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Abstract—The purity identification of quantum error-

correcting codes and symplectic self-orthogonal is a pivotal 

problem in quantum code theory. This work is dedicated to 

some issues of symplectic codes. First, by the MacWillams 

identity, a fast algorithm to determine the weight polynomial of 

high-dimension symplectic codes is designed; second a solution 

to seek for the dual codes of symplectic codes is derived;  third 

the effective method to identify the purity of symplectic codes 

is obtained; and at last constructions of symplectic self-

orthogonal codes are given, resulted three impure symplectic 

self-orthogonal codes, the quantum codes stabilized by the 

three impure symplectic self-orthogonal codes are optimal.  

The above work may offer new methods for purity 

identification of symplectic self-orthogonal codes and quantum 

error-correcting codes.  

Keywords-quantum error-correcting codes; symplectic self-

orthogonal code;  weight polynomial;  pure codes 

I.  INTRODUCTION  

Symplectic codes present itself with the stabilizer 
quantum error-correcting codes(QECCs)[1]. In 1998,  
Calderbank, Rains, Shor and Sloane  established the 
connection between symplectic codes and QECCs, and they 
proved that each  symplectic self-orthogonal code 
corresponds to a stabilizer quantum error-correcting code 
uniquely [2].  Laterly, the class of symplectic codes that can 
be converted to linear codes  have been determined  based on 
some basic  principles in linear coding theory.   Research on 
the distance and weight distribution properties of this special 
class  of symplectic self-orthogonal codes contributed to 
quantum code constructions.  While as time goes by, there 
still lacks of a promising generic theory and method in  
weight calculation and purity identification of symplectic 
self-orthogonal codes,  restricted the development of 
quantum coding theory. Then this paper is dedicated to  such 
related problems. 

II. BASIC CONCEPTS ON SYMPLECTIC CODES 

Let }1,0{2 F  be the binary field with two elements, 

2n

2F  the n2 -dimensional space over 2F . Each vector  in 

2n

2F  has the form )|( ba , where ba,  belong  to 
n

2F ,  

the symplectic weight of )|( ba  is defined as 

 |)}0,0(),(|{|)|()(  ii baibawtswts   

Suppose )|( ba , )'|'( ba in 
nF2 , then 

symplectic inner product of   and   is defined as  

TT

s baab ''),(   

When 0),( s , then  and   are called orthogonal 

vectors. 

An m -dimensional subspace C  of 
2n

2F  is called an m -

dimensional symplectic code,  it can be denoted as 

smnC ],2[ , and vector in C  are called codewords. 

 If there are iA codewords of symplectic weight i , then 

the polynomial 



n

i

i

is zAzW
0

)(  is the symplectic-weight 

polynomial of the symplectic code . The dual code of C  is 

},0),(|{ CC s

s   . And when 
sCC   

then C  is a symplectic self-orthogonal code. 

Symplectic self-orthogonal code is a base in constructing 
QECCs, and is a main topic in considerable research area of 
QECCs. To construct QECCs, firstly the corresponding 
symplectic self-orthogonal codes should be constructed, and 
then determine the parameters of the constructed QECCs 
from the symplectic self-orthogonal code and its dual code.  

III. METHODS OF WEIGHT CALCULATION FOR 

SYMPLECTIC CODES 

As the symplectic weight is obviously different from that 
of classical Hamming weight, hence the present existed 
methods and softwares to calculate Hamming weight and 
determine Hamming-weight polynomial can't be directly 
applied to determine the symplectic-weight polynomial of 
symplectic codes. And furthermore, the determination of the 
symplectic weight and the symplectic-weight polynomial is 
more complex than that of  the Hamming weight and the 
Hamming-weight polynomial. Hence a fast algorithm to 
determine the symplectic-weight polynomial of a symplectic 
code C  is an urgent task in symplectic code research. 

Suppose  the generator matrix of a symplectic code C  is 
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where 
n

i F 2

2 , 
n

iniii Faaaa 221 ),,,(   , ib  

n

inii Fbbb 221 ),,,(   , mi ,,2,1  . Then each 

codeword in the symplectic code can be obtained by a binary 

linear combination of the rows in G . 

