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Abstract

Based on T-S fuzzy model, the robust guaranteed cost
control problem is studied for a class of uncertain
singular systems with state and input delays. Sufficient
conditions are provided for the construction of a state
feedback guaranteed cost controller. These conditions
are given in terms of the feasibility of linear matrix
inequalities (LMIs) and guarantee that the closed-loop
systems are quadratically stable. Moreover, an upper
bound of the guaranteed cost is also obtained. A
numerical example is provided to demonstrate the
effectiveness of the proposed method.
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1. Introduction

In the past few years, there has been rapidly growing
interest in fuzzy control of nonlinear systems, and
there have been many successful applications. In most
of these applications, the so-called Takagi-Sugeno(T-S)
type fuzzy model is used to represent a nonlinear
system; then based on this fuzzy model, a fuzzy
controller is designed. Taniguchi T. et al[1]
established T-S fuzzy singular model, which can
describe or approximate a wider class of complex
nonlinear systems. From then on, some results on this
model have been reported.

Time delays and parameter uncertainties are
frequently encountered in the behavior of many
physical processes and very often they are the main
cause for poor performance and instability of control
systems. In view of this, the robustness issue of time-
delay and parameter uncertain systems is a topic of
great practical importance which has attracted a great
deal of interest for several decades. In recent years,
some authors have paid their attention to control of
nonlinear systems with time-delay and parameter
uncertainties by using T-S fuzzy models. Cao and
Frank first considered the T-S based fuzzy control for
nonlinear systems with time delay[2, 3]. The stability

analysis and synthesis of these systems via linear T-S
fuzzy models was addressed in terms of LMIs.

In the control of uncertain systems, it is desirable
to design a control system, which is not only stable but
also guarantees an adequate level of performance. One
approach to this problem is the so called guaranteed
cost control approach in which a fixed quadratic
Lyapunov function is used to establish an upper bound
on the closed-loop value of an integral quadratic cost
function. Recently, there are many results on fuzzy
guaranteed cost control for normal nonlinear systems
[4-8]. E. Boukas proposed a new approach to develop
the results on fuzzy guaranteed cost control[4]. Bing
Chen et al. investigated guaranteed cost control for T-
S fuzzy systems with state and input delays and also
derived stability and stabilization conditions which
were delay-dependent for state delay and delay-
independent for input delay[5]. To the best of our
knowledge, there have been few research results on
fuzzy guaranteed cost control for uncertain singular
nonlinear systems with state and input delays.

We present in this paper a guaranteed cost
controller for uncertain singular systems with both
state and input time delays based on T-S fuzzy model.
Sufficient conditions for the existence of fuzzy
guaranteed cost control law for the systems are
obtained. A new Lyapunov functional and LMI
approach are employed to analyze the stability and
design the guaranteed cost controller. Finally, a
simulation example is provided to demonstrate the
effectiveness of the proposed method.

Notations: R" denotes the N -dimensional
Euclidean space, ||-|| refers to either the Euclidean
vector norm or the induced matrix 2-norm.
C([-7,0],R") denotes the Banach space of continuous
vector functions mapping the interval [-z,0]into R",
the superscript ‘™" denotes matrix transposition
and | is the identity matrix of appropriate dimensions,
the notion X >Y (respectively, X >Y ), where X
and Y are symmetric matrices, means that the matrix
X =Y is positive definite (respectively, positive
semidefinite).

2. Problem Statement



Consider the following uncertain singular system
described by T-S model with state-delay and input-
delay, the rule of the model is

Controller rulei : if &(t) is M, and &,(t) is
M, -+ and &, (t) is M, then

EX(t) = (A + AA (O)x(0) + (A; +AA; () x(t-7)
+(B +AB ()u(t) + (B, +AB; (H)u(t-7,)
X(t) =(t),t e[-max(z,,7,),0]. 1=12.---k

where  E(t) =[ & (1), &,(1), . &, (0) ] i the

premise variable vector, Mij

X(t) e R" is the state vector, u(t) e R™ is the control

input, E,A,A;,B,B;
matrices  with  appropriate  dimensions  and
rankE =r <n . The scalars 7, >0 and 7, >0 are

constant state and input time delays, respectively.
AA,AA;,AB,,AB;; are time-varying matrices
representing norm-bounded parameter uncertainties
and are assumed to be of the following form
[A'Aﬁ AAii ABi ABli]: DF(t)[Gi Gli Ei Eli]
where D, G,,G;;, E, and E, are known real constant
matrices with appropriate dimensions, the uncertain
real time-varying matrices F (t) satisfying

FIO) F()<I
o(t) e C[-7,0] is a compatible continuous vector
valued continuous initial function.

