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Abstract. The effect of nonlocal and two-temperature parameter on an initially stressed
generalized magneto-thermoelastic solid with gravity has been discussed. The problem is studied
using Green-Naghdi (GN II), Lord-Shulman (L-S), and the three phase lag (TPL) models. The
governing equations are solved by the normal mode method, and analytic solutions are obtained
for representations of the displacement, force stress tensors, and temperatures. The effects on
physical fields are observed when suitable boundary conditions are applied. MATLAB software
has been used for the calculation and execution of numerical computations. Comparative
graphical analysis is shown for three different theories in the presence and absence of two
temperature parameter. The numerical findings for the quantities of fields that are physical
domains are visually displayed in the presence and absence of the nonlocal parameter.

In summary, two temperature and nonlocal thermoelasticity significantly impact the physical
variables.

Keywords: Gravity, initial stress, magnetic field, thermoelasticity, three-phase lag model, two
temperature theory.

1. Introduction

The field of generalized thermoelasticity has evolved to address the limitation of
infinite thermal signal propagation speeds as existing in classical coupled dynamical
thermoelasticity [1]. This area encompasses a broad spectrum of advancements
beyond the traditional theory of thermoelasticity. Among the earliest and most
prominent models in this domain are those introduced by Lord-Shulman [2] ; Green-
Lindsay [3]. In L-S framework, the Maxwell-Cattaneo law replaced the Classical
Fourier law (CFL) by incorporating a single relaxation time parameter. Conversely,
the The g-L model introduced two relaxation parameters, inside stress tensor and
entropy in the constitutive relations, offering a more comprehensive description.
Subsequent studies have further refined these theories; for instance, Abbas and
Zenkour [4] explored the electromagneto-thermoelastic behavior of functionally
graded cylinder with infinite length in the framework of the L-S model. Other
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significant contributions include research by Chandrasekharaiah [5], who reviewed
various generalized thermoelasticity theories, and Tzou [6], who proposed dual-
phase-lag (DPL) model to account for microscopic and macroscopic heat conduction
phenomena. These studies have significantly expanded the understanding and
applicability of generalized thermoelasticity in complex physical scenarios.

In subsequent years, Green-Naghdi [7-9] introduced three additional models of
thermoelasticity, now commonly referred as the GN I, II, III. The linear
representation of GN I aligns with the classical thermoelastic theory. GN II is
distinctive in that it assumes the internal entropy production rate to be identically
zero, which implies the absence of thermal energy dissipation (TWED). GN 1I is
particularly noteworthy for admitting undamped thermoelastic waves in materials,
making it widely recognized as the theory of TWED. GN III, on the other hand, is a
more generalized framework that encompasses the first two models as special cases
and permits energy dissipation. Abbas and Zenkour [10] conducted an in-depth
analysis of the magnetic field’s impact in a fiber-reinforced half-space which is
anisotropic by using GN theory. Other notable works in this area include those by
Quintanilla [11], who studied uniqueness and stability in GN theories, and Dhaliwal
and Singh [12], who explored wave propagation and thermoelastic interactions under
generalized models. These studies have greatly advanced the theoretical and practical
understanding of thermoelasticity in diverse materials and applications.

Choudhuri [13] introduced an innovative model in the realm of thermoelasticity,
which is referred as TPL model. This model modifies the CFL by incorporating with
an estimated value as described by the equation:

q(P, T+ t) = —k*t,Vv(P, T, + t) — kVT(P,t + 1),

where q represents the heat flux vector, T represents the temperature, and v denotes
displacement due to temperature change, satisfying the relation T = v. The equation
highlights that the heat flux vector at a given point and time (Tq + t) depends on both
the temperature gradient at (t; + t) and the gradient of the thermal displacement at
(7, + t). The time delays, T4, Tr, and T,, arise due to microstructural interactions like
phonon scattering and electron-phonon interactions, interpreted as relaxation times
induced by fast transient thermal inertia impacts.

Choudhuri’s objective was to construct a mathematical framework which incorporates
different phase lags i.e. lag in heat flux, thermal displacement gradient, and
temperature gradient. By employing various Taylor approximations, this model can
recover earlier theories, including GN theories. The TPL model also extends DPL
model introduced by Tzou [6], making it a versatile approach to addressing complex
thermal phenomena. Its applications span areas such as nuclear boiling,
microstructural heat transport, and exothermic catalytic reactions.

