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Abstract

A class of Cohen-Grossberg neural networks with
distributed delays are considered. By using the co-
incidence degree theorem and differential inequality
techniques, sufficient conditions for the existence
and exponential stability of the periodic solutions
are established, Without assuming the bounded-
ness, monotonicity, and differentiability of activa-
tion functions and any symmetry of interconnec-
tions. The results of this paper are new.
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1. Introduction

Cohen and Grossberg neural networks (CGNNs)
model, first introduced by Cohen and Grossberg
in [1], have been widely investigated for the sake
of theoretical interest as well as application con-
siderations. Many good results have already been
obtained by some authors in [2]-[15], and have been
widely applied within various engineering and sci-
entific fields such as neuro-biology, population biol-
ogy, and computing technology. But to the best
of our knowledge, the existing literature dealing
with unbounded activation functions and distrib-
uted delays appears to be scarce. In fact, neural
networks usually has a spatial extent due to the
presence of an amount of parallel pathways with a
variety of axon sizes and lengths. Thus, the de-
lays in artificial neural networks are usually contin-
uously distributed [14]-[20]. Moreover, in many ap-
plications, the properties of periodic oscillatory so-
lutions and global exponential stability are of great
interest. For example, the human brain is in a peri-
odic oscillatory or chaos state, hence it is of prime
importance to study periodic oscillation, global ex-
ponential stability and chaos phenomenon of neural

networks. This motivates us consider the following
CGNNs with distributed delays

ẋi(t) = −ai(t, xi(t))[bi(t, xi(t))−
n∑

j=1

cij(t)fj(xj(t))

−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t− u)du) + Ii(t)],

i = 1, 2, · · · , n, (1.1)

where ai and bi are continuous functions on R2,
fj , cij , dij and Ii are continuous functions on R; n
corresponds to the number of units in a neural net-
work; xi(t) denotes the potential (or voltage) of cell
i at time t; ai represents an amplification function;
bi is an appropriately behaved function; cij(t) and
dij(t) denote the strengths of connectivity between
cell i and j at time t respectively. The activation
function fi(·) shows how the ith neuron reacts to
the input; Kij(t) ≥ 0 corresponds to the time de-
lay required in processing and transmitting a sig-
nal from the jth cell to the ith cell at time t, and
Ii(t) denotes the ith component of an external in-
put source introduced from outside the network to
cell i at time t, i, j = 1, 2, ..., n.

Throughout this paper, it will be assumed that
(H1) cij , dij , Ii : R → R are periodic func-

tions with a common period ω(> 0), ai and bi

are ω−periodic in the first variable, where i, j =
1, 2, ..., n.

(H2) For i = 1, 2, ..., n, there exist positive con-
stants ai and ai such that

ai < ai(t, u) < ai, for all t, u ∈ R.

(H3) For i = 1, 2, ..., n, there exist positive con-
stants bi and b̄i such that

0 ≤ ubi(t, u), bi | u |≤| bi(t, u) |≤ b̄i | u |,

for all t, u ∈ R.



(H4) For i = 1, 2, ..., n, there exist non-negative
constants Lj such that

| fj(u)− fj(v) |≤ Lj | u− v | for all u, v ∈ R.

(T5) For each i ∈ {1, 2, · · · , n}, j ∈
{1, 2, · · · , n}, the delay kernels Kij : [0,∞) → R
are continuous, integrable and there exit nonnega-
tive constants kij such that

∫ ∞

0

|Kij(s)|du ≤ kij .

(T6) For each i ∈ {1, 2, · · · , n}, j ∈
{1, 2, · · · , n}, there exists a constant λ0 such that

∫ ∞

0

|Kij(s)| exp(λ0s)ds < +∞.

For convenience, we introduce some notations.
We can choose constants τ, cij , dij and Ii such that

cij = max
t∈[0, ω]

|cij(t)|, dij = max
t∈[0, ω]

|dij(t)|,

Ii = max
t∈[0, ω]

|Ii(t)|, (1.2)

We will use x = (x1, x2, · · · , xn)T ∈ Rn to de-
note a column vector, in which the symbol (T )
denotes the transpose of a vector. For matrix
D = (dij)n×n, DT denotes the transpose of D, and
En denotes the identity matrix of size n. A matrix
or vector D ≥ 0 means that all entries of D are
greater than or equal to zero. D > 0 can be de-
fined similarly. For matrices or vectors D and E,
D ≥ E (resp. D > E) means that D−E ≥ 0 (resp.
D − E > 0). For V (t) ∈ C((a, +∞), R), let

D−V (t) = lim sup
h−→0−

V (t + h)− V (t)
h

,

D−V (t) = lim inf
h−→0−

V (t + h)− V (t)
h

,∀t ∈ (a, +∞).

