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Abstract—In this paper, a second-order two-scale method for time-

fractional diffusion equation with rough periodic coefficients is 

presented by means of construction way. Based on the second-

order two-scale asymptotic expansion, the homogenization 

solution and the cell functions are obtained. The second-order two-

scale approximate solution is constructed by the cell functions and 

the homogenization solution. Numerical experiments are carried 

out to support the theoretical claims.  
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I.  INTRODUCTION  

Fractional partial differential equations (FPDEs) appear 
in many science and engineering applications, which may be 
defined in some different but closely related ways. Some 
practical engineering examples of this kind of problems can 
be found in viscoelastic materials [1], advection and 
dispersion of solutes in natural porous or fractured media [2], 
hydrology [3], and so on. Along with the popularity of 
composite materials, the research on the mechanical 
behavior of the structure which is made of composite 
materials becomes an active field. It is logically sound to use 
the classical finite element method to analyze the structures 
with meshing all the details of microstructures, but it is not a 
practical way because it requires huge number of degrees of 
freedom to capture the micro-scale behavior. Fortunately, so 
many methods have been developed in the past decades, 
such as heterogeneous multiscale method [4], multiscale 
finite element method [5], finite element algorithms based on 
two-scale asymptotic analysis [6-8] and so on. 

In this paper, we consider the time-fractional diffusion 
equation(TFDE) with rough periodic coefficients obtained 
from the standard diffusion equation by replacing the first-
order time derivative with a fractional derivative of order 

 ,with 0 1  .Time-fractional diffusion or wave 

equations are derived by considering continuous time 
random walk problems, which are in general non-Markovian 
processes. 

However, published papers on the numerical solution of 
the TFDEs with rough periodic coefficients are very sparse. 
Here, we give a second-order two-scale (SOTS) 
computational method to TFDEs with rough periodic 
coefficents based on the ideas of [6-12]. 
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In the following parts, summations over repeated indices 

from 1 to N  are assumed. We hereafter denote by C  a 

generic positive constant which is independent of  . 

A. Constructing a second-order two-scale asymptotic 

expansion to TFDEs with rough periodic coefficents 

We consider the following TFDE 
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where    is the order of the time-fractional derivative. Here, 

we consider the case 0 1  . ( , )tD u x t  in (1) is defined as 

the Caputo fractional derivatives of order  , given by 
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where 1 2, 0.    

    Similar to [6-8], we construct the following SOTS’s 
asymptotic expansion: 
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  are defined  as following:  

(i) The local function ( )kP y  is Y-periodicity and 

defined on the reference cell Y as follow  
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(ii) The homogenization constants 
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(iii) The homogenization equation is defined by 
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(iv) The local function ( )ijQ y  is Y-periodicity and 

defined on the reference cell Y as follow  
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B. Approximation of SOTS's solution in pointwise sense 

In this section, we analyse the approximation of 

SOTS’s solution. Let us introduce  
(1) (1)( , ) ( , ) ( , ),x t u x t u x t            (8)  

and   
(2) (2)( , ) ( , ) ( , ),x t u x t u x t             (9) 

where 
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and (2) ( , )u x t is defined in (3). 

Let us calculate (1)( ( , ))L x t   and (2)( ( , ))L x t  where L  

is defined as follows  
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Based on (4), (6), (7), (8) and taking into account that, 
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one can formally obtain following residual 

to original equations in the pointwise sense 
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From (12), one obtains that the residual of FOTS’s 

solution is (1)O  in pointwise sense with respect to  , 

especially while the periodic ε is a constant, does not tend to 

0 even though it is small. This is not acceptable for the 

actual engineering calculation. That is why SOTS’s solution 

must be considered. Next, we will give the pointwise 

approximation of  SOTS’s solution. 

Similar to (12), a simple calculation shows that 
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From (13), one can obtain the pointwise residual of 

SOTS’ solution is ( )O   to original problem (1) in  . 

C. Approximation theorem of SOTS's solution  

First we present a lemma which is Theorem 2.1 in [11], 

and we hereafter denote by C  a generic constant. 

Lemma 1.1: For all 0 1   and 2( , ) ( )f x t L  , 

problem (1) is well-posed. Furthermore, if ( , )u x t is the 

solution of (1), then it holds 
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The approximation analysis of SOTS’s solution is 

given by the following result. 