Several researchers have contributed to advancing the TPL theory. Quintanilla and
Racke [14] analyzed the solution’s stability of TPL model. Kanoria and Mallik [15]
applied it to solve thermoelasticity problems, while El-Karamany and Ezzat [16]
explored its implications in advanced materials. Additionally, Liao, Zhang, and Wu,
along with Ezzat, El-Karamany, and Fayik [17], investigated its applications in
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dynamic thermoelastic problems. These studies underscore the robustness and
adaptability of the TPL model across diverse scientific and engineering disciplines.
Initial stresses within solids play a crucial role in influencing the response of materials
to mechanical load while transitioning from an initially stressed structure. These
stresses have significant approaches in fields such as geophysics, the analysis of
engineering frameworks, and the study of biological skin tissues. Pre-existing stresses
are intrinsic to materials and arise due to processes like manufacturing, thermal
expansion, or biological growth, existing even in absence of external loads.
Montanaro [18] developed a theoretical framework for isotropic thermoelasticity that
incorporates hydrostatic initial stress, providing a foundational approach for analyzing
such conditions. Subsequent studies have extended this theory to explore various
dynamic and wave propagation phenomena. Othman and Song [19] and Singh [20]
applied Montanaro’s model to examine the behavior of plane waves within the
generalized thermoelasticity, thereby enhancing the understanding of wave mechanics
in stressed materials.

Other researchers have also made significant contributions to this field. ZH Qian [21],
studied the effect of Pre-existing stress on functionally graded materials, while
Ibrahim A. Abbas [22] also analyzes the effect of earlier stress and relaxation time on
physical parameters in a thermoelastic half-space along with voids under a thermal
source and are solved by using the finite element method. Igbal Kaur [23] observed
the effects of time-harmonic on displacement and stress components. It also observed
the variations of temperature in a transversely isotropic magneto-thermoelastic solid
with initial stress under mechanical and thermal loads.

Magneto-thermoelasticity explores the interplay between magnetic fields and the
thermoelastic deformations of solid materials. This field has garnered significant
attention because of its relevance in nuclear devices that have primary magnetic
fields. Such studies also hold importance in biomedical engineering and geomagnetic
research by analyzing the coupled effects of magnetic, thermal, and strain fields.
Early developments in this area, such as those by Paria [24], laid the foundation for
subsequent advancements.

Recent works have focused on incorporating thermal relaxation times and advanced
modeling techniques. Sadeghi [25] focused on developing and solving the generalized
magneto-thermoelastic response generated from the layer, incorporating two
generalised theories., while Tiwari [26] examined the impact of phase lags on
magneto-thermoelastic behavior in a solid in context to a moving source of heat, and
Yadav [27] analyzed wave reflection in a magnetized rotation, triclinic half-space
under a temperature field, identified three quasi-waves and examined the coupled
waves reflection on a insulated thermal surface.

Additional contributions include abouelregal [28], who analyzed the interactions in a
viscoelastic rotating rod under magnetic feild subject to the heat source in movement.
and singh [29], analysed and conducted to explore the influence of gravity, pre-
existing stress, and magnetic fields on the propagation of Rayleigh waves within a
uniform orthotropic magneto-thermoelastic medium, employing the TPL model in
conjunction with a dual-temperature framework.
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According to Eringen’s nonlocal elasticity theory [30-32], in nonlocal elasticity, the
stress tensor at a point in a nanomaterial depends not only on the strain at that point
but also on contributions from the entire material. For isotropic, elastic, and
homogeneous materials without body forces, the stress-strain relationship accounts
for these nonlocal interactions. The fundamental equation of nonlocal elasticity for
isotropic, elastic, and homogeneous materials, in the absence of body forces, is
expressed as a relationship where the stress depends on the strain at that point and
contributions from the surrounding material. The nonlocal elasticity theory, as
formulated by Eringen, expresses the stress tensor T(X) at a point X as a function of
the weighted average of stresses a(x) over the entire domain. The integral form is
given by:

() = fa’d(X’)(IX—X’I,E)dV(X’)

where the kernel function @’ describing the nonlocal influence and ¢ is the nonlocal
parameter.
The strain tensor (&) is expressed in terms of displacement vector(u)as:
(Vu' + Vu)
£