As usual, we introduce the phase space
C((−∞, 0]; Rn) as a Banach space of continuous
mappings from (−∞, 0] to Rn equipped with the
supremum norm defined by

‖ϕ‖ = max
1≤i≤n

sup
−∞≤t≤0

|ϕi(t)|

for all ϕ = (ϕ1(t), ϕ2(t), · · · , ϕn(t))T ∈
C((−∞, 0]; Rn).

The initial conditions associated with system
(1.1) are of the form

xi(s) = ϕi(s), s ∈ (−∞, 0], i = 1, 2, · · · , n, (1.3)

where ϕ = (ϕ1(t), ϕ2(t), · · · , ϕn(t))T ∈
C((−∞, 0]; Rn).

Definition 1. Let Z∗(t) = (x∗1(t), x
∗
2(t), · · · ,

x∗n(t))T be an ω−periodic solution of system (1.1)
with initial value ϕ∗ = (ϕ∗1(t), ϕ∗2(t), · · · , ϕ∗n(t))T

∈ C((−∞, 0]; Rn). If there exist constants α > 0
and M > 1 such that for every solution Z(t) =
(x1(t), x2(t), · · · , xn(t))T of system (1.1) with any
initial value ϕ ∈ C((−∞, 0]; Rn), |xi(t)−x∗i (t)| ≤
M‖ϕ − ϕ∗‖e−αt,∀t > 0, i = 1, 2, · · · , n. Then
Z∗(t) is said to be global exponential stable.

Definition 2. A real n × n matrix H = (hij)
is said to be an M -matrix if hij ≤ 0, i, j =
1, 2, · · · , n, i 6= j, and H−1 ≥ 0.

2. Preliminaries

First, consider an abstract equation in a Banach
space X,

Lx = λNx, λ ∈ (0, 1), (2.1)

where L : DomL∩X → X is a linear operator and λ
is a parameter. Let P and Q denote two projectors,
P : DomL∩X → KerL and Q : X → X/ImL.

For convenience, we introduce a continuation theo-
rem [23] as follows.

Lemma 2.1.[23] Let X be a Banach space.
Suppose that L : DomL ⊂ X −→ X is a Fred-
holm operator with index zero and N : Ω −→ X
is L−compact on Ω with Ω open bounded in X.
Moreover, assume that all the following conditions
are satisfied.

(1) Lx 6= λNx, ∀x ∈ ∂Ω ∩DomL, λ ∈ (0, 1);
(2) QNx 6= 0, ∀x ∈ ∂Ω ∩KerL;
(3) degB{QN, Ω∩KerL, 0} 6= 0, degB denotes

the Brouwer degree. Then equation Lx = Nx has
at least one solution in Ω.

For ease of exposition, throughout this paper
we will adopt the following notations:

|xi|∞ = max
t∈[0,ω]

|xi(t)|, u(t) = (x1(t), x2(t), · · · ,

xn(t))T , |xi|k = (
∫ ω

0

|xi(t)|kdt)1/k, i = 1, 2, · · · , n.

We denote X as the set of all continuously
ω−periodic functions u(t) defined on R, and denote
‖u‖X = max{|x1|∞, |x2|∞, · · · , |xn|∞}. Then, X is
a Banach space when it is endowed with the norm
‖u‖X . Let for u(t) = (x1(t), x2(t), · · · , xn(t))T ∈
X,

(Nu)i(t) = −ai(t, xi(t))[bi(t, xi(t))−
n∑

j=1

cij(t)



×fj(xj(t))−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t− u)du)

+Ii(t)], i = 1, 2, · · · , n, (2.2)
(Lu)(t) = u′(t) = (x′1(t), x

′
2(t), · · · , x′n(t))T ,

DomL = {u(t) : u(t) ∈ X, u′(t) ∈ X}, (2.3)

Pu = Qu =
1
ω

∫ ω

0

u(t)dt = (
1
ω

∫ ω

0

x1(t)dt,

1
ω

∫ ω

0

x2(t)dt, · · · ,
1
ω

∫ ω

0

xn(t)dt)T .

In view of (2.2) and (2.3), the operator equation

Lx = λNx

is equivalent to the following equations

x′i(t) = −λai(t, xi(t))[bi(t, xi(t))−
n∑

j=1

cij(t)fj(xj(t))

−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t− u)du) + Ii(t)],

i = 1, 2, · · · , n, λ ∈ (0, 1). (2.4)λ

Again from (2.2) and (2.3), it is not diffi-
cult to show that KerL = Rn, ImL = {u(t) :
u(t) = (x1(t), x2(t), · · · , xn(t))T ∈ X,

∫ ω

0
x1(t)dt =∫ ω

0
x2(t)dt = · · · = ∫ ω

0
xn(t)dt = 0} is closed in X,

dimKerL = n = codim Im L, and P , Q are contin-
uous projectors such that

ImP = KerL and KerQ = ImL.

