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Abstract

TIOW A operator, which is proposed by Yager, et
al, has been used in many fields. In the paper,
we deal with group linguistic assessments decision-
making problems based on TOW A. Firstly, in the
homogeneous, the higher the consistence degree of
experts is, the higher the weights of linguistic as-
sessments is, thus we explain the order inducing
value of TOW A operator as numbers of the experts
who assign the same linguistic assessment; In the
heterogeneous, the bigger the importance degree of
exports is, the higher the weights of linguistic as-
sessments is, thus we explain the order inducing
value of IOW A operator as sum of importance de-
grees of all experts who assign the same linguistic
assessment. Secondly, we use the order inducing
values to compute the weights of TOW A operator.
Thirdly, we use IOW A operator to aggregate group
linguistic preference relations, and utilize linguis-
tic length to dispose ’ties’ among linguistic assess-
ments. Finally, we introduce a process of aggrega-
tion and give an example.

Keywords: IOW A operator, IU LOW A operator,
I —IOW A operator, Ties, Linguistic preference re-
lations

1. Introduction

Based on the Ordered Weighted Averaging (OW A)
operator, Yager, et al propose the Induced Ordered
Weighted Averaging (IOW A) Operators, which ex-
tends OW A operator [1]-[5]. These operators take
as their argument pairs, called OW A pairs, in
which one component called the order inducing
variable is used to induce an ordering over another
components which are then aggregated. The dif-
ference between OW A and TOW A operators is the
ordering of aggregated values. The former’s order-
ing is based on the values which will be aggregated.
The latter’s ordering is decided by the order in-
ducing values [6]. Because of including the order

inducing variable, TOW A operator can be used in
more complex environments which include linguis-
tic and numeric mixed variables [1]. Several authors
have provided some interesting results on TOW A
operator, such as, in [7], the author provides an in-
duced uncertain linguistic OWA (IULOW A) op-
erators in which the aggregated values are uncer-
tain linguistic variables; In [6], the author presents
some operators including the Importance TOW A
(I — IOW A) operator, which applies the ordering
of the argument values based upon the importance
of the information sources; the Consistency TOW A
(C — IOW A) operator, which applies the order-
ing of the argument values based upon the consis-
tency of the information sources; and the Prefer-
ence IOWA (P — IOW A) operator, which applies
the ordering of the argument values based upon the
relative preference values associated to each one of
them.

This paper’s structure is arranged as follows.
In section 2, we give some basic knowledge about
TOW A operators. In section 3, we develop two new
method of TOW A operators to aggregate linguis-
tic preference relations and analyze some properties
of the aggregated linguistic preference relation. In
section 4, we present a new way to deal with ’ties’.
In section 5, we list steps of aggregation and give
an whole example. The conclusions is in section 6.

2. Preliminaries

In this section, we introduce basic knowledge about
TIOW A operator and extended TOW A operators.
We refer to [1]-[6] for more detail. Formally, JOW A
operator can be defined as follows.

Definition 1 [6]/ An IOW A operator of dimension
n is a function IOWAw : (R x R)™ — R, to
which a set of weights or weighting vector is as-
sociated, W = (wy,...,wy), such that w; € [0,1]
and Y1 w; = 1, and it is defined to aggregate
the set of second arquments of a list of 2-tuples
{{u1,p1), vy (U, pn)} according to the following ex-



pression:
IOWAW(<u17p1>a seey <un7pn>) = Z w1p0(1)7
i=1

being o {1,..,n} — {1,..,n}a permutation
such that ugi)y 2 Ueiyr), Vi = 1,...,n — 1, ie.,
(Uo(i)s Po(i)) 1 the 2-tuple with u,(;y the i—th high-
est value in the set {uy,...,u,}.

Example 1 Assume there is a set of OW A pairs
{{(0.5,7),(0.3,9),(1,5),(1.2,10)} and a weighting
vector WT = (0.2,0.3,0.4,0.1). Firstly we get
an ordering of the four OW A pairs according to
the first components of OWA pairs, i.e., 1.2 >
1 > 0.5 > 0.3, the ordering of OWA pairs is
(1.2,10),(1,5),(0.5,7),(0.3,9). Then we aggregate
the second components and get

TOW Ay ((0.5,7),(0.3,9), (1,5), (1.2,10))
= 02x10403x5404x74+01x9=7.2.