Constitutive relation :
2ue+ A(V-u)l—y0l =0
Lamé constants (4 & A1), the thermal modulus (y), temperature change (), are related
as expressed in above relation where (I) is the identity tensor.
Nonlocal stress tensor T(X) can also be shown in a simplified differential form as:
1-82vHr(x) = o(x)
This equation accounts for the size effect on the mechanical behavior of
nanostructures.
Equation of motion:
F+V-7=pi
where F vector denotes the external body force, p is the mass density, and ii
represents the material acceleration.
Using the nonlocal stress relationship above equation can be expressed as:
V-o+ (1—&2V3)F = p(1—&2v3)ii

or
p(1—&2v%)ii = uV?u + (u + HV(V - u) — yVo + (F — £2V?F)

Wang and Dhaliwal [33] formulated the energy and work equations within the
context of nonlocal generalized thermoelasticity and established the existence and
uniqueness of solutions for boundary and initial value problems. Zenkour and
Abouelregal [34] proposed a novel non-local thermoelasticity model with phase lags
for beam theory, Considering a periodically fluctuating heat source and integrating
varying thermal conductivity. Many renowned researchers [35-40] contributed in this
field.

The current study focuses on analyzing displacement, stress, temperature and
potential distributions in an isotropic, homogeneous, initially stressed elastic solid



Dynamical Behavior of Initially Stressed Generalized ... 167

under mechanical and thermal loads, using the generalized electro-magneto-
thermoelastic theory within the TPL model. The problem is expressed in a
dimensionless form and solved analytically using normal mode analysis. Numerical
results for copper parameters are displayed graphically to demonstrate the impacts of
initial stress and magnetic fields.
2. Mathematical Framework

The present study examines a thermoelastic, isotropic, homogeneous, linear half-
space that is thermally and electrically conductive, influenced by gravity, with the z-
axis directed vertically inward. The surface of the half-space (z = 0) is free from
traction and experiences mechanical and thermal loading. All functions remain finite
as z = oo, and the medium is maintained at a uniform temperature T,. A primary
magnetic field, Hy = (0, H, 0), is applied along the positive y-axis, inducing both a
magnetic field h and an electric field E within the material.

Mechanical/Thermal Load

Electro-Magneto Thermoelastic Media

v

z

Fig. 1. Geometry of Problem

Constitutive relations
(1 —e2V¥)ay; = ulu;; +uy;) — pwy; + (Auy, — BT — )6y, (1

Maxwell’s equations governing the electromagnetic fields in the material are given
by:
VXH =J+6E VXE=—pH, €=—p(UxH), V-H =0.
From these equations, the following are derived:
& = uoHo(U,, 0,—Uy), H = (0,—Hy&,, 0),

J = (—H,,— €ottoHoUs, 0, H .+ €optoHo Uy ).
The Lorentz force is expressed as:

Fi = uo(J X H);.
From the relations, the force vector components are:
F = (%5 F) = (moHiex — €on§H Uy, 0, uoHi e, — €oui H3Uy) ©)

Equations of motion
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(,u—g)vzﬁ+(l+§+u+uoH§)V(V.ﬁ’)+ﬁ—ﬁ1VT

_ _ 2u2 eoubHY 021
= po(1 — e27?) (1 + ) 2 3)
Equation of thermal conductivity [13]
X X P 2 52
KV (@) + 1,V (@) + K1V (@) = (1 Tt quﬁ) (PCsT e + ToValtiee)

“4)
The relationship between conductive temperature and thermodynamic temperature
highlights how heat conduction affects temperature distribution in a medium.
Conductive temperature refers to the spatial variation of temperature due to heat
transfer, while thermodynamic temperature is an absolute measure of thermal energy.
These two are connected through the heat conduction equation, which considers
material properties, thermal gradients, and boundary conditions. Thermodynamic
temperature often serves as the reference state for analyzing conductive heat flow.

¢ =avi(p)+T O]
where o;; represents components of stress. a represents parameter for two
temperature. T, and T, are the medium temperature at normal state, and absolute
temperature whereas K represents thermal conductivity. C, reflects constant strain of
specific heat. T and 6 thermodynamic and conductive temperatures. (t;, T ) are
temperature gradient and heat flux phase lags respectively, ( u, 4 ) are Lame’s
constants. p, represents the density of the medium. u; are displacement vector
components and , t represents time derivative and &;; is Kronecker delta function.7,, =
K + 1, * K" and K™ is aditional material constant.
Three phase lag model:K* > 0, 0 <7, <717 <74
Green Naghdhi’s II:7; =0, 7 =0, 7, = 0, 7, = K" 7, and K=0.
LS theory: 75 =0, 7 =0, K* =0, 7, = 0, 7, = K.