It follows that the operator L is a Fredholm oper-
ator with index zero. Furthermore, the generalized
inverse (of L) Kp : ImL −→ DomL ∩KerP reads
as

(Kpu)i(t) =
∫ t

0

xi(s)ds− 1
ω

∫ ω

0

∫ t

0

xi(s)dsdt,

u(t) = (x1(t), x2(t), · · · , xn(t))T ∈ ImL, (2.5)
for i = 1, 2, · · · , n. Therefore, from (2.2) and (2.5),
we have that N is L−compact on Ω, where Ω is an
open bounded set in X.

The following lemmas will be useful to prove
our main results in Section 3− 4.

Lemma 2.2.[24]-[25]. Let H = (hij)n×n with
hij ≤ 0, i, j = 1, 2, · · · , n, i 6= j. Then the follow-
ing statements are equivalent.

(1) H is an M -matrix.
(2) There exists a vector η = (η1, η2, · · · , ηn)

> (0, 0, · · · , 0) such that ηH > 0.
(3) There exists a vector ξ = (ξ1, ξ2, · · · , ξn)T

> (0, 0, · · · , 0)T such that Hξ > 0.
Lemma 2.3 ([24]-[25]). Let A ≥ 0 be an n×n

matrix and ρ(A) < 1, then (En − A)−1 ≥ 0, where
En denotes the identity matrix of size n.

3. Existence of a periodic solu-
tion

Theorem 3.1. Let (H1)−(H6) hold. Assume
that the following condition is satisfied .

(H7) there exists a vector η = (η1, η2, · · · , ηn)
> (0, 0, · · · , 0) such that

η̄ = (η̄1, η̄2, · · · , η̄n) = η(En − Λ) > (0, 0, · · · , 0),

where Λ = (qij)n×n, qij = b−1
i (cijLj +dijLjkij)(i, j

= 1, 2, · · · , n). Then system (1.1) has at least one
ω−periodic solution.

Proof. We shall seek to apply Lemma 2.1. To
do this, it suffices to prove that the set of all possi-
ble ω-periodic solutions of Eq. (2.4)λ is bounded.

Let u(t) = (x1(t), x2(t), · · · , xn(t))T be an ar-
bitrary ω− periodic solution of Eq. (2.4)λ. Then,
for any i = 1, 2, · · · , n, xi(t), as the components of
u(t), are all continuously differentiable. Thus, there
exist ti ∈ [0, ω] such that |xi(ti)| = max

t∈[0, ω]
|xi(t)|.

Hence, x′i(ti) = 0, i = 1, 2, · · · , n. This implies that

bi(ti, xi(ti)) =
n∑

j=1

cij(ti)fj(xj(ti)) +
n∑

j=1

dij(ti)

×fj(
∫ ∞

0

Kij(u)xj(ti − u)du)− Ii(ti), (3.1)

In view of (H1)−(H6), for i = 1, 2, · · · , n, we have

bi|xi(ti)| ≤ |bi(ti, xi(ti))|

≤
n∑

j=1

(cijLj + dijLjkij)|xj(tj)|

+
n∑

j=1

(cij + dij)|fj(0)|+ |Ii(ti)|, (3.2)

Set Fi =
n∑

j=1

b−1
i (cij + dij)|fj(0)| + b−1

i Ii, i =

1, 2, · · · , n. Clearly, (3.2) implies that

|xi(ti)| ≤
n∑

j=1

b−1
i (cijLj + dijLjkij)|xj(tj)|

+
n∑

j=1

b−1
i (cij + dij)|fj(0)|+ b−1

i Ii

=
n∑

j=1

qij |xj(tj)|+ Fi, i = 1, 2, · · · , n. (3.3)

Thus,

(En − Λ)(|x1(t1)|, |x2(t2)|, · · · , |xn(tn)|)T ≤



(F1, F2, · · · , Fn)T := F, (3.4)

which, together with (H7), implies that

min{η̄1, η̄2, · · · , η̄n}(|x1(t1)|+|x2(t2)|+· · ·+|xn(tn)|)

≤ η̄1|x1(t1)|+ η̄2|x2(t2)|+ · · ·+ η̄n|xn(tn)|
= η(En − Λ)(|x1(t1)|, |x2(t2)|, · · · , |xn(tn)|)T

≤ η(F1, F2, · · · , Fn)T

= η1F1 + η2F2+, · · · ,+ηnFn. (3.5)

Therefore,

|xi|∞ = max
t∈[0, ω]

|xi(t)| = |xi(ti)| ≤

η1F1 + η2F2 + · · ·+ ηnFn

min{η̄1, η̄2, · · · , η̄n} := δ∗, i = 1, 2, · · · , n.