Linguistic labels are the appropriate tools to de-
scribe vague concepts in natural language. Assume
there is a set of linguistic labels S = {s; | ¢ =
1,...,|S|}, where s; present a vague concept and if
i < j, then s; < s;. |S| is cardinality of S, if |S] is
odd number, linguistic labels are placed symmetri-
cally around the middle label s EIEER

Example 2 [7] Let S = {s1 =extremely poor,
S =wery poor, sz =poor, S4 =slightly poor,
s5 =fair, s¢ =slightly good, s; =good, sg =wvery
good, sg =extremely good }. ss5 is the middle la-
bel, the rest are placed symmetrically around ss and
there is s1 < s9 < -+ < Sg.

Induced uncertain linguistic OW A(JULOW A)
in [7] is used to aggregate some uncertain linguistic
variables.

Definition 2 [7] IULOW A operator is defined as
follows:

IULOWAW(<U1751>) a<unas7’b>)
=w1 ©sp Pwr O s, - Dwy ©sga,

where s; ® sj = 8i+j, A® s; = sxi. WL = (wn, ...,
wy) is a weighting vector, such that w; € [0,1] and
Sorw; = 1. sg, is the s; of the ITLOW A pair
(u;, s;) having the jth largest u;.

During aggregating experts’ ideas, there will
be some linguistic labels which don’t belong to S.
To preserve all the given information, we extend

the discrete term set S to a continuous term set
S ={sq | a€l,t]}. If s, €9, we call s, an orig-
inal linguistic term, otherwise, we call s, a virtual
linguistic term [8].

Example 3 Assume being a set of OWA pairs
{{0.5, 57), (0.3, s8), (1,55),(1.2,81)} and a weight-
ing vector W1 = (0.2,0.3,0.4,0.1). Then according
to IULOW A operator, the result is:

IULOWAw(<05, S7>7 <O.37 58>, <1, 55>, <1.2, 81>)
=020s59030s5P0040s57P0.1® sg =553

The Importance IOW A (I — IOW A) operator
in [6] is used to aggregate fuzzy preference relations.

Definition 3 I—IOW A operator is defined as fol-
lows:

I —IOW Aw ((uy, P, -+ (up, P™))
= wOPPrOwoOP2e. . gw, ® P,

where P* = (pk;), p¥; € [0,1], which are additive re-
ciprocal, i.e., pfj +p§i =1. PPl PPy = (]9?]‘z +pij)
and X ® PP+ = (\ x p?f). PP is P! of the
I — IOW A pair {u;, P%) having the j—th largest
u; which is the importance degree of the export e;.
WT = (wy,...,wy,) is a weighting vector, such that
w; € [0,1] and Y7 w; = 1. sg, is s; of the
IULOW A pair (u;, s;) having the jth largest u;.

In I — IOW A operator, the importance degree
of the information sources or experts are regarded
as the order inducing variable. While it is used to
compute the weighting vector with a fuzzy language
quantifier ). According to the idea that the bigger
the importance degree of experts is, the higher the
weights of linguistic assessments is, the components
of the weighting vector have to be decreasing [6].
i.e., w1 > wg > - > wy. The following formula is
used to compute the weighting vector [9].

Q(r) = r" (1)

where a € [0,1], S(k) = Zle uyy and o is the
permutation such that wu, ) in (ug(k),pfj(k)) is the
k—th largest value in {u; | u; € [0,1],i =1,...,n}.

Example 4 . Suppose three alternatives {x1, s,
x3} and three experts {ei,ea,es}, whose impor-
tance degree are {2.12,1.01,1.37} and whose fuzzy
preference relations are :



- 0.75 0.87

Pl=1 02 — 0.6
013 034 —

—  0.66 0.94

P2=1| 034 — 087
0.06 0.13 —

— 066 0.75

P3=1 034 — 0.66
025 034 —

then based on above definition 3 and formula 1,
having

I —TOW Ay ((2.12, PY), (1.01, P?), (1.37, P3))
=0.690P' ®0.190 P>%0.12 P?