3. Problem Formulation

Considering a two-dimensional space (z = 0) for a homogeneous isotropic, nonlocal
thermoelasticity with initial stress, gravity, and two temperature. Origin is taken
randomly on a flat surface considering the positive direction of the Z-axis as vertical
downwards in the surface of half-space z=0 as shown in figure of geometry of
problem. We take directional components of displacement U in rectangular Cartesian
coordinate system as

U= Uy, V=1, =0,w =1, (6)
The following equations are obtained by combining equations (3), (4), and (6) with
gravitational effect.

(A+u+§+u0H§):—x(g—;‘+Z_‘;“)+(M_g)vzu

7)
g T —e2y2) W _ 1 _ p2y2 cougHd) o*u (
Br5+9(1— e2V2) T = py(1 - e277) (1 + i)

at2’
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ow P\ w2
(1 2 ) 2 2 52) o )
3T _ a1 — e2y2) %% = _ o2y2 €ok§HE ) 07w
B — 91— eV 3 = py(1 — e2V?) (14 2L O,
Acquaints dimensionless quantities as follow [41]

Y (zx,wu) = (2,1, whu'),0" = 2L (T = Ty)
€1 PCy

(crl-j,,p’) = M,W*(t, Ty, TT) ‘rq) = (t’,‘r,,r,‘rTr,‘rqr),

B1To ©9)
Y [—) o _ PGt 5 _ At2p
% —pC§<P,g oW T A=,
Displacement components can be expressed by using Helmholtz decomposition
oW, 0@ W) 0@
ax + az ’ oz + ax " (10)

where {q, Y}(x,z,t) are scalar potentials. Rewriting equations (4), (7), (8) in
dimensionless notations using (9) and applying Helmholtz decomposition (10) ,we get

a

[+ RV - (- ev2)p2 2] q -0 - g1 —ev) 2 =0, (1)

2 2p2yp2 9% 2025 04
[G+RQV—{l—eV)ﬁaﬂ¢+gﬂ—eV)a=0, (12)

2
[Ck Cy5e 24, ﬁ] V2 (1 + rqa +2 atz) [6 + €,v24] (13)
0 =@ —n, V. (14)
Where
VA2 VA2 Hng
Ry = o Z= 1 Y V2 = )
H Cg B + C2 A p
1 k* BT, aw*?
CZZ_I CZ—, C=1+CT,E= ,ng =
ollo k pCng v ktv €1 pong 1 Cg

Putting the value of T from (14) into (11) and (13) equations
[+ RV = (= e2v2)p2 2] g - (1 = mW)g — g(1 —e2v) 2L =0, (15)

2 0t?
4. Solution By Normal Mode Approach
The solution of considered physical variables (following [41]) using the normal mode
approach is

a 92 9?2 .. "
[Ci+ Co2tor ] V2 = (14 2+ % 0 A =n )¢ + V4] (16)

{09, 0}(x2,t) = {3, p}()et™ ™Y, (17
where all the functions with sign in above equation represent the function amplitude,
w is angular spin, and m represents serial number of wave along the X-axis.
Replacing the solutions (17) into equations (12), (15), and (16) we get the following
three equations to solve simultaneously.

(01D2 - 02)1,[’~ - (03D2 —04)3 =0, (18)
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(0,D% = 0,)4 + (0sD? = 0)9 + (0sD* — 06)@ = 0, (19)
(0;D? — 0g)@ — (0sD* = 010)G = 0. (20)
Where D = é,

0, =1+ Ry + B?w?e?,0, = (1 + Ry)m? + B?w?(1 + e?*m?), 0; = i gme?,
0, = gim(1 + m?e?),05 = n;,0 = 1+ m?n,,0’ = C + C,w + TpW2,
5 2

0" =1+wrt, + ?W207 =0 +n,w?0",05 = 0™ + 0" (1 + nym?*)w?,

0y = 0"€;w?,0,5 = —0"e;m?w?,
Solving homogeneous equations (18)-(20) for non trivial solutions by taking
derivative of coefficients of (1/7, q, (ﬁ) equal to zero, the following six order
differential equation is obtained which further is solved to get kiz(i =1,2,3,4) as
eigenvalues:

