horizontal plane by an angle λ+ψ, 
thereby moving along line OO" (Fig. 2). 
The water flow, deflected by angle ψ, begins to break up after point B and continues its 
movement along line ABO". The resulting angle ψ represents the deviation of the water 
flow from the flow line, influencing its distribution across the field surface—a phenom-
enon that has not yet been sufficiently studied in research. 

3 Results 

Let us determine the coordinates of point B of the water flow in the coordinate system 
(Fig. 2): 

  𝑋𝑋 = 𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t;                               (5)  
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Y = (R + 𝑙𝑙1 ) sinα;                                                                         (6) 
 Z = R ∙ cosφ + 𝑙𝑙1 cos(φ − ψ)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼.                                             (7) 

      here, R is the barrel length (m), l1 is the length of the first section of the water 
flow (m), ϑmt is the distance traveled by the sprinkling device per unit time (m), φ is the 
rotation angle of the barrel (°), ψ is the deflection of the water flow around point A (°), 
and α is the installation angle of the barrel relative to the horizontal (°). 
To solve this system of equations, it is necessary to determine the deflection angle ψ of 
the water flow from the flow line under the influence of acting forces. 
Equations (5), (6), and (7) can be simplified as: 

𝑋𝑋 = 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑(𝑅𝑅 + 𝑙𝑙1  𝑐𝑐𝑐𝑐𝑠𝑠𝜓𝜓 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼) − 𝑙𝑙1 𝑐𝑐𝑐𝑐𝑠𝑠𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t;                    (8)  
  Y = (R + 𝑙𝑙1 ) sin α;                                                                                          (9) 
Z = 𝑐𝑐𝑐𝑐𝑠𝑠𝜑𝜑(𝑅𝑅 + 𝑙𝑙1  𝑐𝑐𝑐𝑐𝑠𝑠𝜓𝜓 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼) − 𝑙𝑙1 𝑐𝑐𝑐𝑐𝑠𝑠𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 .                              (10) 

First, we determine the velocity vectors. The velocity of point B, ϑB, according to the 
velocity addition theorem, is equal to the relative velocity of point A, ϑA, plus the trans-
lational velocity of the water flow’s center of gravity at point B around point A, ϑs: 

𝜗𝜗𝐵𝐵 ----⃗    = 𝜗𝜗𝐴𝐴 ----⃗  + 𝜗𝜗𝑠𝑠 
 ----⃗  , m/s.                                                             (8) 

here, ϑs – velocity generated by the rotation of point B around point A, determined as: 
                         𝜗𝜗𝑠𝑠 

 = 𝑙𝑙1 ∙ 𝜓̇𝜓, m/s.                                                                 (9) 
 where l1 – length of the first section of the water flow (determined by equation (1)); 

ψ̇ – angular velocity of the water flow around point A. 
The velocity of point A is determined by: 

𝜗𝜗𝐴𝐴 = √𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠2 + 𝜗𝜗 𝑚𝑚
2 − 2𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝜗𝜗𝑚𝑚∙

 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 ; 
Equation (8) can then be written as: 

 𝜗𝜗𝐵𝐵2 = 𝜗𝜗𝐴𝐴2 + 𝑙𝑙𝑠𝑠  
2 ∙ 𝜓𝜓 ̇  

2 − 2 ∙ 𝜗𝜗𝐴𝐴 ∙ 𝑙𝑙1 ∙ 𝜓̇𝜓 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,                                   (10) 
where: γ=180∘−ψ−λ ,  λ – angle between velocity ϑA and the X-axis, determined 

𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 = 𝜗𝜗𝐴𝐴
2+𝜗𝜗𝑚𝑚2 −𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠2

𝜗𝜗𝐴𝐴
 ∙ 𝜗𝜗𝑚𝑚 

   

or equivalently: 

 𝑐𝑐 = 𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠 { 𝜗𝜗𝑚𝑚 ∙𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠 ∙𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐

√𝜗𝜗𝑚𝑚2 +𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠 
2 −2𝜗𝜗𝑚𝑚 ∙𝜗𝜗𝑠𝑠𝑠𝑠𝑠𝑠 

 ∙𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐
} .                                       (11) 

For long-distance sprinkling, the mathematical model of the water flow trajectory is 
constructed on the basis of Newton’s second law, considering the projections of the 
forces acting on the water flow along the X and Z axes [5]: 