- 072 0.86
= 028 — 0.69
0.14 031 —

3. New application of IOWA

We present a new application associated ITU LOW A
operator with I — IOW A operator, i.e., we use
TIOW A operator to aggregate linguistic preference
relation, and the order inducing values of TOW A
operator are explained as the number of experts
who argument the same linguistic assessment or the
sum of the importance degree of them.

Now, we analyze the characteristics of linguistic
preference relation which is given by each expert.
Assume a set of alternatives X = {x;|i =1, -+ ,n},
a set of experts F = {ex|k =1,--- ,m}, a set of la-
bels S = {s;|l =1,---, ¢} which are collective of all
experts’ linguistic preference degree, a set of prefer-
ence relations P = {P* |k =1,--- ,m}. pf'j € Pk
denotes the preference degree of alternative z; over
xj, it has the following characteristics[12]:

1. Vke{l,--- ,m} andi;«éj7pfj es;

2. vk € {1,---,m}, pfj = s;, then p;?i =
Neg(s;)) = St41-1, where 4,5 = 1,...,n,l = 1,..,t,
and

- S1 S3 87

S — SS9 S4
P = T

S5 S¢ — Se

S1 S84 S22 —

where t = 7,n = 4, i.e., there are seven labels in
the set of S and four alternatives in the set of X.
Group decision making (GDM) problems can
be roughly classified into two types: the homo-
geneous and the heterogeneous [10]-[11]. In the

first type, the experts’ importance degree are equal;
In the second type, the experts’ importance de-
gree are unequal. Va;,z; € X, S(zj,x;) =
{81, 81,5+ » 51, }(m' < m) represents all experts’
linguistic preference degrees for the alternative x;
over x;. For s; , € S(w,2;), let

U(miaxjvslm//) = Za(pégjaslm//) (2)

k=1

a) In homogeneous case, where (5(pfj, s, ,) =1
if pf; = s1,,,; Otherwise, d(pf;, 1, ,,) = 0.

b) In heterogeneous case, where §(p*,s; ,) =
ID,, if pfj =5;_,; Otherwise, S(p*, s1,,) =0, IDy,
is importance degree of eg.

In our paper, we use v;;, to denote v(z;, z;, si).
Next, we introduce the two cases respectively.

(1) The homogeneous case. The exports’ im-
portance degrees is equal, so we don’t take into ac-
count them during aggregation process. v;;;, stands
for the number of experts who choose the label si as
the preference degree of the alternative z; over z;
and (v;jk, sg) is OW A pair. In general, the bigger
experts’ consensus, the higher the label’s weighting
vale. So we use (1) and TOW A operator to aggre-
gate the set of {(vijk,sk) | vijr > 0,k = 1,...,t},
and obtain a collective preference degree of the al-
ternative x; over x;. We can get a collective lin-
guistic preference relation P. i.e,

Py = ITOWAw((vij1,81), -, (Vije, 1)) (3)

P = (@j) (4)

Property 1 If the inducing vale vij, = 0, then the
OW A pair (viji, si) don’t join in the calculation of
aggregation.

Proof According to (1), if the inducing vale is zero,
then the weighting value associated with it is also
zero. So we only aggregate the OW A pairs which
satisfy with v, > 0.

Property 2 v;j; = vjigr, in which ¥ =t+1—k.

Proof If an expert e choose s; as the preference

degree of z; over x;, then according to the char-
acteristics of preference relation, he must choose
si, k' =t +1—k as the preference degree of z;
over x;; vice versa.

Property 3 If p;; = sk, then p; = Neg(s;) =
St41—k; where i, =1,....,n; k=1[1,t].



Proof Let vij1 > -+ > vy, then

ﬁij = IOWAW(<Uij1781>7<Uij2582>a"'7<vijt7st>)
W1 ©81 Dwa®O8aD--- Dwy © 8¢

S1.w, ¥ S2.wq " ¥ St~wt

Swy - (t+1—t)+wa-(t+1—(t—1))+-+ws - (t+1—1)

S(wyHwat- 4wy ) (t+1) — (w1 t+wa- (E—1) 4+ +w;-1)
= S(t+1)— (w1 t+wa (t—1)+- 4w, 1)
Because p;; = si, therefore,t +1 — (w1 -t +wq - (t —