Theorem 1.1: Let 2 1,( , ) ( ), ( ), ( ) ( ),k klf x t L N y N y W Y     

, 1, ,k l N   and 0 32
0( , ) ((0, ), ( ))u x t H T H



  .Then the 

SOTS’s solution (2) ( , )u x t  satisfies following inequality 

2

(2) 1/ 2

( )
( , ) ( , ) .

B
u x t u x t C
 


       (15) 

Proof: Based on (1) and (6), we have  

(2)( ,0) ( ,0) 0, ,u x u x x                        (16) 

and  

   

(2)

0 2 0
2

( , ) ( , )

( , ) ( , )

( , ).

i ij

i i j

u x t u x t

u x t u x t
N y N y

x x x

H x t





 





 
  

  



      (17) 

Denote ( , ) ( ) ( , )x t m x H x t    , where ( ) ( )m x C    

and satisfying 

1

( ) 1, ( , ) , ( ) 0, ( , ) 2 ,

0 ( ) 1,| ( ) | , ( , ) 2 .

m x d x m x d x

m x m x C d x

 

 

 

  

      


      

 (18) 

It is easy to see that  
(2) ( , ) ( , ) 0, .x t x t on               (19) 

Using the idea of Lemma 1.5 in chapter 1 of [12], we 

obtain  

2

1/ 2

( )
( , ) .

B
x t C

  


            (20) 

In virtue of (6) and (16) , we have 
(2) ( ,0) ( ,0) 0, .x x x                    (21) 

In virtue of (13), (19) ,(21) and Lemma1.1, we obtain  

2

2 2

2

(2)

( )

( ) ( )

( )

( , ) ( , )

( , ) ( , )

( , )

B

L L

B

x t x t

F x t x t

C C x t







 



 

  

  



 





  

 

      (22) 

    Using the triangle inequation and (20), we have   
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The proof is then complete. 

II. NUMERICAL SCHEME USING FEM BASED ON SECOND 

ORDER TWO SCALE ASYMPTOTIC EXPANSION 

In this section, we present the numerical scheme for 
solving diffusion equation rough periodic coefficients by 
using SOTS’s asymptotic expansion. The algorithm 
procedure of SOTS’s computation is following: 

(i) Solve the equation (4) using FE numerical method on 

cell Y to obtain 0( )
( )

h

kP y . And then evaluate the homogenized 

constitutive coefficients 00( )h

ija in formula (5) with 0( )
( )

h
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instead of ( ), 1, , .kP y k N    

(ii) Solve the equation (6) using FE numerical method in 

  to obtain 0( )hu . And then evaluate its partial derivatives 
)2 0(

, , 1, , ,
k l
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 using high order difference quotient in [7]. 

(iii) Solve the equation (7) using FE numerical method 
on cell Y with the same mesh in (ii) to obtain 

0( )
( ), , 1, , .

h

klQ y k l N   
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(iv) Substituting 0( )
( )
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kP y , 0( )hu and 0( )
( ), , 1, , .

h

klQ y k l N   into 

(3), we obtain the SOTS’s  computational method tou  .  

III. NUMERICAL EXAMPLES 

In order to show the effectiveness of the SOTS’s method 
we give some numerical results for TFDE with rough 
periodic coefficients. The numbers of elements and nodes are 
57088 and 28865, respectively, for computing the original 

problem (1), where 10, 0.9,f   2[0,1] , 1/ 8  , 
2[0,1]Y  , which are shown in Fig. 1, and the constants of 

equation are: 

1

2

,
( )

0.01 , .

ij

ij

ij

inY
a y

in Y






 


,
 

 
Fig. 1. The model of 2-D composite domain 2[0,1] (left),  

the reference cell 2[0,1]Y  (right). 

The results of the homogenization constants, which are 
computed by SOTS’s methods, are 

0
0.589305 0

.
0 0.589307

ija
 

  
 

 

  
Fig. 2. The FEM solution of ( ,0.4)u x

  in refined mesh(left), 

 the homogenization solution 0 ( ,0.4)u x (right). 

  
Fig. 3. The FOTS’s solution of (1) ( ,0.4)u x  (left),  

SOTS’s solution (2) ( ,0.4)u x (right). 

From Fig. 2-3, it is easy to see that: The first-order two-

scale(FOTS) approximate solution (1) ( , )u x t  is certain 

approximation to ( , )u x t , and can only capture partly of the 

microscopic behaviors caused from micro-structures. The 

SOTS’s approximate solution (2) ( , )u x t is better 

approximation to ( , )u x t and can capture more precisely the 

microscopic 2-D behaviors caused from 2-D micro-

structures than (1) ( , )u x t .  
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