𝑚𝑚𝑠𝑠𝑎𝑎𝑥𝑥 = 𝐹𝐹𝑥𝑥 ,                                                             (12) 
𝑚𝑚𝑠𝑠𝑎𝑎𝑧𝑧 = 𝐹𝐹𝑧𝑧 .                                                            (13) 

The tangential and normal components take the following form: 
                          𝑚𝑚𝑠𝑠𝑙𝑙1𝜓𝜓                            (14) ̈ = 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎𝜏𝜏  

 − 𝐹𝐹𝑎𝑎𝑖𝑖𝜏𝜏 + 𝐹𝐹𝑘𝑘 + 𝐹𝐹1;                          
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Fig. 2.  Scheme for determining the forces acting on the water flow in the first section of direct-
flow sprinkling 

𝑚𝑚𝑠𝑠
𝜗𝜗𝐵𝐵
2  

𝑅𝑅+𝑙𝑙1
=  −𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 − 𝐹𝐹𝑎𝑎𝑖𝑖𝑖𝑖 .                                                         (15) 

Substituting, we obtain: 
𝑚𝑚𝑠𝑠𝑙𝑙1𝜓̈𝜓 = −𝑠𝑠1    𝑙𝑙1 

2 𝜓̇𝜓 
2

 

 
𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓 − 𝑚𝑚𝑠𝑠𝑙𝑙1 𝜓̇𝜓 

2
 
 + 2𝑚𝑚𝑠𝑠𝜓̇𝜓 𝜗𝜗𝐴𝐴 + 𝑐𝑐∆𝑙𝑙;    (16) 

𝑚𝑚𝑠𝑠
𝜗𝜗𝐵𝐵
2  

𝑅𝑅+𝑙𝑙1
= −𝑠𝑠1    𝑙𝑙1  

2 𝜓̇𝜓 
2 cos𝜓𝜓 − 𝑚𝑚𝑠𝑠 

𝑅𝑅+𝑙𝑙1
 𝜓̇𝜓 

2.                                                (17) 

Here: 
  𝐹𝐹𝑥𝑥 = 𝑚𝑚𝑠𝑠𝑎𝑎𝑥𝑥, 𝐹𝐹𝑧𝑧 =  𝑚𝑚𝑠𝑠𝑎𝑎𝑧𝑧 – forces acting on the water flow at the nozzle due to hy-

drodynamic pressure, N; 
𝐹𝐹𝑘𝑘 = 2𝑚𝑚𝑠𝑠𝜓̇𝜓 𝜗𝜗𝐴𝐴   – Coriolis force, N; 
𝐹𝐹𝑎𝑎𝑖𝑖𝑖𝑖 =  𝑚𝑚𝑠𝑠 

𝑅𝑅+𝑙𝑙1
 𝜓̇𝜓 

2– normal component of the centrifugal force, N; 

𝐹𝐹𝑎𝑎𝑖𝑖 𝜏𝜏 = 𝑚𝑚𝑠𝑠𝑙𝑙1 𝜓̇𝜓 
2

 
 – tangential component of the centrifugal force, N; 

𝑠𝑠1 𝜗𝜗𝐵𝐵22 = 𝑠𝑠1    𝑙𝑙1  
2 𝜓̇𝜓 

2 cos𝜓𝜓– normal component of air resistance force, N; 
𝐶𝐶𝑥𝑥 𝜌𝜌𝑚𝑚 

2
, 𝐶𝐶𝑥𝑥, where Cx is the aerodynamic drag coefficient (Cx=0.5); 

ρmρm is the air density, at t=20∘C, ρm=1.2754 kg/m3; 
𝑠𝑠1 𝜗𝜗𝐵𝐵12 = 𝑠𝑠1    𝑙𝑙1  

2 𝜓̇𝜓 
2 𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓 – tangential component of air resistance force, N; 

F1=cΔl – surface tension force resulting from the stretching of the water flow, N. 