D+ 4we-l) = ko wy-ttwy-(E—1)+- - w1 =
t+1— k. According to Property 2,

Pji = I1OWAw((vji1, 81), (Vjis $2); -, (Vjit, 5¢))
= TOWAw ((vijt, 51), (Vije—1,52), s (Vij1, 5t))
w1 OSsDwsOS_1D--Dw O 81

St'U}1 @ 5(t—1)~w2 @ e @ Sl'wt

Stwy 4 t1wy = St41—k = Neg(sk)

Example 5 Assume four exports E = {e1, ea, €3,
eq}, four alternatives X = {x1,x2,x3,24}, seven
labels S = {s; | i = 1,...,7}, and exports give four
preference relations P = {P', P?, P3, P4}. If there
are one export to choose s1 and three exports to
choose s4 about the preference degree of the alter-
native x; over x;. Then According to Property 1
and 8, having:

ﬁij = IOWAW(<1751>3<3754>)
= w1 Os4Dwe O s
= 0930s4D0.07© 51 = S3.79

Dji = Ssi21

(2) The heterogeneous case. The experts have
unequal importance degrees. wv;;; stands for the
sum of experts’ importance degree who choose the
label si as the preference degree of the alternative
x; over ;. Excepting the meaning of v;;x, the rest
are similar to the homogeneous case.

Property 4 If the inducing vale v;;i, = 0, then the
OW A pair (vijk, Sk) don’t join in the calculation of
aggregation.

Property 5 v;jr = v, k' =t+1—k.

Property 6 P is relatively complementary about
labels’ subscript. i.e. if D;; = Sk, then p;; =
Neg(s;) = sty1-k; where i, j =1,...n; k=[1,1].

Example 6 Assume four experts E = {e1, ez, €3,
es}, four alternatives X = {x1, 2,253,214}, seven
labels S = {s; | i = 1,..,7}, and experts give

four preference relations P = {P', P?, P3 P*}, ex-
perts’ importance degree are D = {dy = 0.5,ds =
0.3,d3 =0.8,dy = 0.1, }. if experts ey, ea,e4 choose
s4 and expert es choose s1 as the preference degree
of x; over x;, then according to Property 4 and 6,
having:

Py = IOWAw((vij1,s1), (vija, 54))
TOW Aw ({0.8, 81), (0.9, 54))
w1 ® 84D w2 © 81

= 0.7280© 54 @ 0.272 ® 51 = 53.184-
P =

54.816

4. A way of dealing with "tie"

When we use IOW A operator to aggregate words
or numbers, we may meet a phenomenon that there
are the same inducing values with regard to OW A
pairs. We call the phenomenon as "tie". Next, we
introduce the following three kind of method.

(1) For ensuring the consistence of the ag-
gregated result, Yager, et al present a method,
that is to replace each aggregated component of
the tied OW A pairs using their average values
[1]. For example, there are four OWA pairs:
(uy, 1), (ug, xa), (us, x3), (u1, 4), where (uy,x1)
and (uy,x4) is the tied ITOW A pairs. Using the
method, firstly we change the four OW A pairs to
<7-L17 IIJQFI4>3 <7.L2,LE2>, <U3,.’L‘3>, <u17 %% then ag-
gregate them.

(2) Similarly, we develop another method.
Firstly, we order OWA pairs on the basis of
the order inducing variables. Then we compute
the average value of the weighting variables
with regard to the tied OW A pairs and replace
the them. Assume the four OWA pairs are
(uy, 1), (ug, xa), (uz, x3), (u1, 24) and vy < ug <
us, the weighting vector is W = (wq, wa, w3, wy).
According to our idea, the weighting vector is
changed to W = (wl,wg,w,%). The

above two methods are the same. We can proof:

TIOW Aw ((u1, x1), (u2, x2), (us, x3), (U1, 4))
wi - T3+ we - o + wsg - ajl_g“ + wy - wl;“

= wl'x3+w2~x2+(w3+w4)o%
+
w1~x3+w2-x2+w-(x1+x4)

— w1~$3+w2-m2+w-x1+ww4

(3) In the paper, we use TOW A operator to
aggregate language labels. Because the special set-
ting, we give another way which is different from



the former two methods. We think the new way is
more suitable for our setting. Next, we explain the
new method.