(3.6)
Again from (H7), it follows from Lemma 2.2 that

En − Λ is an M−matrix and there exist a vector
ζ = (ζ1, ζ2, · · · , ζ2)T > (0, 0, · · · , 0)T such that
(En − Λ)ζ > (0, 0, · · · , 0)T , which implies that
we can choose a constant d > 1 such that ξ̄ =
(ξ̄1, ξ̄2, · · · , ξ̄n)T = (dζ1, dζ2, · · · , dζn)T = dζ and
ξi = dζi > δ∗, i = 1, 2, · · · , n, and

(En − Λ)ξ̄ = d(En − Λ)ζ > F. (3.7)

We take

Ω = {u(t) ∈ X,−ξ̄ < u(t) < ξ̄,∀t ∈ R}, (3.8)

which satisfies Condition (1) of Lemma 2.1. If
u(t) = (x1(t), x2(t), · · · , xn(t))T ∈ ∂Ω∩KerL, then
u(t) is a constant vector in Rn, and there exists
some i ∈ {1, 2, · · · , n} such that |xi| = ξ̄i. It fol-
lows that

(QNu)i = − 1
ω

∫ ω

0

ai(t, xi)[bi(t, xi)−
n∑

j=1

cij(t)fj(xj)

−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t−u)du)+Ii(t)]dt (3.9)

We claim that

|(QNu)i| > 0. (3.10)

By way of contradiction, suppose that |(QNu)i| =
0, i.e.,

− 1
ω

∫ ω

0

ai(t, xi)[bi(t, xi)−
n∑

j=1

cij(t)fj(xj)

−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t−u)du)+Ii(t)]dt = 0.

Then, there exists some t∗ ∈ [0, ω] such that

ai(t∗, xi)[bi(t∗, xi)−
n∑

j=1

cij(t∗)fj(xj)

−
n∑

j=1

dij(t∗)fj(
∫ ∞

0

Kij(u)xj(t∗−u)du)+Ii(t∗)] = 0,

which implies that

bi|xi| ≤ |bi(t∗, xi)| = |
n∑

j=1

cij(t∗)fj(xj)

+
n∑

j=1

dij(t∗)fj(
∫ ∞

0

Kij(u)xj(t∗ − u)du)− Ii(t∗)|.

Thus,

ξ̄i = |xi|

≤
n∑

j=1

b−1
i [|cij(t∗)|(|fj(xj)− fj(0)|)

+ |dij(t∗)|(|fj(
∫ ∞

0

Kij(u)xj(t∗ − u)du)− fj(0)|)

+ (|cij(t∗)|+ |dij(t∗)|)|fj(0)|] + b−1
i |Ii(t∗)|

≤
n∑

j=1

qij ξ̄j + Fi.

This implies that ((En −Λ)ξ̄)i ≤ Fi, which contra-
dicts (En − Λ)ξ̄ > F . Therefore, (3.10) holds, and
hence, Condition (2) of Lemma 2.1 is satisfied.

Furthermore, we define a continuous function
Ψ : Ω

⋂
KerL × [0, 1] −→ X by Ψ(u, µ) =

µdiag(−ā1b̄1,−ā2b̄2, · · · ,−ānb̄n)u+(1−µ)QNu, for
all u = (x1, x2, · · · , xn)T ∈ Ω

⋂
KerL = Ω

⋂
Rn

and µ ∈ [0, 1].
If u(t) = (x1(t), x2(t), · · · , xn(t))T ∈ ∂Ω ∩

KerL, then u(t) is a constant vector in Rn, and
there exists some i ∈ {1, 2, · · · , n} such that |xi| =
ξ̄i. It follows that

(Ψ(u, µ))i = −µāib̄ixi + (1− µ){− 1
ω

∫ ω

0

ai(t, xi)

[bi(t, xi)−
n∑

j=1

cij(t)fj(xj)−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)

xj(t− u)du) + Ii(t)]dt}. (3.11)

We claim that

|(Ψ(u, µ))i| > 0. (3.12)



If this is not true, then |(Ψ(u, µ))i| = 0, i.e.,

−µāib̄ixi + (1− µ){− 1
ω

∫ ω

0

ai(t, xi)[bi(t, xi)

−
n∑

j=1

cij(t)fj(xj)

−
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)xj(t−u)du)+Ii(t)]dt} = 0.

Hence, there exists some t∗∗ ∈ [0, ω] such that

−µāib̄ixi + (1− µ){−ai(t∗∗, xi)[bi(t∗∗, xi)

−
n∑

j=1

cij(t∗∗)fj(xj)−
n∑

j=1

dij(t∗∗)fj(
∫ ∞

0

Kij(u)

xj(t∗∗ − u)du) + Ii(t∗∗)]} = 0. (3.13)

Now, we shall consider the following two cases.
Case (i). If xi > 0, in view of (H2) and

(H3),we get

ai(t∗∗, xi)bi(t∗∗, xi)− āib̄ixi ≤ 0.