Similar numerical approaches have been applied in modeling irrigation jet dynamics 
and droplet trajectory analysis [15–20]. The second-order differential equation is writ-
ten as: 
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𝑙𝑙1𝜓̈𝜓 + 𝑙𝑙1 𝜓̇𝜓 
2 +  𝛾𝛾1

    𝑙𝑙1 
  

𝑚𝑚𝑠𝑠
 𝜓̇𝜓 

2

 

 
𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓 = 2 𝜓̇𝜓 𝜗𝜗𝐴𝐴

 

𝑙𝑙1
+  𝑐𝑐∆𝑙𝑙 

𝑚𝑚𝑠𝑠𝑙𝑙1   
.                         (18) 

  Equation (18) in simplified form is: 
𝜓̈𝜓 = 𝑓𝑓( 𝜓𝜓,𝜓𝜓,̇  𝑡𝑡),                                                                 (19) 

 Where, 
𝑓𝑓( 𝜓𝜓,𝜓𝜓,̇  𝑡𝑡) =  1 

 

𝑙𝑙1 
 [− ψ̇ 

2 −  γ1
    l1 

  
ms

 ψ̇ 
2

 

 
cosλ ∙ sinψ + c∆l 

msl1   
].                   (20) 

Equation (19) is solved using the Cauchy method (i.e., the 4th-order Runge–Kutta 
method). Introducing the following substitutions: 

𝑦𝑦1 = 𝜓𝜓,           𝑦𝑦2 = 𝜓̇𝜓.                                                                (21) 
The system is transformed into first-order equations: 

 { 𝑦𝑦1
’ = 𝑦𝑦2;               

 𝑦𝑦2’ = 𝑓𝑓(𝑦𝑦1 ,𝑦𝑦2, 𝑡𝑡 ).
                                                                (22) 

Or equivalently: 
𝑦𝑦1(𝑡𝑡𝑖𝑖+1) = 𝑦𝑦1(𝑡𝑡𝑖𝑖 ) + 1

6
(𝑘𝑘1 + 2𝑘𝑘2 + 2𝑘𝑘3 + 𝑘𝑘4);                                       (23) 

  𝑦𝑦2(𝑡𝑡𝑖𝑖+1) = 𝑦𝑦2(𝑡𝑡𝑖𝑖 ) + 1
6

(𝑙𝑙1 + 2𝑙𝑙2 + 2𝑙𝑙3 + 𝑙𝑙4 ,                              (24)  
  For y1(t)y1(t), the intermediate slopes are calculated with step size h: 

              𝑘𝑘1 = ℎ ∙ 𝑦𝑦2(𝑡𝑡𝑖𝑖) ; 
              𝑘𝑘2 = ℎ ∙ [𝑦𝑦2(𝑡𝑡𝑖𝑖) + 1 

2
ℎ ∙ 𝑓𝑓(𝑦𝑦1,𝑦𝑦2 , 𝑡𝑡)]  ;  

              𝑘𝑘3 = ℎ ∙ [𝑦𝑦2(𝑡𝑡𝑖𝑖) + 1 
2
ℎ ∙ 𝑓𝑓(𝑦𝑦1,𝑦𝑦2 , 𝑡𝑡)] ;         

      𝑘𝑘4 = ℎ ∙ [𝑦𝑦2(𝑡𝑡𝑖𝑖) + 1 
2
ℎ ∙ 𝑓𝑓(𝑦𝑦1,𝑦𝑦2, 𝑡𝑡)]  .                                               (25) 

For y2(t), the intermediate slopes are: 
  𝑙𝑙1 = ℎ ∙ 𝑓𝑓(𝑦𝑦1,𝑦𝑦2, 𝑡𝑡𝑖𝑖);   
  𝑙𝑙2 = ℎ ∙ 𝑓𝑓 (𝑦𝑦1+ 𝑘𝑘1

2
,𝑦𝑦2 + 𝑙𝑙1

2
, 𝑡𝑡𝑖𝑖 + ℎ

2
(  ;  

  𝑙𝑙3 = ℎ ∙ 𝑓𝑓 (𝑦𝑦1+ 𝑘𝑘2
2

,𝑦𝑦2 + 𝑙𝑙2
2

, 𝑡𝑡𝑖𝑖 + ℎ
2
( ;    