(D® + L,D* + L,D? + L3)(4),4, %) = 0 1)

where

Vi, = 020, + 020, + 0,0504,V, = 020g + 0502 + 0,0,04,,

V, = 2030,0, + 0205 + 20,0,0, + 0?05 + 0,050, + 0,004 + 050,0,

Vs = 020, + 2030,04 + 020, + 20,0,05 + 0,040, + 0,050, + 0,040,

L =_;L =_’L =
LTy Ty Ty,
The solutions of the differential equation (17), as z = oo
(lp(T=1)’ q(r:o)! ¢(r=2))(z) = Z?l:l ErnMne_knz' (22)
Where M,, is function of w and m, n varies from 1 to 3
_ 03k3-04 _ 09k%—019 _
Eun = 01k%-0, +Eon = 07k —0g +Eon = 1.
Stresses can be represented using (1), (7) and (9) as
9%q 2%y 9%q 2
0'zz=P1ﬁ_(Pl_Pz)@'FPzﬁ_Pl(l_nlv)‘P_P‘ (23)
92 %y %y
O = (Ps+ P) oL — P3== + P, =, (24)
where

2
— P __A _(r P _(r _p
b= [31T0’P2 - [317“0’P3 - (51T0 + 2)’P4 (ﬁlTo 2).

Applying normal mode analysis to stress and displacement components equations
(23), (24) and (10), yield as
Gz = (PLD* =m?P,)G +un(P, — P)DY + Py (ny(D* = m*) = 1)§ —p, (25)

6,x = im(Ps + P,)D§ + (Pym? + P,D*)y, (26)
i = mg + DY, W = D§ — imi). 27)

Using solution (22) equations (25)-(27) and (14) can be described as
5zz(r=3)' 5zx(r=4)’ Ui(r=s5), Wr=6)» g(r=7)) = Y1 EmnMp(m,w)e ™ n* — s.p. (28)

where s, = 1 for r = 3 and 0 otherwise
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Es, = Plk% - Pym? + (P, — Py)tk,mE;, + P (—1+ n1(k121 — m?*)E,y),
E4-]"l = _im(P3 + P4)kn + P3m2E1n + k%P4E1n,

Esp = im — k,Eqp, E¢n = —k, —imE;,

E7y = EZn(1 - nl(krzl - mZ))

5. Mechanical And Thermal Boundary Conditions
The boundary condition at z=0 are applied to find M, M,, M.

Oy = —Fy(x, ) = fel™ 0 4 p, (29)
0, =0, (30)
% — . 31)

ox
Equations (28) for r = 3, 4, (22) for r=2 transform to a non-homogeneous set of

equations by above mentioned the boundary conditions.

E31 E32 E33

E4—1 E4-2 E4—3 MZ =lo ! (32)
k1E21 k2E22 k3E23 M3 0
The solution of the above set of equations is generated using Cramer’s rule.
M, =2 n=123 (33)

A = E31[k3EsEys — kyEgzErp] — EsplksEgEps — kiEp1Eys)
+E33[k2Es1Exp — k1 EszEpq],

Ay = —filksEsr By — koEopEysl,

A, =fi [k3Es1Eps — ki EpqEy3), Az = _f1[k2E41E22 — k1E31Eyp].

Substituting values of M,, into equations (22) and (28)

Where

(w(r=1), Atr=0y P(r=2) Ozz gy Tz gy Bir=5) Wir=6), 9(7‘:7)) (2)
= 2 X3 1 AgE, o0, (34)
6. Numerical Discussions

This study conducts a numerical simulation of a initially stressed magneto-
thermoelastic solid with gravity while considering the effects of two temperature and
nonlocal parameters. The simulations are validated by comparing them with analytical
results, ensuring their accuracy. Copper is used as a reference material to illustrate the
findings and provide practical insights into the behavior of such solids under these
conditions. The relevant material constants (following[42]), expressed in SI units, are

as follows:
A=176x% 1010%, u=178x 1010%,p = 1740%,

fo=10.05,Cp = 383.3%g.1<, Ty =293K, 19 =7 %1075,

7,=9%107%s, 7,=5x10"5s,a, = 1.78 x 107* K%,
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w W
K*=386.3E.K, K=386.6E.K,m=m0+if, & =-0.5,

The numerical data mentioned earlier was used to analyze the distribution of the real
part of the displacement components u and w, as well as the stresses g,,, and g,,, the
thermodynamic temperature 6, and the conductive temperature ¢ for the given
problem. For simplicity, all the variables were considered in non-dimensional form.
The results of this analysis are presented in figures 2—16.

