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Abstract. Computational method in the composite materials application such as bending plate 
problems is needed since the analytical solutions are only available for simple structures. This 
paper presents in a unified and comparative manner of solution accuracy for composite plate 

structures using two quadrilateral plate bending composite elements, i.e. DSQ (Discrete Shear 
Quadrilateral) and DSQK (modified DSQ) elements which are published in 1990 and 2011 
respectively. All the elements have 4 nodes and 5 degrees of freedom per node (three 
displacements and two rotations), considering transverse shear effects. The plate kinematics is 
based on Reissner-Mindlin plate theory with discrete shear constraints introduced to relate the 
kinematical and the independent shear strains. In the DSQK element, the couple between lower 
order and higher order bending energy is assumed to be zero to fulfil the constant bending patch 
test. The independent transverse shear strain is expressed only by second derivatives of the 

rotation obtained from a unified and integrated kinematic relationship, constitutive law, and 
equilibrium equations. There are valid to for thin to thick composite plates and give good results 
in isotropic, classical benchmark and patch tests. Two tests proposed with sandwich and 3 and 9 
layers are evaluated using uniform mesh and distorted mesh. The convergence of central 
displacement is then presented to understand which element give better accuracy. The DSQ 
element gives good convergence behavior to the reference solution. Moreover, both uniform and 
distorted mesh of DSQ element provides better accuracy than DSQK element for all cases 
analyzed in this paper. 
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1 Introduction 

Composite materials are widely used in civil, mechanical, and aerospace engineering 

applications [1][2]. Composite material provides high stiffness and strength-to-weight 

ratio, corrosion, and high-temperature resistance [3]. An effective computational 

method in the composite application is very expected since the analytical solutions are 

only available for simple structures. It is well known that the Finite Element Method 

performs well in computational mechanics [4]. The composite application can be found 

in references [5][6][7][8]. One of the composite material applications is for plate 

structures, referred to as bending problems. In the plate bending problems, the Reissner-

Mindlin plate is used to formulate many elements capable of being used in thick-to-thin 

plate structures [9] [10]. 

The phenomenon of shear locking is one of the big problems in finite element 

analysis for plate-bending elements. Hughes and Tezduyar proposed the Assumed Nat-

ural Strain (ANS) as one of the alternatives to solve the shear locking [11][12]. Many 

authors use it very effectively to develop a new element. Bathe and Dvorkin proposed 
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a variation of the ANS method, and the well-known MITC element was introduced 

[13][14][15]. 

DSQ element was proposed by Batoz and Lardeur in 1990 [16][17]. Using free 

formulation approach, recently, Katili proposed a modified DSQ element called DSQK 

[18]. The application of DSQ elements in plate for isotropic and composite structures 

has been presented in literatures [19][20][21][29][30]. It has been numerically demon-

strated that these elements are free from shear locking phenomena. This was further 

extended to plate and shell for isotropic structures. Regarding the promising results of 

DSQ and DSQK elements, it is important to continue studying convergence behavior 

in composite applications. The main objective is to demonstrate convergence behavior 

on the solution accuracy of the DSQ and DSQK element in composite applications. In 

numerical simulation, meshing in one of the important steps, both uniform and distorted 

mesh have been performed in line with the efficiency and accuracy of numerical simu-

lations. Two numerical tests proposed by Srinivas and Pagano are evaluated by using 

uniform mesh and distorted mesh [22][23][24]. The convergence of central displace-

ment is then presented to understand which element give better accuracy. 

2 Introduction 

The Reissner-Mindlin (or first order RM) plate theory [25][26] is widely used for the 

finite element analysis of thin to thick isotropic and composite plates [17]. 

2.1 Constitutive Equations 

In local Cartesian coordinate systems (x, y, z), the constitutive laws for in-plane stresses 

can be written at each laminate as HL and GL refer to Hooke and shear matrix respec-

tively. 
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Where EL is the Young modulus in the fibre direction and ET is the Young modulus 

in the transverse direction to the fibre, υLT and υTL are the Poisson ratios in the L-T plane 

of orthotropic layer. The constitutive parameters in matrices [HL] and [GL] can be meas-

ured experimentally. The orthotropic directions L and T can vary from layer to layer 

and are represented by angle θ between the local axis x and the directions Li of the i-th 

layer (Fig. 1). The matrix transformation from orthotropic to local Cartesian coordi-

nates can be written as 

 