          𝑙𝑙4 = ℎ ∙ 𝑓𝑓(𝑦𝑦1+𝑘𝑘3,𝑦𝑦2 + 𝑙𝑙3, 𝑡𝑡𝑖𝑖 + ℎ)                                  (26) 
The equation is solved under the initial condition φ=0∘⇒ψ=0∘. Based on differential 
equations (23) and (24), the graph of ψψ versus φφ is presented in Fig. 3. 
The analysis of the obtained results shows that the value of the angle ψ changes within 
the range of ψ = 0° ÷ 5.1° as the rotation angle of the barrel φ increases. The maximum 
value of ψ is reached at φ = 150°, where ψ = 5.1°. Naturally, this affects the distribution 
of the water flow on the field surface and the irrigation intensity. 
By substituting the values of the deviation angle ψ of the water flow from the flow line, 
calculated by equation (15), into formulas (5), (6), and (7), the coordinates of point V 
of the water flow in section 1 of the irrigation process were determined as a function of 
the angle φ.  Taking into account the equations of motion of the water droplet (8), (9), 
and (10), as well as (6) and (7), a mathematical model of the trajectory of the water 
droplet motion for direct-flow sprinkling devices is obtained. Previous computational 
investigations of droplet movement and environmental interaction effects have been 
reported in recent studies [21–26]. 
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When the barrel angle changes within φ = 0–180°, the coordinates of the irrigated water 
flow along the X and Z axes at any moment are determined by the following equations 
[6]: 

 𝑥𝑥(𝑡𝑡𝑎𝑎+1) =  𝑥𝑥 (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡;                                                        (27) 
𝑦𝑦(𝑡𝑡𝑎𝑎+1) =  𝑦𝑦(𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑦𝑦(𝑡𝑡𝑎𝑎)Δ𝑡𝑡;                                                     (28) 
 𝑧𝑧(𝑡𝑡𝑎𝑎+1) =  𝑧𝑧 (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑧𝑧(𝑡𝑡𝑎𝑎)Δ𝑡𝑡.                                                        (29 ) 

From this, the variable coefficient of the medium for a moving water droplet is deter-
mined by the following expression: 

𝐾𝐾 (𝑡𝑡) = −{18𝜇𝜇 
𝜌𝜌𝑐𝑐𝑑𝑑2

+
 𝜌𝜌𝑚𝑚𝐶𝐶𝑥𝑥√𝜗𝜗𝑥𝑥

2
 (𝑡𝑡)+𝜗𝜗𝑧𝑧

2
 (𝑡𝑡)+𝜗𝜗𝑦𝑦

2(𝑡𝑡)

4𝜌𝜌𝑐𝑐𝑑𝑑
}                                (30) 

where μ is the viscosity coefficient of the medium (for air μ = 1.8·10⁻⁵ Pa·s); ds – 
diameter of the water droplet, m; ϑ⃗(t) – absolute value of the velocity vector of the 
body, m/s; ρmρm – density of the medium (for air at temperature t = 20 
°C, ρm=1.2754 kg/m³). 
Based on equations (27), (28), and (29), the coordinates of the water droplet were cal-
culated for initial velocities ϑ0=15 m/s and ϑ0=25 m/s, with a barrel installation angle 
relative to the horizontal α = 30°, and water droplet diameter d = 2 mm. The changes 
of coordinates along the XZ axis and their dependence on the angle φ are presented in 
the graphs of Fig. 5.   Next, the irrigation intensity in long-range sprinkling is calcu-
lated. To determine the irrigation intensity in direct-flow sprinkling, a scheme is con-
structed in the coordinate system, showing the barrel rotation by angle φ and, accord-
ingly, the deviation of the water flow from the flow line by angle ψ (Fig. 2). 
At point a1, the barrel starts irrigation, and at point anan, it reaches the final boundary 
of its movement – this can be called the first cycle. The second cycle must begin from 
point anan in the reverse direction of movement. 

    In the first cycle, the barrel rotates by angle φ (in our case φ = 180°). In this state, 
the water flow line lags behind the barrel rotation angle by ψ (in our case ψ = 5°10″), 
occupying point Oi′′. Since this state corresponds to the end of the cycle, the barrel stops 
momentarily and must begin the second cycle.  At the moment when the barrel stops, 
its angular velocity caused by rotation around the center O becomes ω=0. 
It is known that the forces arising at point V of the water flow are caused by the ma-
chine’s velocity and the angular velocity of the barrel.  When ω=0, all these forces be-
come equal to 0, which means that at this instant the water flow line must coincide with 
the position at point anan starting from point Oi′. The distance ΔS between points Oi′
 and anan indicates that the irrigation intensity is equal to 0 along this distance. We call 
the distance ΔS the deviation distance of the water flow line. 