0 T T T T . r -

-0.5
s
=
@
E
[1]
[*]
8
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2 15
-
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9 S - GNN 1I(a=0.074)| -
GNN Ii(a=0)
S(2=0.074)
- LS(a=0)
25 L 1 1 i) 1 L 1
0 0.5 1 16 z 2 25 3 3.5 4

- LS (a=0)

[}
T

w displacement

Fig. 3. Two temperature effects on displacement component w
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Fig. 10. Variation of physical quantities for local & nonlocal theories

Figure 2-9 includes six curves predicted by various thermoelasticity theories. In the
figures, dashed lines correspond to the solutions obtained using the three-phase-lag
(TPL) model, dashed-dotted lines represent results derived from the generalized
thermoelasticity without energy dissipation (G-N II) theory, and dotted lines illustrate
solutions based on the Lord-Shulman (L-S) theory. The graphs are shown for two
cases, with (a=0.074) and without (a=0) the parameter a, as indicated in the
legend.The inset highlights a specific range of z, providing a zoomed-in view of the
differences between the theories.

Figure 2 illustrates how different theories of thermoelasticity and two temperature
parameter a influence the predicted displacement component u. All curves display a
similar behavior: starting with negative displacement values, reaching a minimum and
then increasing toward positive values as z progresses.For all theories, the inclusion
of a=0.074 shifts the displacement curves slightly compared to when a=0 . The effect
of a appears consistent, as it causes minor deviations in the curves, particularly near
the minimum displacement.

Figure 3 represents the variation of displacement component w with respect to z for
different theoretical models. The displacement w is highest at z = 0 and decreases
rapidly as z increases, eventually stabilizing around zero.For each model, the curves
with parameter of two temperature (a = 0.074) show a slightly high displacement
compared to one temperature (a = 0), indicating that two temperature effects influence
displacement.

Figure 4 represents the variation of ¢ along the spatial coordinate z.Initially ¢ shows
significant variation for all models. For a=0.074, curve of all three theories is close to
each other and variation can be seen for a=0. The system stabilizes and ¢ approaches
zero uniformly across all models, regardless of the value of a at larger distances from
the origin, and this justifies the real behavior of the system.

Figure 5 shows how the thermodynamic temperature 6 varies with respect to z for
different thermoelastic models with and without effects of two temperature
theory.The temperature 6 is highest at z = 0 and decreases rapidly and approaches a
near-zero value at higher z, indicating that the thermal effect weakens as the distance
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increases.The case (a = 0.074) slightly shifts the temperature values compared to the
(a=0) in all models.

Figure 6 shows the variation of shear stress (og,,) as a function of z for different
thermoelastic models. The stress starts at zero when z = 0 and decreases to a
minimum around z = 0.7, reaching its peak negative value.After this point, the stress
gradually increases and approaches zero again as z increases beyond 3.5.The Lord-
Shulman model (LS) with a = 0 remains nearly constant at zero, indicating minimal
stress variation in this case.

Figure 7 depicts the variation of normal stress (0,,) as a function of z for different
thermoelastic models.The stress starts at approximately -10.04 when z = 0 and
increases gradually towards -10.00 as z increases. As z grows beyond 2.5, the stress
stabilizes, indicating that normal stress becomes nearly constant at larger
distances.The stress starts at approximately -10.04 when z = 0 and increases gradually
towards -10.00 as z increases.The difference between case (a = 0.074) and the (a = 0)
is minimal. The inset zoomed-in section highlights a small gap between these cases,
showing that the two temperature parameter slightly influences the stress distribution.
The LS model shows a slightly greater deviation compared to TPL and GN II
models.Among the models, the Three-Phase Lag (TPL) and Green-Naghdi (GN II)
theories behave similarly, while the Lord-Shulman (LS) model shows slightly more
deviation.

Figure 8 illustrates behavior of scalar potential q in a thermoelastic medium under
different theoretical models in the presesnce and absence of two temperature
parameter.The value of q starts from zero at z = 0, increases to a peak value around
z = 0.7, and then gradually decreases towards zero as z increases. The peak value
differs slightly between the models for case a = 0, as highlighted in the zoomed-in
inset. After the peak, all models follow a smooth decline, indicating the dissipation of
the scalar potential over distance. Case (a = 0) shows slightly higher peak values
than case (a = 0.074) for the TPL and GN II models. The LS model exhibits a
relatively lower peak, with a = 0 compared to a = 0.074. The zoomed-in section
emphasizes this difference, particularly for the TPL and GN II models, which display
noticeable shifts in peak values.