By using singleton fuzzy generator, product of
fuzzy inference and weighted average defuzzifier, the
global fuzzy control system can denote as the
following form

Ex(t) =Zh (SO[(A+AADIXD) +(A; +24 O)X(E-7)

+HB +AB ())u(t) +(B; +AB; O)u(t—7,)]
xt) =g te[z,0.  1=12--k

is the fuzzy set,

are known real constant

@

where

NEW) = AEW) Y AED)20
AEO) =M, (& )20,

2hEm) =1
M;;(&; (1)) is the degree of the membership of & (t)
in M.

To stabilize the class of systems under
consideration, we assume that the state feedback fuzzy
controller is described by the following
Controller rule i : if &(t) is M, and &,(t) is
M, -+ and &, (t) is M, then

u(t) = K, x(t)

The overall state feedback fuzzy controller is

represented by

u(®) = Y EOK X0 @

2"

where Kj are the local control gains. For simplicity,
by using the following notions

'Eﬁ =A+AA(L), 'Kn = A +AA; (),
|§i =B +AB(t), E1i =By +AB; (1),

h; (t) =h; (£(1) .
and substituting the controller (2) to the system (1), we
can get the closed-loop system

B = YN O O[ A+ BK KO+ Axt-5)]

DLIOWICEINSIES
®)

Given a positive definite symmetric matrices
Qand R, the cost function associated with system (1)
is

J= j:[xT (t)Qx(t) +u" ()Ru(t)]dt )

In this paper we are interested in developing
sufficient conditions for designing a state feedback
controller that stabilizes the system and at the same
time guarantees that the chosen cost is bounded for all
admissible uncertainties. Sufficient conditions are
established for this purpose to synthesize such
controller by the LMI method.

Before we give the main result of this paper,
some definitions and lemmas are introduced which
will be used in the rest of the paper.

Definition 1 The nominal fuzzy singular system
(1) with u(t) =0 is regular, if there exists S€C ,
such that

det[sE —_Zk: h (EM)(A +AA)} #0,Vt>0.

Definition 2 The nominal fuzzy singular system
(1) with u(t) = Ois impulse-free, if

k

deg det {SE > h(EM)A + AA)} = rankE
i=1

Definition 3 The regular and impulse-free fuzzy

singular system is quadratically stable if V (t) <O



with V (x(t)) = x" (t)E"Px(t) , where nonsingular
matrix P satisfying E'P=P"E .

Lemma 1[9] Given matrices A,D,E and
R > 0 with appropriate dimensions. Let F(t) be of
apQropriate dimensions and satisfying
F'(t)F(t) <1, then the following inequality hold.
(a) For any scalare >0,

DF()E+E'F'(t)D" <¢sDD" +¢'E'E

(b) If for some scalar &>0 , such that
gl —ERE" >0, then

(A+DF(t)E)R(A+DF(t)E)’
<AR(R-¢'RETER)'RA" +¢DD'
Lemma 2[10] For any constant matrix M >0
and scalar 6>0, vector function x(t): [0,c]> R"

such that the integral concerned are well defined, the
following inequality holds

U:G ><(S)d8}T M [ fg x(s)dsJ < GL t_a X' (S)MX(s)ds

3. Main Results

In this section, an existence condition of guaranteed
cost controller for system (1) is proposed, which not
only guarantees the closed-loop system s
asymptotically stable for all admissible uncertainties,
but also provides an upper bound for the cost function.

Theorem 1 Consider the singular system (1) and
the cost function (4), then the corresponding closed-
loop system (3) is asymptotically stable if there exist
matrices S >0, L >0 and nonsingular matrix P,
such that the following matrix inequalities hold

E'TP=P'E>0 (5)
- - T_

[®_(|T,J) P %}O ©
AP =S

where
©(,))=P" (A +BK)+(A+BK,) P+P'B,L'EP

: K+K, Y _(K+K,
+S+K; LK; +Q+ 5 R

2

then the controller (2) is a guaranteed cost controller
for system (3) in terms of the cost function (4) and an
upper bound of the guaranteed cost is

=9 OEPe(0)+ | ¢' (@)Sp(a)de
C o )
+2 j h(2)¢" (@)K LK. p(a)de.