   The deviation distance of the water flow line ΔS is determined by the following 
expression: 
∆𝑆𝑆 = (R ∙ cosφ + l1 cos(φ − ψ)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 + 𝑧𝑧 (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑧𝑧(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑐𝑐𝑐𝑐𝑠𝑠φ)𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓  .    (31) 
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Fig. 3.  Scheme for determining the deviation distance ΔS of the water flow line in straight-
flow sprinkling 

In the graph shown in Fig. 4, the dependence of the deviation distance ΔS of the water 
flow line on its initial velocity is presented. From the graph, it can be seen that the value 
of ΔS increases as the initial velocity of the water flow increases. This is explained by 
the fact that, with the increase of the initial velocity ϑ0, the flight distance L of the water 
droplet also increases. 
 In the previous sections, we analyzed the factors influencing the flight distance of the 
water droplet. In this case as well, the same factors determine the flight distance. 

From the calculation of formula (20), it can be concluded that the deviation dis-
tance ΔS of the water flow line also plays an important role in the irrigation intensity 
and in the distribution of water droplets on the field surface. Depending on the value of 
the initial velocity ϑ0, ΔS ranges between 0.35–1.6 meters. This indicates that, in order 
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to ensure irrigation intensity in straight-flow sprinkling according to agrotechnical re-
quirements, the deviation distance ΔS must be considered. 
A.G. Vinogradov and O.M. Yakhno, based on the analysis of water flow velocity pro-
files, developed the following formula to calculate the spreading of the flow [7]: 
0,22 𝑥̅𝑥 = 𝑏𝑏- + 1

√𝜎𝜎
[𝑙𝑙𝑠𝑠 (1,22 ∙ 𝑏𝑏- ∙ √𝜎𝜎 +

√1 + 1,48 ∙ 𝑏𝑏-2( − 0,25 𝑎𝑎𝑎𝑎𝑐𝑐𝑡𝑡𝑎𝑎𝑠𝑠 1,22∙𝑏𝑏-∙√𝜎𝜎(√1+1,48∙𝑏𝑏-2∙𝜎𝜎−0,24
√1+1,48∙𝑏𝑏-2∙𝜎𝜎+0,31∙𝑏𝑏-2∙𝜎𝜎

],                                    (32) 

where  𝜎𝜎 =
𝜌𝜌𝑠𝑠

is the ratio of air to water density; 𝑥̅𝑥 =  
𝑏𝑏𝑠𝑠

 is the dimensionless distance 𝜌𝜌ℎ 𝑥𝑥

located at X from the axis; 𝑏𝑏- =  𝑏𝑏
𝑏𝑏𝑠𝑠

 , where bb is the half-width of the water flow at 
distance X from the axis; b0 is the initial half-width of the flow. 
Since this equation can only be solved approximately, the authors also proposed a sim-
plified relation valid for the interval 0 < 𝑥̅𝑥 < 2500: 

𝑏𝑏- = 0,16 𝑥̅𝑥 or  𝑏𝑏 = 0,16 𝑥𝑥                                             (33) 
noting that the error does not exceed 10%. 

If we substitute equation (33) into equation (5), which describes the movement of the 
water flow along the X-axis, we obtain the spreading of the flow at the point Xi in the 
coordinate system: 

𝑏𝑏 = 0,16(𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 − ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎)+ϑx (𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑).    (34) 
The spreading of the water flow under different operating conditions is shown as a 
function of time. The varying spread of the flow over the same time interval is related 
to the different distances traveled by water droplets. For example, when a droplet is 
ejected with an initial velocity of 3 m/s, it travels 2.5 m in 0.4 seconds, and its spreading 
is 0.51 m. At an initial velocity of 5 m/s, the traveled distance is 8.41 m, and the spread-
ing equals 1.35 m. 
When distributed over the field surface, the water flow falls onto a plane inclined at an 
angle αα to the flight direction (Fig.3). 
 During its motion, the water flow spreads, with its spread points denoted by A, B, C, 
and D. The point A, which has the smallest value along the Y-axis, contacts the soil 
surface first. The water flow, with the direction OO1, intersects the field surface at an 
angle α. 
The value of angle α is determined from the velocities Vx(t) and Vy(t) of the droplet in 
the XY plane of the coordinate system. The angle αα is expressed as: 

tg α =  𝑉𝑉𝑦𝑦(t)
 𝑉𝑉𝑥𝑥(t)

    or      α = 𝑎𝑎𝑎𝑎𝑐𝑐𝑡𝑡𝑎𝑎  𝑉𝑉𝑦𝑦(t)
 𝑉𝑉𝑥𝑥(t)

 .                                      (35) 

