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Abstract. Reversible computing provides a foundational framework for
understanding quantum computation. This paper first examines classi-
cal reversible logic gates, including the CNOT and Toffoli gates, and
demonstrates how they can simulate arbitrary Boolean functions. We
then extend these concepts to quantum gates and circuits, where all op-
erations are inherently unitary and reversible. Quantum algorithms such
as the Deutsch—Jozsa algorithm, phase estimation, and Shor’s factoring
algorithm are discussed to illustrate how reversibility enables exponential
computational speedups. Finally, current challenges and future directions
in quantum hardware and algorithm design are presented. Highlighting
the essential role of reversible computing in the realisation of practical
quantum computers.
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1 Introduction

Quantum computation exploits quantum-mechanical phenomena such as super-
position and entanglement to perform computations that are infeasible for classi-
cal computers. A defining characteristic of quantum computation is the require-
ment that all operations be unitary and therefore reversible. This constraint
directly connects quantum computing to the principles of classical reversible
computation.

2 Qubits and Quantum Measurement

2.1 Mathematical Foundation of Qubits

A qubit is essentially the quantum analog of a classical computer’s bit. Quantum
entanglement and superposition enables quantum computation to be feasible.
The qubit is a two-state quantum system [1], which is quite different from classi-
cal systems. Quantum information’s basic element consists of a 2-level quantum
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mechanical system. A qubit can be interpreted as a vector in the complex 2D
Hilbert space of unit magnitude C2. The basis states are
Inside the matrix M, the vector denoted by e is one that has its first [2].
The state of a qubit can be described as a superposition. Satisfactory. The
quantum computer’s state is cOe0+clel, is the basis on which you make mea-
surements.

2.2 Quantum Measurement and Collapse

A vector in Equation (1) defines the superposition of one qubit. Separation of
linear combinations with complex coefficients. Let us also define the basis vectors
e.

When measured in the computational basis, any state will force the state of
the qubit to be a basis state. In the same way, any measurement “against” any
basis has to force the state of the qubit to be one of the vectors in that basis [3].
Imagine we have a Hermitian operator T" whose eigenvectors are orthonormal. T
being Hermitian, this can happen. result in a spectral undecomposable scheme
of the type

T =

Again, measure $S$ on the joint state

|p) = Zci|i>|ai>-

Recall that the same principle applies to any Hermitian operator.

2.3 Multiple Qubits and Entanglement

For multiple-qubit systems, the tensor product space is present. Systems of n
qubits then use
CTw---® ((327

repeated n times. Mostly, entanglement is an essential feature of such systems.

3 Reversible Classical Computing

3.1 The Need for Reversibility in Quantum Systems

The reversal of unitary processes is possible. Quantum computation was born
out of physical limitations. The internal physics of the quantum system limits
this fact.

We employ bits in classical computing. The operations AND, OR, and Unit
are irreversible operations [4]. The NOT operation is reversible in general terms.
Use different output state for every input. An undoable execution is called re-
versible operation. 1

The reversibility condition seems to be unsuitable for arbitrary computa-
tions since almost all (except NOT) of the essential classical logic gates (NOT,
AND, OR, COPY) are non-reversible. Thus, reversible classical computing can-
not function before quantum computing [5].
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Table 1: Comparison of Classical Bits and Quantum Qubits

Property Classical Bit Quantum Qubit
State Space {0,1} C?, |eo)® + e = 1
State R(.%p- Discrete values Continuous superposition
resentation
Measurement Deterministic Probabilistic collapse
Multiple Systems Cartesian product Tensor product
Information Copyable (trivial) No-cloning theorem applies
Operation Irreversible gates allowed Reversible (uni-
tary) gates only

3.2 Reversible Gates and Boolean Function Simulation

The output has the same length as a gate’s input. Only the output can be
observed, but the input of the gate can be determined uniquely. In that case, the
gate is reversible. The gates are said to simulate a Boolean function f(z;...z,)
if they can build a circuit taking x;..x, along with some ancilla bits and give
f(z1..z,) output along with some garbage bits [6].

The CNOT (controlled-NOT) gate is a fundamental reversible gate with the
operation:

CNOT(z,y) = (z,z D y), (1)

where @ denotes addition modulo 2.

In this case, the first bit acts as a controller that decides the status of the
second bit, where a ‘1’ means that the second bit is flipped, else nothing occurs
to the second bit [7]. CNOT gate can behave like NOT gate by making the
control bit equal to 1.

The Toffoli gate (CCNOT) extends this concept with two control bits:

Toffoli(z,y, z) = (z,y, 2 B zy). (2)
The Toffoli gate leaves the third bit unchanged whenever the first two bits are
set to 1. Toffoli gate is universal which means we are able to build any Boolean
function using only Toffoli gates [8].
3.3 Implementing Classical Functions with Reversible Gates
To implement the AND function using Toffoli gates, we use the configuration:
(,9,0) = (z,y,2y) (3)
where the third input is initialised to 0. For the NOT function, we can use:

CNOT(z,y) = (z,z & y) (4)
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Fig. 1: Reversible logic gates: CNOT (left) and Toffoli (right)
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Fig. 2: Reversible logic gates: CNOT (left) and Toffoli (right)

As shown in Equation (4), the CNOT gate completes a reversible transfor-
mation.