Proof. Define Lyapunov function
V=V, +V, +V,

V, =X () E"Px(t)
V,=[ X (@)sx(@)da

V, = il j: h(a)x" () Tx(a)da

8)

It is easy from (3) and (5) to see that the time

derivative of Vv, along any trajectory of the closed-loop
system (3) is given by

V, =2x" (t)P"EX(t)

=> > hOh 2 P'[(A+BK XD +Axt—1) |

i=1 j=1

+> h(®)> h(t-7,)2X t)P'B,K Xt -7,)

i=L =

©9)

Since L > 0, we can get the following inequality
2x" (t)P'B,K x(t—7,)
<X (t)PTB; LB Px(t) + X' (t—7,)K] LK x(t—7,)
(10)
Then substituting (10) into (9) yields

V<> hohOX © P (A+BK)+(A+BK)'P

i =

+P'B,L'BP] x(t)+iih ®h ©2X QP AXt—7)

+Zn t-z)X (t-7,)(K'LK -T )x(t-7,)

The derivative of V, and V; in (8) are obtained,

respectively
V, =x" (t)Sx(t) - x" (t—z,)Sx(t - 7,)

V, = 3 OK T

DN UGS

i=1
Then we have

v=iih(t>hj(t)[xf ® }

EwE (t-=)
[PT(A+EKJ)+(A+EK,-)P] oA
| +P'B,L' B P+S+T, [X®) xt-)]
AP -S

REEX (-5) (KK -T)xE-7)
7 1y



On the other hand, from (2), u(t) can be
rewritten

u(t) = Zh (DK x(t) = ZZh (Hh, (t) K, x(t)
i=1 j=1
thus,
u' (t)Ru(t) = k i hl(t)hj(t)[Kn +K; x(t)J
RZZ h, (t)h, (t)[ “ x(t)}
<> > hon, (t)[ “ x(t)j
[ K+ K, j
‘R Lx(t)
(12
Therefore

X" ()Qx(t) +u’ ()Ru(t)
<Y > hon, (){ » o J

i=1 j=1 (
K +K; TRKi+Kj .
0 ] 2 [x®) x(t-z)]-
0 0

Choose T, = K[ LK, so it follows from (6), (11)
and (12) that
PR R x'(t) [|©G,j) PTA
VS;;hi(t)hj(t){ﬂ(t—rl)}[ KLP s }
Ix@)  x(t—7)]—-x" (©)Qx(t)—u" (t)Ru(t)
<—x" (1)Qx(t)—u' (t)Ru(t) <0
So the closed-loop system (3) is quadratically stable.

Furthermore, integrating both sides of the above
inequality from 0 to oo produces

J =j0°°[xT (t)Sx(t) +u (t)Ru(t)]dt

<p(0) E'Pp(0)+[" o' (2)Qp(@)de

+Zkzji h ()¢’ (@)K LK p(a)da = 1"

This completes the proof.

In order to apply the LMI box in Matlab software,

we need to transform (5) and (6) into the following
LMls.

Theorem 2 Consider the singular system (1) and
the cost function (4), if there exist
matrices Z >0, N >0, nonsingular matrix X ,
matrices F,(i=1,---,k) and positive real numbers
B and & satisfying

EX=X"E">0 (13)
Bl G,
[éﬁ ﬂ<o 14)
i -
| S il
Q AX XG+FE K BNg X 5
Zz XG o0 0 0 0
-l 0 0 0 0 |
N 0 0 0
BI+ENE 0 0
Q' 0
L 0 _R71 .
(15)

where
T AT TpT
Q=AX+X A +BF +FB
+B;NBj; +(&; +4)DD' +Z
then the controller (2) is a guaranteed cost controller
for system (3) in terms of the cost function (4) and the
gains of the state feedback controller are given by
K,=FX™ -, k. Moreover, an upper bound
of the guaranteed cost is

I =g OE X 90+ ¢ (@)X X a)de

éﬁ h(@)¢" (@)X TRN"FX "p(a)da.