Definition 4 Len(s;,s;) = i — j| stand for the
length between s; and sj. where s;,5; € S and S =
{sili € [0,1]} is a set of language items.

Assume there are the tied OW A pairs (u;, s;),
and (uj,s;). wuy is the biggest order inducing
value, it’'s OW A pair is (ug, s). if Len(sg,s;) >
Len(sk, s;), then s; is in the front of s; in the or-
dering; Otherwise, s; is in the front of s;. When
k(k > 2) items are tied, we also arrange them as-
cendingly by their length. It’s the consistent with
the commonly sense.

When we use the method to deal with the tied
pairs, there may be three cases. The one, all the
OW A pairs are tied pairs; The second, there still
exist the tied pairs after using (3); The third, there
is not the biggest order inducing value. When we
meet the three cases, we can utilize (1) or (2) to
deal with them.

Example 7 Assume there are four experts E =
{e1,ea,e3,e4}, four alternatives X = {1, x2, x3,
x4}, seven labels S = {s; | i = 1,..., T}, four pref-
erence relations P = {P',P? P3 P*}. One ex-
pert chooses sy, two experts choose sy, one expert
chooses sg as the preference degree of x; over x; in
homogeneous case. we compute the value of ;.
Firstly, we find out the objects of aggregation.
They are <17 81>7 <27 S4>, <17 36>' <1’ 81> and <1’ 36>
are the tied pairs. Then we use the third way to
dispose them. sy is the first label in the ordering.
Len(sg,s1) = 3, Len(sq,86) = 2, so sg is in the
front of s1. Using formula 1 and 3, we can obtain

Dij = wW1Os1Bw2Os6Pwsz® sy

=  50.707x4+0.159x6+0.134x1 = $3.916

5. Example

Firstly, we give the steps to aggregate language
preference relations.

1. Found out OW A pairs with respect to p;;.
Dispose the tied pairs.
Compute weighting values according to (1).
Compute p;; on the basis of (3).
Compute the P.

6. Compute the collective estimation of every
alternative according to P; = 77, 7y,

7. We obtain the best alternatives z, according
to P, = max{P; |i=1,...,n}.

Al

A set of labels S, a set of alternatives X, a set
of experts E/ and a set of preference relations P are
as following

S = {s1, $2, 83, 4, S5, 86, S7 };

X = {xla x2,x3, 154},

FE = {61, €9, €3, 64};

P ={P' P2 P3 P,
— S1 S S2

pl—| 57 — $3 $2
s2 85 — S5
S6 S6 S3  —
— 83 S5 S92
P2 _ S5 — S84 84
S3 Sa — S5
S¢ S4 S3 —
- 87 S5 82
P3 = 51 — S5 S4
3 83 — S5
56 S4 S3  —
— 53 S4 82
pt_| 5 — s s
S4 S2 — S5

S¢ S¢ S3 -

According to the steps of aggregation, we
choose the best options under the homogeneous
case and assume a = 0.5 of (1). Aggregation pro-
cess is following.

1. There are three OW A pairs: (1,s1), (2, s3),
(1, s7) with respect to Dyq.

2. After disposing the tied pairs, the OW A
pairs’ ordering is: (2,s3) (1,s1) (1,s7).

3. The weighting values is wy; = 0.707,wy =
0.159, w3 = 0.134.

4. p;; = 3.218.

5. We get the P as following

- $3.218 S5 82

- S — S S:
P = 4.632 4.5 3
53 53.5 - S5
S6 S5 83—

6. The collective estimation of every alter-
native is: x1 = 10.368, zo = 12.132, x3 =
11.5, x4 = 14.

7. The best option is x4.

6. Conclusion

In the paper, we use IOW A operator to aggregate
linguistic preference relation. According to the idea
that the bigger the consistence degree of experts in
the homogeneous or the importance degree of ex-
perts in the heterogeneous, the higher the weighting
values, we develop a new method to aggregate lan-
guage items, while we also introduce a suitable way



to deal with "tie". And to predigest the calculation,
we analyze the properties of v;; and P. Finally, we
give the whole aggregation process. When we com-
pute the aggregation values, we can use the method
of LOW A operator that directly compute the la-
bels instead of the method of calculate the labels’
subscripts.
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