(1)Statement of the problem 

Let the symplectic code smnC ],2[ , when the 

dimension m is relatively small, all the codewords of C can 

be obtained by a linear combination of the rows of its 

generator matrix G . But when m is larger, this method is 

ineffective, and can't be applied to research on quantum 
coding theory. 

As the sum of the dimension of the symplectic code C  

with its symplectic dual code 
sC

 equals to n2 , we try to 

convert the determination of the symplectic-weight 
polynomial of a high-dimension symplectic code to that of 
acorresponding low-dimension  symplectic code. In the 

following, we always assume C  be a low-dimension  

symplectic code,  and 
sC

is the corresponding high-

dimension symplectic code. 
Let the symplectic-weight polynomial of  symplectic 

code smnC ],2[ be 



n

i

i

is zAzW
0

)( , the symplectic-

weight polynomial of  its dual code 
sC

 be 





n

i

i

is zBzB
0

)(  . From  Ref.[3],  we have : 
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n

n

iin

i zAzzA )1()1()31(    . 

(2) Solution of the Problem : 

For ni ,,2,1,0  , let  

  3
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Following we explicitly illustrate the determination of the 

coefficent 3ic of 
3z  as an example to show how to 

determine all the coefficients ikc . 

If mk  , let 0








k

m
. Then  

3ic  can be written in the 

form: 
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and the coefficient  of  kz  can be written in the form 
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Using all the ),,2,1,,2,1( nknicik   , one can 

composed a matrix of size )1()1(  nn  
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Multiply the i  row of cM  by iA ,  sum up all the 

elements in the newly obtained matrix we have the 

coefficients nBBB ,,, 10   of   1()31( 1Azn  

1)3 nz  )1( z  
n

n zA )1(  , i.e. 

Cnn

m MAAABBB ),,,(),,,(2 1010    

The matrix CM  is independence from symplectic code 

C , and determined by n  uniquely. From the symplectic-

weight polynomial of arbitrary  given length n  and 

symplectic code smnC ],2[ ,  we can quickly obtain the 

symplectic-weight polynomial of the  dual code 

s

s mnnC ]2,2[ 
. The above given method is a faster 

algorithm to determine the symplectic-weight polynomial of 
the symplectic dual code than by its usual definition. 

IV. IDENTIFICATION OF  SELF-ORTHOGONAL CODE AND 

DETERMINATION OF GENERATOR MATRIX OF ITS DUAL CODE 

If G  is a generator matrix of a classical code C , then 

C  is  self-orthogonal if and only if 0


TGG . If 

),( AIG m  where mI  be identity matrix, then 
sC 
  has 

generator matrix ),'( mnIAG  . All these are well 

known facts [3]. For symplectic code, analogous results can 
also be derived as follows. 
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A. Dentification of symplectic self-orthogonal code 

Let the generator matrix of the symplectic code 

smnC ],2[   be G  and the i  row of G  be 

)|( iii ba . Define )|( iii ab


  for mi 1  and 



G  be the the matrix whose i   row is  


i . The code C  is 

symplectic self-orthogonal if and only if arbitrary two rows 

of G  is symplectic orthogonal, i.e. the following hold  

00),(  T

ji

T

jiji abba  

 















T

j

T

j

ii

T

ji

T

ji
a

b
baabba ,  

0
 T

ji   

where mji  ,1 . 

      The above identities can be stated as:  C  is a symplectic 

self-orthogonal code  if and only if 0


TGG , where 


G  is 

the matrix obtained by exchanging the left and right part of 

the row vectors in G . 

Next, suppose G  generates a symplectic self-orthogonal 

code C , the generator matrix of 
sC

 is B . Then how to 

determine B ? 

B. Determination of the generator matrix of symplectic 

dual codes 

Suppose after row transformation (and also column 

transformation when necessary), we can transform G  into 

)()|( 21 AIAAI mm  , where 1A  has mn   columns, 

and 2A  has n  columns, )|( 21 AAA  . This process can 

be describe as PGQ  )|( 21 AAIm , where P  is an 

invertible matrix and Q  is a permutation matrix. 

Now suppose G )|( 21 AAIm   , from 0

TBG , 

we have 
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It is trivial to check 0

TBG . 