Proof. The inequality (6) in theorem 1 can be
written as

2@, j) PTA, AE(i,j) PTAA,
AP =S AAlTiP 0
{PTBHUE‘;; P 0}
+ <0
0 0

where
=i, ) =P"(A+BK,)+(A +BK ) P+S
: K+K, ) _(K+K,
+K LKi+Q+[ 5 ’j R( 5 ‘J
AZ(i,, j)=P" (AA +ABK,)+(AA +ABK )P
ie
2G,j) P'A
S Te e o

+[{ZT}DF[G,+EKJ. Gh]j {PTE”'(‘)_FT‘P 8}0

Applying Schur complement, the inequality (14)
is equivalent to




Bl1-G,L'G >0 (16)

By the term (a) and (b) in lemma 1 and (16), it is

sufficient to prove that for some scalar & >0 ,
B, > 0and matrix L >0 such that

F(i,j) PTAi}Lg{PTDDTP o}

ij

AP S 0 o
L[GHEK) G +EK) (G+EK)G,
U Gi(G+EK) GiG,
J{PTBMU(U_/'T 'L'EE,LY)L'BP+4PDD'P 0
° 0

<0
(7)
Due to the relation

(L'-A'LEELY?
=L-E/(BI-EL'E)'E,
then

PT B, LH(Lt - ,Bi’lL’1 ElTi E; [ e e BlTi P
=P’ B, L’lBlTi P
—P"B,L"E] (41 -E,LE])'E,L"B]P
(18)
So substituting (18) into (17) yields an inequality and
applying Schur complement repeatedly to the

inequality, it is straightforward to verify that this
yields

oph Gen) K PacE 1 (S
s & o o 0 o0
5 0 0 0 0 |g
1 0 0 0
AELCE 0 0
Q 0
0 R
) (19)

where
®=P"(A+BK;)+(A+BK;)"P+S
+(g +B)P'DD'P+P'B,L'B,P
Pre-multiply the inequality (19) by the matrix
diag(P",P",1,1,1,1,1) and post-multiply by the
matrix diag(P™,P,1,1,1,1,1) , introduce new
variables X =P~ , F,=K,P*, Z=P"SP* and
N =L", consequently, (19) is equivalent to (15).
Correspondingly, (13) becomes (5).
According to theorem 1, the result follows
immediately by replacing P, S and L into (7).

Remark Since (13) is an improper linear matrix
inequality, we should transform it to a proper one.

Without loss generality, provided that Ez{lr O]
0 0

the nonsingular matrix decomposes to block matrix

x{xl XZ] then (13) implies xz{xl O]
3 X4 Xs X4

where X, is a symmetric positive-definite matrix, X,
is nonsingular.

4. Numerical Example

In this section, we give an example to demonstrate the
effectiveness of the proposed method.

Consider a uncertain singular time-delay system
(1) and (2) based on T-S model with parameters as
follows:

10 11 01
E{o o}' Al{o —1] AZ:L 0]
0 0 0 0

A“{o.l 0.2}’ Aﬁz{o& 0.1]

0 2 0 0.2
SHESHES MESH
10 10 0.1
= ) = y E: ’
& [0 0.1} © [1 0.2} ' [0}
e [0 o [t o1 o _[o o
27102 Mo 1| T2lo1 1)
0 0.1 011 0
- E, = _
= M ’ {0-2}' D{ 0 0.1]

Q=I, R=1l, 7,=1 r,=2,

o(t) = [e”l 0] te [—2,0] ,

F =diag {r(t),s(t),q(t)}, where |r(t)s(t)q(t)|<1,
hoo®)=1-3 . hx®)=Y .

Using Matlab LMI Control Toolbox to solve the
LMI (15), we obtain the following feasible solution:

_[03410 0 L _[06454 01714
-0.1695 0.1082| ~ | 0.1714 0.1968 |

N =1.2592, B =1.3475, B, =1.0395,
£, =1.1037, &, =1.0128,

F, =[-0.0770 -0.2830], F, :[ -0.3298 -0.3176] :

the gains of the state feedback controller are given
K,= [1.2083 —1.5490] K, = [—2.4265 —2.9365] :



An upper bound of the guaranteed cost is
J" =31.1745.

5. Conclusions

In this paper, based on the T-S fuzzy model, we have
studied the fuzzy control design problem for nonlinear
uncertain singular systems with state delay and input
delay. An LMI-based condition for the existence of
fuzzy guaranteed cost controllers has been derived.
The resulting fuzzy controllers can guarantee that the
closed-loop fuzzy system is quadratically stable and
results in an upper bound of the closed-loop value of
cost function. A numerical example is given to
demonstrate the effectiveness of the proposed method.
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