Since every Boolean circuit can use NOT AND to simulate any combination of
Boolean functions, then given enough permission to add some ancilla or garbage
bits, almost every Boolean function can be implemented with reversible gates [9].

We can transform any classical computation into a reversible process by
adding a few bits, as the theorem states. This indicates that we can also perform
any quantum computation reversibly [10]. Nonetheless, it doesn’t mention the
quantity of additional bits we may have to add.

4 Quantum Gates and Circuits

Changing Classical Logic Gates into Quantum Logic Gates.

Quantum logic gates are unitary matrices that operate on qubit states. A
classical reversible gate simulates quantum gates [11]. Furthermore, a subspace
entanglement could also be generated among the states of the system which are
interacting with them. The behaviour of quantum gates is interesting. Quantum
gates could enable classical gates to effectuate [12].

The quantum CNOT gate performs on basis elements as anticipated.

Figure 2 illustrates the basic reversible logic gates.
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But when applied to superposition states, it can create entanglement. For
example:

1
Ucnor ( Ucnor(eor —e11) (5)

\/Q(eo—el)é@el) _

(€01 — €10) (6)

Sl S

which is an entangled singlet state.

4.1 The Hadamard Gate and Superposition

The Hadamard gate is one of the most fundamental quantum gates, defined by

the matrix:
1 (11
H-Zl) "

Its action on basis states creates uniform superpositions:
1 1
He(): %<eo+el), H61 = %(eofel) (8)

When applied to multiple qubits, the Hadamard transform generates super-
positions of all possible computational basis states. For n qubits initialized to
€p...0-

1
H®”eo,,.0 = W Z €y (9)
ye{0,1}n

This ability to create uniform superpositions forms the basis for quantum par-
allelism in many algorithms.

4.2 Quantum Circuit Design Principles

A series of quantum gates applied to qubits make up quantum circuits. Quantum
circuits, unlike classical circuits, must be reversible throughout the computation.
We use the standard method for non-invertible functions $f(x)$:

Urx@y)=x®(y & f(x)) (10)

In this case, y consists of ancilla bits initialised to the appropriate values, and
the output includes the result and garbage bits. 2

The complete computation is reversible, while only the required function or
result is computed. This means that using Bennett’s technique, one can uncom-
pute garbage bits to clean the workspace.
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Table 2: Key Quantum Gates and Their Properties

Matrix .
Gate Reore Input| Primary
p . Qubityg Function
sentation
Bit flip
Pauli-X {0 1] 1 (quantum
10 NOT)
Hadamard _t [1 1 1 Creat(.es.
V2 |1 =1 superposition
[1000] Controlled
CNOT 0100 2 negation
0001
10010]
Doubly-
Toffoli ti:iinpl(z:ttli_ 3 controlled
* NOT
Phase 10 1 | Phase shift
01

5 Deutsch-Jozsa Algorithm

5.1 Problem Formulation and Classical Complexity

Recently the experts did a lot of work, while there was a lot of interest among
researchers in skills. Either the function is constant or it is a balanced function
[13]. A balanced boolean function has equal number of zeros and ones. Constant
refers to all 0 or all 1.

Figuring out whether a black box is always one value or equally likely to be
both. The issue will show a constant function (which is also not observable, it
is not learnable with XFXLE). One can’t necessarily find the function with the
XFXLE calls [14].

Traditionally, at least 2"~ + 1 queries are needed.

Implementation of Quantum Circuit

Using the circuit in Figure 3, A quantum resolution offers solution using only
a single evaluation. This is how the algorithm functions.

The last Hadamard transformation on the first n qubits gives.

> X e B2 (1)

z,y€{0,1}m

where y- 2 =y121 + -+ + Ynzn (mod 2).
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5.2 Analysis and Quantum Advantage

The probability of measuring eq.. ¢ is determined by the squared magnitude of

its coefficient:
2

2% Z (_1)}"(97/) (12)

ye{0,1}n

If f is constant, this sum equals pm2™, giving probability 1. If f is balanced,
This means that when we take one classification of the positive and the negative
results, we have complete cancellation of the two terms to yield probability 0.
Thus we can get a deterministic scheme with just a single evaluation of the
function to distinguish constant from balanced.