In the coordinate system, the spreading of the water flow as a function b=f(x) occurs 
symmetrically in all directions. The coordinates of the spreading of the water flow rel-
ative to point O1 in the XZ plane are determined using the scheme in Fig. 5. 
The obtained diagram represents an ellipse. The major and minor axes of the ellipse are 
determined by the following formulas [8]: 

2𝐴𝐴 = (0,16 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t +
𝑥𝑥 (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑))(𝑡𝑡𝑎𝑎𝛼𝛼 + 1),(36) 

2B=(0,16 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) +  𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑)). (37) 
The canonical equation of the ellipse takes the following form: 
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                                       𝑋𝑋
2

𝐴𝐴2
 +  𝑌𝑌2

 𝐵𝐵2
=  1 .                                                         (38) 

Where 
A=0,08(𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) +  𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑) ∙ (𝑡𝑡𝑎𝑎𝛼𝛼 +
1); 

𝐵𝐵 = 0,08 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) +  𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑)   
∙ (𝑐𝑐𝑡𝑡𝑎𝑎𝛼𝛼 + 1). 

 

 

Fig. 4. Scheme of water flow distribution on the field surface during direct-flow sprinkling 

The surface of the irrigated field     S=π⋅a⋅b, 
Or, equivalently, it can be expressed by the following formula: 
𝑆𝑆 = 0,0064 𝜋𝜋(𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm 𝑡𝑡 +  𝑥𝑥 (𝑡𝑡𝑎𝑎)+ 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 ∙

𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑)2 ∙ (𝑡𝑡𝑎𝑎𝛼𝛼 + 1)  (𝑐𝑐𝑡𝑡𝑎𝑎𝛼𝛼 + 1).                                                                          (39) 
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Fig. 5. Epure of water flow distribution on the field surface 

The mathematical expressions of the coordinates of water flow distribution on the field 
surface are defined as follows: 
𝑋𝑋 A = (0,16 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) +

 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑))𝑡𝑡𝑎𝑎𝛼𝛼;                                                                                               (40) 

𝑍𝑍B1 = (0,16 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) +

 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑))𝑠𝑠𝑡𝑡𝑎𝑎𝛼𝛼;                                                                                              (41)  

𝑋𝑋C1 = 0,16  𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 − (  𝜗𝜗𝑚𝑚 𝑡𝑡 + 𝑥𝑥  (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)𝛥𝛥𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑);(42) 

𝑍𝑍D1 = 0,16 (𝑅𝑅 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝑙𝑙1 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑 − 𝜓𝜓)𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼 −  ϑm t + 𝑥𝑥 (𝑡𝑡𝑎𝑎) + 𝜗𝜗𝑥𝑥(𝑡𝑡𝑎𝑎)Δ𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑).  (43) 

Once the water distribution area on the field surface is determined, the irrigation inten-
sity can be calculated using the methods discussed in previous sections. 

4 Conclusion 

During sprinkler irrigation, the distribution of water droplets over the field surface is 
one of the decisive factors affecting agricultural crop yield. Uniform and efficient dis-
tribution of droplets ensures proper soil moisture levels, delivery of water to the plant 
root zone, and prevention of water waste. If the water is distributed unevenly, some 
parts of the field may become over-irrigated while others receive insufficient water. 
This can negatively affect plant growth and development, increasing the likelihood of 
reduced yields. When designing and operating sprinkler irrigation systems, it is essen-
tial to study the physical and mathematical models of droplet movement, taking into 
account parameters such as their trajectory, distance, and flight time. This not only con-
tributes to efficient water use but also helps ensure high and stable crop productivity. 
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Based on the theoretical study of long-distance sprinkler irrigation processes, the fol-
lowing conclusions were made: 

   - a mathematical model (20) describing the deviation of the water jet from its flow 
line in direct-flow sprinkling was developed; 

    - the deviation angle ψ varies within the range ψ=0∘÷5.1∘ depending on the rota-
tion angle φ of the barrel; 

   - the deviation distance ΔS of the flow line at the point where it meets the field 
surface ranges between ΔS=0.35–1.6 m.  
Mathematical expressions were developed for the coordinates of water droplets falling 
onto the field surface during direct-flow sprinkling. The obtained results are of scien-
tific and practical importance for designing and improving long-distance sprinkler irri-
gation systems. Similar analytical and experimental studies on water distribution uni-
formity are available in the literature [27–31]. 

Disclosure of Interests. The authors have no competing interests to declare that are relevant to 
the content of this article. 
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