Thus, from (3.13), we obtain

−ai(t∗∗, xi)bi(t∗∗, xi) + (1− µ){−ai(t∗∗, xi)

[−
n∑

j=1

(cij(t∗∗)fj(xj) + dij(t∗∗)fj(
∫ ∞

0

Kij(u)

×xj(t∗∗ − u)du)) + Ii(t∗∗)]}
≥ µ[ai(t∗∗, xi)bi(t∗∗, xi)−āib̄ixi]−ai(t∗∗, xi)bi(t∗∗, xi)

+(1−µ){−ai(t∗∗, xi)[−
n∑

j=1

(cij(t∗∗)fj(xj)+dij(t∗∗)×

fj(
∫ ∞

0

Kij(u)xj(t∗∗ − u)du)) + Ii(t∗∗)]} = 0,

(3.14)
which implies that

ai(t∗∗, xi)bi(t∗∗, xi) ≤ (1− µ){−ai(t∗∗, xi)

× [−
n∑

j=1

(cij(t∗∗)fj(xj) + Ii(t∗∗)

+ dij(t∗∗)fj(
∫ ∞

0

Kij(u)xj(t∗∗ − u)du))]}

≤ ai(t∗∗, xi)|
n∑

j=1

(cij(t∗∗)fj(xj)− Ii(t∗∗)

+ dij(t∗∗)fj(
∫ ∞

0

Kij(u)xj(t∗∗ − u)du))|.(3.15)

Noting that xi > 0 and bi(t∗∗, xi) ≥ 0, from (3.15),
we have

bixi ≤ bi(t∗∗, xi) ≤ |
n∑

j=1

(cij(t∗∗)fj(xj) +

dij(t∗∗)fj(
∫ ∞

0

Kij(u)xj(t∗∗ − u)du))− Ii(t∗∗)|.

Therefore,

ξ̄i = xi ≤
n∑

j=1

qij ξ̄j + Fi.

This implies that ((En −Λ)ξ̄)i ≤ Fi, which contra-
dicts (En − Λ)ξ̄ > F . Therefore, (3.12) holds.

Case (ii). If xi < 0, using the methods
similar to those used in Case (i) , we can show that
(3.12) holds. It follows that Ψ(x1, x2, · · · , xn, µ) 6=
(0, 0, · · · , 0)T , ∀(x1, x2, · · · , xn)T ∈
∂Ω ∩KerL, µ ∈ [0, 1].
Hence, using the homotopy invariance theorem,
we obtain degB{QN, Ω ∩KerL, (0, 0, · · · , 0)T } =
degB{(−ā1b̄1x1,−ā2b̄2x2, · · · ,−ānb̄nxn)T ,Ω ∩
KerL, (0, 0, · · · , 0)T } 6= 0. To summarize, we have
proved that Ω satisfies all the conditions of Lemma
2.1. This completes the proof.

4. Uniqueness and exponential
stability of the periodic solu-
tion

In this section, we establish some results for
the uniqueness and exponential stability of the
ω−periodic solution of (1.1).

Theorem 4.1. Suppose that (H1)−(H7)
hold. Assume also that the following conditions
are satisfied .

(H8) for i = 1, 2, ..., n, there exists a positive
constant La

i such that

|ai(t, u)−ai(t, v)| < La
i |u− v|, for all t, u, v ∈ R;

(H9) for i = 1, 2, ..., n, there exists a positive
constant Lab

i such that

[ai(t, u)bi(t, u)− ai(t, v)bi(t, v)](u− v) ≥ 0,

|ai(t, u)bi(t, u)− ai(t, v)bi(t, v)| ≥ Lab
i |u− v|,

for all t, u, v ∈ R;
(H10) for i = 1, 2, ..., n, | fj(u) |≤ Lj | u |

for all u ∈ R;



(H11) for i, j = 1, 2, · · · , n, set F̄i = b−1
i Ii, δ =

η1F̄1+η2F̄2+···+ηnF̄n

min{η̄1,η̄2,··· ,η̄n} , and assume that En −H is an
M−matrix, where H = (hij)n×n and

hij = [Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii]−1

×āi(cijLj + dijLjkij),

Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii > 0.

Then system (1.1) has exactly one ω-periodic solu-
tion, and the ω-periodic solution of system (1.1) is
globally exponentially stable.

Proof. Since (H1)−(H7) hold, it follows from
Theorem 3.1 that system (1.1) has at least one ω-
periodic solution Z∗(t) = (x∗1(t), x

∗
2(t), · · · , x∗n(t))T

with initial value ϕ∗ = (ϕ∗1(t), ϕ∗2(t), · · · , ϕ∗n(t))T .
from (H10), we have

| fj(0) |= 0, for j = 1, 2, ..., n.