2 2

2 2

1

2 22 2

L

C S C S

R S C C S

C S C S C S

   

   

     

 
 

  
   

 (11)  and:  2L

C S
R

S C

 

 

 
  

 
 (12) 

where: C
= cos θ  (13); S

= sin θ  (14)                                                                                        

where: 
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Fig. 1. Orthotropic Plate[27] 

2.2 Stress Resultants 

For composite structures, the stress resultant constitutive equations are obtained by 

summing up over different layers. Stress resultant elasticity matrix for membrane and 

bending parts along with the membrane-bending coupling term due to non-symmetry 

of the composite plate are obtained, which are denoted as [Hm], [Hb], [Hmb] and [Hs] 

matrices (see Fig. 2). 
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Membrane constitutive matrix: 
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Coupled membrane-bending constitutive matrix: 
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where hi is the layer thickness. 

Shear constitutive matrix: 
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where κ11, κ12, κ22 are the transverse shear correction parameters. 

 

 

Fig. 2. Definition of Layer in Composite Laminated Shell [28] 
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3 Formulation of DSQ Element 

The detailed formulation of this element has been presented in [21]. By employing the 

modified Hu-Washizu principle, the strain energy can be expressed as 
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The membrane strain e and curvature χ are given by: 
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The displacement u, v, w, and rotation fields βx and βy (Fig. 3) are interpolated as 

follows: 
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Ck and Sk are the cosines direction defined in Fig. 4. 

 

Fig. 3. Kinematic of DSQ Element with 5 DOF’s per Node [27] 

 

Fig. 4. Cosine Direction on the side i-j [27] 

In the DSQ element, the value is independent of shear strains  is defined by the 

equilibrium equations and constitutive equations.  is defined in terms of the nodal var-

iables: 
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j11, j12, j21 and j22 are the components of the inverse Jacobian matrix. 

4 Formulation of DSQK Element 

The detailed formulation of this element has been presented in [18]. Here, the formula-

tion is recalled briefly. The DSQK is developed using the free formulation approach in 

attempt to amend the shortcoming of DSQ, which fails to satisfy the constant bending 

patch test in thick plate cases. In formulating DSQK, assumption that is taken that the 

c-order bending energy is spurious and responsible for the inability of DSQ to fulfil the 

RM plate theory constant bending patch test. For this reason, the orthogonality condi-

tion is forced to the DSQK by considering the zero-coupling stiffness, as follows. 
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Hence, bending and shear stiffness 

The total stiffness matrix of the DSQK element is the summation of bending and shear 

stiffness. 

5 Research Methodology 

To compare the solution accuracy of the DSQ and DSQK elements in a composite plate 

structure, 2 cases will be analyzed that previously gives analytical result so that result 

can be compared with numerical result. The first is a simply supported (SS) sandwich 

plate proposed by Srinivas [22], and the second is a three- and nine-layer SS plate pro-

posed by Pagano [24]. The results of convergence are presented in central displacement. 

Two mesh are evaluated to understand the effect of mesh on the accuracy of the solu-

tion. Uniform mesh and distorted mesh are used in this paper. 

6 Result and Discussion 

To compare the solution accuracy of the DSQ and DSQK elements in a composite 

plate structure, 2 cases will be analyzed that previously gives analytical result so that 

result can be compared with numerical result. The first is a simply supported (SS) sand-

wich plate proposed by Srinivas 

6.1 Srinivas Sandwich Plate 

Figure 5 shows the geometric details of the simply supported (SS) sandwich plate pro-

posed by Srinivas. Due to the symmetry condition, only the area of ABCD is analyzed. 

The material properties are: EL = 3.4156 MPa; ET = 1.7931 MPa; υLT = 0.44; GLT = 1 

MPa; GLZ = 0.608 MPa; GTZ = 1.015 MPa. The three layers of a 0/0/0 (each number 

refer to fiber orientation) symmetrical sandwich plate with the boundary condition 

w=βs=0 on the boundary of the plate are evaluated. In this test, three condition are used, 

C=1, C=10, and C=50, where C is the factor proportionality of layer 2 (core) and layers 

1 and 3 (skin). Each factor has each shear correction factor (κ11, κ22 and κ12) that pre-

sented in tables below. 
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Fig. 5. SS Sandwich Plate [28] 

The results of the central deflection at point C are presented for two different mesh. 