Figure 9 shows the variation of 1 with respect to z for different thermoelastic
models. The curve starts at a positive value for z = 0 and gradually decreases as z
increases for all models. This behavior is consistent across all three models, but the
magnitude and rate of decay vary. The LS model exhibits the highest initial values of
1, especially for the nonlocal case (a = 0), as shown by the brown dotted line. The LS
model predicts a stronger response, while the TPL and GN II models suggest a more
moderate effect. The parameter (a = 0.074) has a visible impact, particularly in the LS
model, but as z increases, all models gradually approach a similar behavior.

Figure 10 The three lines are represented with different colors, where black and blue
are non- local parameters (¢ = 0.3, 0.09) respectively and red represents the local
parameter (¢ = 0) and the lines show variations of physical parameters against z. The
curves moves initially either in increasing or decreasing manner and at the end they
approach to zero, which in turn means the stabilization after a particular distance.
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Figure 10(a):The graph describes the variation of horizontal displacement u along
with z. The three lines are prominently moving down from their starting points
initially slope down with similar gaps with deeper dip and gradually recovers and get
combined at the end with stabilization.
Figure 10(b):The graph defines the variation of vertical displacement w with respect
to z. The figure clearly reflects that the three curves in the 0<z<l range decrease
slanting down deeply and approaching zero afterward.
Figure 10(c): The graph reports the variation of theta with respect to z. As z increases,
all curves show a rapid decline until around z=1.5z, where the rate of decrease slows
significantly. Beyond z=2.5, the curves gradually stabilize, converging towards zero
by z=4. The influence of e is more pronounced at lower z but diminishes as z
increases.
Figure 10(d):The present image reflects the curves starting from a positive value.
Black dashed curve (e=0.3) having the highest displacement around 0.17, followed by
the blue dashed curve (e = 0.09) and the red dashed curve (e=0) at the lowest. The
effect of e is more prominent at lower z, with larger e resulting in higher initial
displacement and a slower rate of decay. The curves stabilize and finally tend toward
Zero.
Figure 10(e):The present figure mentions a variation with a sharp decrease and then
reaches the lowest point, after which the curves start to rise gradually and reach zero.
The impact of e is more significant in the lower z region, but decreases at higher
values of z.
Figure 10(g):The graph shows the variation with respect to Z, the red and blue curves
attain a maximum value close to 2.5, while the black curve peaks lower at about 1.5.
The curves decreases sharply and reach to lowest point, and the start rising gradually
converging towards 0. Higher e results in a lower initial value and peak magnitude.
Figure 10(h):All curves in the figure are initially starting from a negative value and
increases with Z. The effect of increasing e results in lower initial values and reduced
peak

7. Special Cases
Case I: Neglecting effect of nonlocal and gravity field and two temperature
parameters(e = 0,9 = ¢ and g = 0). the current problem reduces to as obtained by
Othman in [41] without diffusion.
Case II: Without gravity(g = 0) and nonlocal effect (e = 0), the system reduces to
the same as [23] without rotation.
Case III: Considering thermodynamic temperature equal to conductive temperature
(¥ = ¢) without magnetic field and initial stress, the medium under study is reduced
to research by Said [42] without diffusion.

8. Conclusion
This study highlights several key findings regarding the impact of different factors on
the behavior of physical variables in a non-local initial stressed Generalized Magneto
thermoelastic medium.
1. The presence of a two temperature parameter significantly influences the physical
variables, as demonstrated in Figures (2-9)
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2. Influence of Nonlocal Thermoelasticity: The introduction of nonlocal effects alters
the behavior of these variables, as evident from Figures (10-16)

3. The problem has been analytically solved using normal mode analysis, a powerful
method applicable to various hydrodynamic problems.

4. Physical quantities justify all the considered boundary conditions.The type of
boundary conditions and the force exerted influence the way the body deforms.or
Body deformation is dependent on the sort of boundary conditions and the force that
is applied.

5. The three thermoelastic theories show significant variations in field quantities
under the influence of two two-temperature parameter.

6. The three-phase-lag model proves highly useful in applications such as nuclear
boiling, exothermic catalytic reactions, phonon-electron interactions, and phonon
scattering.
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