Thus, by using a similar proof in (3.2) − (3.6), we
obtain

|x∗i |∞ = max
t∈[0, ω]

|x∗i (t)| ≤
η1F1 + η2F2 + · · ·+ ηnFn

min{η̄1, η̄2, · · · , η̄n}

=
η1F̄1 + η2F̄2 + · · ·+ ηnF̄n

min{η̄1, η̄2, · · · , η̄n} = δ, (4.1)

where i = 1, 2, · · · , n.
Let Z(t) = (x1(t), x2(t), · · · , xn(t))T be an ar-

bitrary solution of system (1.1) with initial value
ϕ = (ϕ1(t), ϕ2(t), · · · , ϕn(t))T and define y(t) =
Z(t)− Z∗(t). Then, for i = 1, 2, · · · , n, set

αi(t, yi(t)) = ai(t, yi(t) + x∗i (t))bi(t, yi(t) + x∗i (t))

−ai(t, x∗i (t))bi(t, x∗i (t)),

βi(t, yi(t)) = ai(t, yi(t) + x∗i (t))
n∑

j=1

cij(t)[fj(yj(t)

+x∗j (t))− fj(x∗j (t))],

β̄i(t, yi(t)) = ai(t, yi(t) + x∗i (t))
n∑

j=1

dij(t)

×[fj(
∫ ∞

0

Kij(u)(yj(t− u) + x∗j (t− u)du)

−fj(
∫ ∞

0

Kij(u)(x∗j (t− u)du)],

γi(t, yi(t)) = [ai(t, yi(t) + x∗i (t))

−ai(t, x∗i (t))]
n∑

j=1

cij(t)fj(x∗j (t)),

γ̄i(t, yi(t)) = [ai(t, yi(t) + x∗i (t))− ai(t, x∗i (t))]

×
n∑

j=1

dij(t)fj(
∫ ∞

0

Kij(u)x∗j (t− u)du),

θi(t, yi(t)) = [ai(t, yi(t) + x∗i (t))− ai(t, x∗i (t))]Ii(t).

Then, we get

y′i(t) = −αi(t, yi(t)) + βi(t, yi(t)) + β̄i(t, yi(t))

+γi(t, yi(t)) + γ̄i(t, yi(t))− θi(t, yi(t)), (4.3)

Thus, for i = 1, 2, · · · , n, from (H2), (H4), (H5),
(H8), (H9) and (H10), we have

D− |yi(t)| = D−{sgn(xi(t)− x∗i )(xi(t)− x∗i )}
≤ −Lab

i |yi(t)|+ |βi(t, yi(t))|+ |β̄i(t, yi(t))|
+|γi(t, yi(t))|+ |γ̄i(t, yi(t))|+ |θi(t, yi(t))|

≤ −[Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjkijδ)−

La
i Ii]|yi(t)|+ āi

n∑

j=1

(cijLj + dijLjkij)ȳj(t), (4.4)

where ȳj(t) = sup
−∞<s≤t

|yj(s)|. From (H9) and

Lemma 2.2, we obtain that there exist a con-
stant σ > 0 and a vector ξ = (ξ1, ξ2, · · · , ξn)T >
(0, 0, · · · , 0)T such that

(En −H)ξ > (σ, σ, · · · , σ)T .

Therefore, for i = 1, 2, · · · , n,

ξi −
n∑

j=1

kijξj = ξi −
n∑

j=1

[Lab
i − La

i

n∑

j=1

(cijLjδ

+dijLjδkij)− La
i Ii]−1āi(cijLj + dijLjkij)ξj > σ,

which implies that

−[Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii]ξi

+āi

n∑

j=1

(cijLj + dijLjkij)ξj < 0, (4.5)

where i = 1, 2, · · · , n. We can choose a constant
α < 1 such that

αξi + {−[Lab
i −La

i

n∑

j=1

(cijLjδ +dijLjδkij)−La
i Ii]ξi



+āi

n∑

j=1

(cijLj + dijLjkij)ξje
ατ} < 0, (4.6)

We can also choose a constant β > 1 such that

βξie
−αt > 1, for all t ∈ (−∞, 0], i = 1, 2, · · · , n.

(4.7)
For ∀ε > 0, let

Υi(t) = βξi[
n∑

j=1

ȳj(0) + ε]e−αt, i = 1, 2, · · · , n.