C. Algorithm to obtain )()|( 21 AIAAI mm   from 

nmG 2,  

step1: Search for a nonzero element 1, kia  , where 

mki  , then ki    , go to step2; If 0, kia , 

mki  , then search for a nonzero element 1, nkb  

where mki  , then ki    and exchange ni  and 

i  column of G  , go to step2. 

Step2: Eliminate all the nonzero elements of the 1i  to 

m  row in i  column by iia . 

Step2: The element kia ,  can be changed to zeros 

through element row transformation for mki 1 . 

 
 

Step3: Eliminate all the nonzero elements of the 1i to 

1  row in i  column by iia . 

 

Step3: The element kia ,  can be changed to zeros 

through element row transformation for k  from 1i to 1 . 

 
 

Thus we can prove that 0

TBG . 

V. IDENTIFICATION  OF IMPURE CODES AND  EXAMPLES 

In the past few decades, almost all the quantum codes 
constructed are pure codes except for few sporadic cases. 
What are the characteristics of impure codes ? What impure 
codes have performance better than pure codes? These 
problems are still remained unsolved yet. 

When using a symplectic self-orthogonal code C  to 

construct qutum code Q , the minimum distance d of the 

quantum code  is the minimum distance in CC s \
.  If 

d )(Cd , then the code Q  and C  are called puer codes; 

otherwise impure. 
Purity Identification of symplectic self-orthogonal 

code 

Let C  be a symplectic self-orthogonal code,  the 

symplectic weight polynomial of C  is  d

d za1  

n

n

id

id zaza  



)(
, the symplectic-weight polynomial 

of 
sC

 is 
n

n

d

d zbzb  '

'1 , where 0da  and 

0' db . If 'dd  , then C  is pure. If 'dd  , then C  is 

impure. 
Based on the theory foundation and search algorithm in 

previous sections, we obtain classes of symplectic self-
orthogonal codes, but most of them are pure codes, only a 
few are impure symplectic self-orthogonal codes. These 

560



results show that when 2m , impure symplectic self-

orthogonal codes don't exist; when 73  m impure 

symplectic self-orthogonal codes may exist [4-5]. When 

6,5  nm there are two impure symplectic self-

orthogonal codes, this is consistent with [2]. Following we 
give  three new results correspond to optimal impure 
quantum codes. 

Let  
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
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0010000|0000000

0110010|1101100

1000001|1000111

14,4G  




















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


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0001110|0001110

1101101|1100001

0011010|1000011

1100100|0000111

0110000|0110111

1000001|1101110

14,6G  

We will show each these three matrices generate an 
impure symplectic self-orthogonal code. 

Example 1. s]3,10[  impure symplectic self-orthogonal 

code. 

Let sC ]3,10[  be the code generated by 10,3GG  .It 

is easy to check 0


TGG , hence C  is a symplectic self-

orthogonal code. C  has symplectic-weight polynomial 
54 331 zzz  . The symplectic-weight polynomial of 

its symplectic-dual code 
sC

 is  32 42181 zzz . 

Thus, C  is an impure code, and the impure quantum code 

]]2,2,5[[  stabilized by C  is optimal.  

 

Example 2. s]4,14[  impure symplectic self-orthogonal 

code. 

Let sC ]4,14[  be the code generated by 14,4GG  . 

It is easy to check 0


TGG , hence C  is a symplectic 

self-orthogonal code. C  has symplectic-weight polynomial 
7654 2651 zzzzz  . The symplectic-weight 

polynomial of its symplectic-dual code 
sC

 is 

 32 89171 zzz . Thus, C  is an impure code, 

and the impure quantum code ]]2,3,7[[   stabilized by C  is 

optimal. 

Example 3. s]6,14[  impure symplectic self-orthogonal 

code. 

Let sC ]6,14[  be the code generated by 14,6GG  . 

It is easy to check 0


TGG , hence C  is a symplectic 

self-orthogonal code. C  has symplectic-weight polynomial 
765422 62324721 zzzzzz  . The 

symplectic-weight polynomial of its symplectic-dual code 
sC

 is  432 43201 zzz . Thus, C  is an 

impure code, and the impure quantum code ]]3,1,7[[   

stabilized by C  is optimal. 
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