Even though the algorithm lacks practical significance, but it possesses an
excellent theoretical value. The very first technique to exhibit an exponential
separation between classical deterministic computation and quantum computa-
tion Presenting the technique of usage of Hadamard transform before oracle call
and phase kickback. This method has become a standard technique for quantum
algorithm design.

eo H [wires=2]UsH

(Th) H H
(Th) H H
e H

Fig. 3: Quantum circuit for the Deutsch-Jozsa algorithm

6 Phase Estimation and Quantum Fourier Transform

6.1 Phase Estimation Problem

In 1995, Kitaev showed that the quantum algorithm’s phase estimation is an
important subroutine. Consequently, phase estimation has a variety of uses in
most quantum algorithms. If a unitary operator, U, acts on an eigenvector, v,
then the action of such a unitary operator is given by U v. Thus, the circuit
could be or would be much simpler. If n equals 0 or 1, it indicates that it would
be an eigenvector of the circuit in any case. This problem is classical to find the
function’s period. As a result, it is likely the easiest such problem. It naturally
arises to estimate the eigenvalues of some unitary operator in many quantum
algorithms. QFT is employed when a problem-solving solution is defined with a
fixed time period.
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6.2 Quantum Fourier Transform

An n-qubit quantum Fourier transform is a linear operator defined by its action
on basis states.

2" —1
. 1 i n
QFT)) = 575 > €™/ k). (13)
k=0

The inverse QFT is defined in the same way but with gate phases opposite
that used in the forward QFT.

The integrated circuit above implements the algorithm of phase estimation
for quantum gates.

The complete circuit for estimating an m-bit phase is given below.

The initial register is eq. o. 2. Apply Hadamards to the m qubits of the first
register. 3. The first register is operated on with A while the second register
contains v. 4. Perform Inverse QFT to the First Register. 5. Measure the first
register.

6.3 Accuracy and Performance

If & = j/2™ holds for $j=0,..., 2™ — 1, then one will measure exactly $j$ with
probability 1.

It is possible to exponentially decrease the probability of error with m + 2
bits of accuracy and sufficient repetitions. For almost all values of , the proba-
bility for obtaining the best m-bit approximation is at least 4/2. The efficient
implementations of the QFT and the controlled Uoperations is essential for a
phase estimation algorithm. Also, one can apply.

7 Shor’s Factoring Algorithm

7.1 Algorithm Overview and Significance

Integer factorisation is one of the most famous quantum computing results. That
is Shor’s algorithm. In particular, the algorithms factor a given integer N effi-
ciently, requiring polynomial time as a function of log N for this operation. This
implies that a significant speedup over classical algorithms is suggested.

The algorithm operates in this manner. 1. Use classical methods for an even
or prime power N. 2. Choose a random value for z < N. 3. Use classical methods
to find the GCD of x and N. If the output is either 1 or N, then don the output
as a factor. 4. Apply a quantum order-finding algorithm to find the order r
of x modulo N. 5. Per R. In the first place, the order-finding steps make use
of the quantum Fourier transform. Determining decimal places in cuts. Shor’s
algorithm solves order finding, and reduction to factoring follows due to the mod
group. Whenever x and N, the least positive integer r is called the order of x
modulo N. The algorithm creates two multiples referred to as xr/2 — 1, N and
xr/2 + 1, N. Unfavourable advice. N has 2 prime factors with high probability



Reversible Computing Foundations in Quantum Computation: From ... 427

of success. To observe this, note that the chances of satisfying the above random
conditions are at least .378 when N has 2 distinct prime factors. Hence, the odds
of success are rather high and rare.

7.2 Implementation Challenges and Current Status

According to Peter Shor, the 1994 [10]. Ever since its inception, the algorithm has
been considered one of the most efficient algorithms. He found that a quantum
computer could factor some integers in polynomial time, which is a remarkable
discovery.

Most of the studies were on increasing the quality of the qubit and devel-
opments tailored to circuit implementations for error correction codes. Asking
for the development of quantum engineering, the serious 2048-bit RSA project
likely requires years before we produce sufficiently large fault-tolerant quantum
computers able to factor 2048-bit RSA.

8 Conclusion

This article outlines how conventional reversible logic gates have now been quan-
tum algorithms and all the way further in quantum computing. In this study, we
demonstrate that the reversibility constraint, despite its superficial restrictive
nature, will still allow for exponential speedups in the run-times of quantum
algorithms — Deutsch—Jozsa versus Shor’s factoring algorithm.

A notable perspective is that quantum computation is a broadening of re-
versible computing as it is done classically. To achieve a physical realization, it is
necessary to satisfy reversibility and unitarity. However, the presence of hierar-
chical nature in reversibility and unitarity simultaneously conveys the resolution
of quantum advantage.

Quantum hardware fidelity research, new algorithm research, cryptography
research, and the quantum computing impact on future industries will one day
be researched. According to the expert, as quantum technology progresses, re-
versible computing will be crucial for making realistic quantum computers.
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Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
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The images or other third party material in this chapter are included in the chapter's
Creative Commons license, unless indicated otherwise in a credit line to the material. If material
is not included in the chapter's Creative Commons license and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder.
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