(4.8)
From (4.6) and (4.8), we obtain

D−Υi(t) = −αβξi[
n∑

j=1

ȳj(0) + ε]e−αt

> −[Lab
i − 2La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii]

Υi(t) + āi

n∑

j=1

(cijLj + dijLjkij)Ῡj(t), (4.9)

where Ῡj(t) = sup
−∞<s≤0

Υj(s). In view of (4.7) and

(4.8), for i = 1, 2, · · · , n, we have

Υi(t) = βξi[
n∑

j=1

ȳj(0) + ε]e−αt >
n∑

j=1

ȳj(0)

+ε > |yi(t)|, for all t ∈ (−∞, 0]. (4.10)

We claim that

|yi(t)| < Υi(t), for all t > 0, (4.11)

Contrarily, there must exist i ∈ {1, 2, · · · , n} and
ti > 0 such that

|yi(ti)| = Υi(ti) and |yj(t)| < Υj(t),

for all t ∈ [−τ, ti), j = 1, 2, · · · , n, (4.12)

which implies that

|yi(ti)| −Υi(ti) = 0 and |yj(t)| −Υj(t) < 0,

for all t ∈ [−τ, ti), j = 1, 2, · · · , n. (4.13)

It follows that

0 ≤ D−(|yi(ti)| −Υi(ti))

≤ lim sup
h−→0−

|yi(ti + h)| − |yi(ti)|
h

− lim inf
h−→0−

Υi(ti + h)−Υi(ti)
h

= D−|yi(ti)| −D−Υi(ti). (4.14)

From (4.4), (4.9) and (4.12), we obtain

D−|yi(ti)|

≤ −[Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii]

|yi(ti)|+ āi

n∑

j=1

(cijLj + dijLjkij)ȳj(ti)

≤ −[Lab
i − La

i

n∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii]

Υi(ti) + āi

n∑

j=1

(cijLj + dijLjkij)Ῡj(ti)

< D−Υi(ti), (4.15)

which contradicts (4.14). Hence, (4.11) holds. Let-
ting ε −→ 0+ and M = n max

1≤i≤n
{βξi + 1}, we have

from (4.8) and (4.11) that

|xi(t)− x∗i (t)| = |yi(t)| ≤ βξi

n∑

j=1

ȳj(0)e−αt

≤ βξin‖ϕ− ϕ∗‖e−αt ≤ M‖ϕ− ϕ∗‖e−αt,

for all t > 0. This completes the proof.

5. An illustrative example

Example 5.1. Consider the following GCNNs




x′1(t) = −(2 + 1
10π arctanx1(t))[x1(t)

− 1
24 (sin t)|x1(t)| − 1

24 (cos t)|x2(t)|
− 1

24 (sin t)| ∫∞
0

(sinu)e−ux1(t− u)du|
− 1

24 (cos t)| ∫∞
0

(sinu)e−ux2(t− u)du|
+ 5

12 sin2 t],
x′2(t) = −(2 + 1

10π arctanx2(t))[x2(t)−
1
24 (sin 2t)|x1(t)| − 1

24 (cos 4t)|x2(t)|−
1
24 (sin 2t)| ∫∞

0
(sinu)e−ux1(t− u)du|−

1
24 (cos 4t)| ∫∞

0
(sinu)e−ux2(t− u)du|

+ 5
12 cos t.

(5.1)
Notice that f1(x) = f2(x) = |x|,Kij(u) =

(sinu)e−u, a1(t, x) = a2(t, x) = 2 + 1
10π arctanx,

b1(t, x) = b2(t, x) = x, it is easy to show that we can
choose the constants in the conditions (H1)−(H10)
and (H∗

11) as follows.
a1 = a2 = 1, ā1 = ā2 = 3, b̄1 = b̄2 = b̄1 = b̄2 =
1, L1 = L2 = 1, La

1 = La
2 = 1

30 , Lab
1 = Lab

2 = 1, Ī1 =
Ī2 = 5

12 , c11 = d11 = c12 = c12 = c21 = d21 = c22 =
d22 = 1

24 , η = (η1, η2) = (1, 1), kij = 1, i, j = 1, 2.
Then, we obtain

η̄ = (η̄1, η̄2) = η(En − Λ) = (
5
6
,

5
6
), δ = 1



Lab
i − La

i

2∑

j=1

(cijLjδ + dijLjδkij)− La
i Ii =

353
360

,

i=1,2, and

H = (hij)2×2 =
(

90
353

90
353

90
353

90
353

)
,

which implies that

ρ(H) ≤ ‖H‖∞ =
90
353

+
90
353

=
180
353

< 1,

where ‖H‖∞ the row norm of matrix H. It is
straight forward to check that all the conditions
needed in Corollary 4.1 are satisfied. Therefore,
by Corollary 4.1, system (5.1) has exactly one 2π-
periodic solution, and the 2π-periodic solution of
system (5.1) is globally exponentially stable.