The convergences are studied when the number of mesh (N) are increased. The analyt-

ical solutions are used as reference solutions. In this test, the central displacement is 

expressed as: 

(Core)c LT
c

z

w G
w

hf
                                                                                                                   (52) 

Table 1. The central deflections wc. 

NxN C=50 

κ11= κ22=0.0938; 

κ12=0 

C=1 

κ11= κ22=0.8333; 

κ12=0 

C=10 

κ11= κ22=0.3521; 

κ12=0 

DSQ DSQK DSQ DSQK DSQ DSQK 

4x4 181.47 184.76 42.122 42.748 16.95 17.095 

8x8 181.39 182.21 42.029 42.185 16.865 16.902 

16x16 181.36 181.57 42.006 42.045 16.845 16.854 

32x32 181.36 181.41 42 42.01 16.839 16.842 

64x64 181.36 181.37 41.998 42.001 16.838 16.839 

Srini-

vas 

16.75 181.05 41.91 
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Fig. 6. The central deflection wc
 

Table 1 and Figure 6 present the results for uniform mesh. The results given by DSQ 

and DSQK are close to the proposed solution. Also, the results of DSQ element con-

verge faster than DSQK element. Again, DSQ element performs better than DSQK el-

ement. Starting from 16x16 element, element DSQ and DSQK give almost similar re-

sults. 
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Table 2. The central deflections wc distorted mesh 

NxN C=50 

κ11= κ22=0.0938; 

κ12=0 

C=1 

κ11= κ22=0.8333; 

κ12=0 

C=10 

κ11= κ22=0.3521; 

κ12=0 

DSQ DSQK DSQ DSQK DSQ DSQK 

4x4 184.21 188.53 42.582 43.614 17.027 17.416 

8x8 182.03 183.09 42.133 42.381 16.88 16.97 

16x16 181.51 181.78 42.031 42.092 16.848 16.87 

32x32 181.39 181.46 42.006 42.021 16.84 16.846 

64x64 181.36 181.38 42 42.004 16.838 16.84 

Srini-

vas 

16.75 181.05 41.91 

 

Fig. 7. The central deflection wc distorted mesh 
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Table 2 and Figure 7 present the results for central displacement for distorted mesh. 

The two elements give the results close to the reference solution. Moreover, element 

DSQ performs better than element DSQK for small number of elements. To conclude, 

the DSQ element is not sensitive to mesh distortion and give convergence result better 

than DSQK element.  

6.2 The 3 and 9 Layers SS Plate 

Figure 8 presents the details of three and nine-layer square plates proposed by 

Pagano. The uniform and distorted mesh are evaluated by varying L/h ratio 

(L/h=4,10,50,100). The material properties used in this test are EL = 25 MPa; ET = 1 

MPa; υLT = 0.25; GLT = 0.5 MPa; GTZ = 0.2 MPa. The shear correction factor for 3-layer 

case: κ11 = 0.570; κ22 = 0.882; κ12 = κ21= 0 and stratification 0/90/0 symmetrical. 

While for 9-layer case, the shear correction factor are κ11 = 0.670; κ22 = 0.666; κ12 = 

κ21= 0 and stratification 0/90/0/90/0/90/0/90/0 symmetrical. The boundary conditions 

are w = βs = 0 on the plate boundary. The sinusoidal loading fz = f0sin(πx/L)sin(πy/L) 

is applied to the structures. The convergence behavior is presented in the form of ver-

tical displacement in point C, which is expressed as: 
4

4

012
C

wQ
w

S hf


 ;  4 (1 2 ) / (1 2 )LT L T TT LT TLQ G E E                     (53) 

 

 

Fig. 8. The 3 and 9 layers[28] 

Table 3. The central deflections wc (3 layers) 

NxN 3-layer 

L/h = 100 L/h = 4 L/h = 10 L/h = 50 

DSQ DSQK DSQ DSQK DSQ DSQK DSQ DSQK 

4x4 4.806 4.812 1.753 1.757 1.034 1.036 1.009 1.012 

8x8 4.776 4.777 1.747 1.748 1.034 1.034 1.009 1.010 

16x16 4.768 4.768 1.746 1.746 1.034 1.034 1.009 1.010 

32x32 4.766 4.766 1.745 1.745 1.034 1.034 1.009 1.009 

64x64 4.766 4.766 1.745 1.745 1.034 1.034 1.009 1.009 

Ref. 1.008 4.491 1.709 1.031 
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Fig. 9. The central deflection wc (3 layers) 