6. Conclusion

In this paper, Cohen-Grossberg neural networks
with continuously distributed delays have been
studied. Some sufficient conditions for the existence
and exponential stability of the periodic solutions
have been established. These obtained results are
new. Moreover, an example is given to illustrate
the effectiveness of the new results.

Acknowledgements

This work is partially supported by National Na-
ture Science Foundation of China (Grant No.
60674020).

References

[1] M. Cohen, S. Grossberg, Absolute stability and global
pattern formation and parallel memory storage by com-
petiticve neural networks. IEEE Trans. Man Cyber-
net., 13: 815-826, 1983.

[2] K. Gopalsamy, X. Z. He, Delay-independent stability in
bidirection associative memory networks. IEEE Trans.
Neural Networks, 5: 998-1002, 1994.

[3] X. Li, L. Huang, H. Zhu, Global stability of cellu-
lar neural networks with constant and variable delays.
Nonlinear Anal., 53: 319-333, 2003.

[4] S. Guo, L. Huang, Stability analysis of a delayed Hop-
field neural network. Physical Review E, 67 : 061902,
2003.

[5] J. Cao, Global stability analysis in delayed cellular
neural networks. Phys. Rev. E, 59: 5940-5944, 1999.

[6]L. Wang, X. Zou, Harmless delays in Cohen-Grossberg
neural networks. Physics D, 170: 162-173, 2002.

[7] J. Cao, J. Liang, Boundedness and stability for Cohen-
Grossberg neural networks with time-varing delays. J.
Math. Anal. Appl., 296: 665-685, 2004.

[8] T. Chen, L. Rong, Delay-independent stability analysis
of Cohen-Grossberg neural networks. Physics Letters
A, 317: 436-449, 2003.

[9] Y. Li, Existence and stability of periodic solutions for
Cohen-Grossberg neural networks with multiple delays.
Chaos, Solutions and Fractals, 20: 459-466, 2004.

[10] X. Liao, C. Li and K. Wong, Criteria for exponential
stability of Cohen-Grossberg neural networks. Neural
Networks, 17: 1401-1414, 2004.

[11] L. Wang, Stability of Cohen-Grossberg neural networks
with distributed delays. Appl. Math. Comput., 160:
93-110, 2005.

[12] L. Wang, X. Zou, Exponential stability of Cohen-
Grossberg neural networks. Neural Networks, 15: 415-
422, 2002.

[13] L. F. Shampine, S. Thompson, Solving DDEs in Mat-
lab. Applied Numerical Mathematics. 37: 441-458,
2001.

[14] Tiejun Zhou, Anping Chen and Yuyuan Zhou, Exis-
tence and global exponential stability of periodic so-
lution to BAM neural networks with periodic coeffi-
cients and continuously distributed delays. Phys.Lett.
A, 343(5): 336-350, 2005.

[15] Qiang Zhang, Xiaopeng Wei and Jin Xu , Global ex-
ponential stability of Hopfield neural networks with
continuously distributed delays. Phys.Lett. A, 315(6):
431-436, 2003.

[16] Zhang Qiang, MA Run-Nian, and XU Jin, Global
Exponential Convergence Analysis of Hopfield Neural
Networks with Continuously Distributed Delays. Com-
munications in Theoretical Physics, 39(3):381-384,
2003.

[17] Zhang Qiang, MA Run-Nian, and XU Jin, Global sta-
bility of bidirectional associative memory neural net-
works with continuously distributed delays. Science in
China, Ser.F, 46(5): 327-334, 2003.

[18]Yixuan Wang, Wanmin Xiong, Qiyuan Zhou, Bing Xiao
and Yuehua Yu, Global exponential stability of cellular
neural networks with continuously distributed delays
and impulses. Phys.Lett. A, 350(1-2): 89-95, 2006.

[19] Z. Liu, L. Liao, Existence and global exponential sta-
bility of periodic solution of cellular neural networks
with time-varying delays. J. Math. Anal. Appl., 290:
247-262, 2004.

[20] M. Morita, Associative memory with nonmonotone dy-
namics. Neural Networks, 6: 115-126, 1993.

[21]K.Gopalsamy, X.Z. He, Stability in asymmetric Hop-
field nets with transmission delays. Phys. D, 76:344-
358, 1994.

[22]M. P. Kennedy and L. O. Chua, Neural networks for
nonlinear programming. IEEE Trans. Syst., 35: 554-
562, 1988.

[23] R. E. Gaines and J. L. Mawhin, Coincidence Degree,
and Nonlinear Differential Equations, Springer-Verlag,
Berlin, 1977.

[24] J. P. LaSalle, The Stability of Dynamical System,
SIAM, Philadelphia, 1976.

[25] A. Berman, R. J. Plemmons, Nonnegative Matrices in
the Mathematical Science, Academic Press, New York,
1979.