Table 4. The central deflections wc (9 layers) 

NxN 9-layer 

L/h = 100 L/h = 4 L/h = 10 L/h = 50 

DSQ DSQK DSQ DSQK DSQ DSQK DSQ DSQK

4x4 4.218 4.220 1.523 1.526 1.022 1.024 1.006 1.009 

8x8 4.187 4.188 1.519 1.519 1.022 1.023 1.006 1.007 

16x16 4.180 4.180 1.517 1.518 1.022 1.022 1.007 1.007 

32x32 4.178 4.178 1.517 1.517 1.022 1.022 1.007 1.007 

64x64 4.177 4.177 1.517 1.517 1.022 1.022 1.007 1.007 

Ref. 1.005 4.079 1.512 1.021 
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Fig. 10. The central deflection wc (9 layers) 

Table 3 and Table 4 show the results of central displacement for 3-layer and 9-layer 

cases for different values of L/h. The results were very close to the reference solution. 

Figure 9 and Figure 10 present the convergence behavior for L/h = 4 and 100. DSQ 

element performs better than DSQK element. DSQ element performs better than DSQK 

element for coarse mesh (small number of elements). It is essential to use element DSQ 

for coarse element to get accurate results.  

Table 5. The central deflections wc (3 layers distorted mesh) 

NxN 3-layer 

L/h = 100 L/h = 4 L/h = 10 L/h = 50 

DSQ DSQK DSQ DSQK DSQ DSQK DSQ DSQK 

4x4 4.843 4.818 1.765 1.772 1.051 1.048 1.027 1.024 

8x8 4.779 4.775 1.749 1.751 1.037 1.037 1.014 1.013 

16x16 4.768 4.768 1.746 1.746 1.035 1.034 1.010 1.010 

32x32 4.766 4.766 1.745 1.745 1.034 1.034 1.010 1.010 

64x64 4.766 4.766 1.745 1.745 1.034 1.034 1.009 1.009 

Ref. 1.008 4.491 1.709 1.031 
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Fig. 11. The central deflection wc (3 layers distorted mesh) 

Table 6. The central deflections wc (9 layers distorted mesh) 

NxNx2 9-layer 

L/h = 100 L/h = 4 L/h = 10 L/h = 50 

DSQ DSQK DSQ DSQK DSQ DSQK DSQ DSQK

4x4x2 4.212 4.230 1.532 1.533 1.033 1.033 1.018 1.017 

8x8x2 4.184 4.188 1.521 1.520 1.025 1.025 1.009 1.009 

16x16x2 4.179 4.180 1.518 1.518 1.023 1.023 1.007 1.007 

32x32x2 4.178 4.178 1.517 1.517 1.022 1.022 1.007 1.007 

64x64x2 4.177 4.177 1.517 1.517 1.022 1.022 1.007 1.007 

Ref. 1.005 4.079 1.512 1.021 
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Fig. 12. The central deflection wc (9 layers distorted mesh) 

The test is performed using distorted mesh, presenting the result in Tables 5-6 and 

Figures 11-12. The results are also compared with the solution proposed by Pagano. 

The DSQ and DSQK elements give good results that converge to the reference solu-

tions. From the result, DSQ element gives better results than DSQK element.  

7 Conclusion 

The comparison of DSQ and DSQK elements has been presented in two different cases. 

The results showed that the DSQ and DSQK elements give good convergence behavior 

compared to the reference solution proposed by Srinivas and Pagano. Starting from 

16x16 element (small number of elements), the result given by DSQ and DSQK are 

close to the reference solution. In addition, the DSQ element perform better than DSQK 

element. For all tests using distorted mesh, the DSQ and DSQK elements give conver-

gence results as uniform mesh. Moreover, It is found that DSQ element performs better 

than DSQK element for coarse mesh (small number of elements). Both DSQ and DSQK 

elements give similar results when the number of elements increases (starting from 

16x16). It is found that the element strategy is an essential factor in determining the 

accuracy of numerical simulation. Finally, the DSQ element can be used as an alterna-

tive element to analyze composite plate structures. 
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