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Abstract

Some distributional properties of Levy distribution are presented. Limiting distributions of the
extreme order statistics are given. Based on the distributional properties a characterization of the Levy
distribution is shown.

1. Introduction

The Levy distribution named after Paul Levy is one of the three stable distributions whose probability
density function (pdf) can be expressed in a simple closed form. This distribution was introduced by Paul
Levy in1925 during his investigations of the behavior of independent random variables. A random
variable is said to have stable distribution if it has the property that a linear combination of two
independent copies of the random variable has the same distribution up to a location and scale parameter
(see, for example, Zolotarev (1986)) . Stable distributions have been proposed as models in many types of
physical and economic problems. The pdf f(x) of the standard Levy distribution is given by

1
1 Tox
f(x):,/E;T , x>0. (1.1)

We say that a random variable X has the Lev(0,1) distribution if its pdf has the form given in
(1.1).The pdf f o (x) of the Levy distribution Lev(p,o) with location parameter p and scale parameter ¢

is given by

e 2(x—p)

f(x):w/%ma x> p;—oo< p<o,0>0. (1.2)
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The corresponding cumulative distribution function (cdf) of distribution Lev(j,c) is given by

F,,(x)=2(1-®(, /z(xL_,,,) ) L, (1.3)

where @ is the cdf of the standard normal distribution.

The pdf £

o (x) is increasing on (u,u+o/3) and decreasing on (p+o/3,0).This pdf has a long tail
with infinite positive moments. The Levy distributions are sometimes used in financial engineering to
model price changes because the distribution can take into account the leptokurtosis (‘fat' tails) that
usually can occur in price changes on financial markets. The Levy distribution with u=0 is a special case
of the inverted gamma distribution with the shape parameter 1/2 and the scale parameter 2/c. Montroll
and Shlesinger (1983) and Jurlewicz and Weron (1993) have used Levy distribution in physics. In this
paper we will discuss some distributional properties of the Levy distribution. The limiting distributions of
the extreme and intermediate order statistics are presented. A characterizations of the standard Levy
distribution is given.

2. Main Results

If the random variable X has the Lev (p,0) distribution, then Y=cX+d has Lev(cpu+d,co).We can
write the cdf of the standard Levy distribution as

1
X 1 eia 00 1 *ﬁ 1
F(x):jo /Z 7 du zzjw; ,/ge 2dt:2(l—d>(ﬁ)),x>0, (2.1)

where @ is the cdf of the standard normal distribution.

The pdfs of Lev(0,1), Lev(0,2) and Lev(0,4) are given in Figure 2.1.
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Fig. 2.1. LEV(0,1)-Red, Lev(0,2)-Green, Lev (0,4)-Black

The Lev(0,1) is a unimodal distribution with mode at x=1/3 and median at x=2.1081.
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1
The points of inflection of Lev(0,1) are at —+—— andat —— F

The following table gives the percentile points of the standard Levy distribution.

p Percentile points
0.1 0.3696

0.2 0.6089

0.3 0.9309

0.4 1.4118

0.5 2.1981

0.6 3.6304

0.7 8.7353

0.8 15.5800

0.9 63. 328

The characteristic function ¢y’g (t) of the random variable X having Lev(,0) is given by
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The Levy distribution has a heavy tail. For large values of x for Lev(0,1) ,

[1 1
f(X) ~ EXST, dS x—> .

Lemma 2.1. If X has the Lev(0,1) distribution , then Y =1/X follows the Gamma-distribution with
the shape parameter 1/2 and the scale parameter 2.

Lemma 2.2. If X is N(0,1), then 1/X? has the Lev(0,1) distribution.

Lemma 2.3. If X has Lev(0,1),then X_l/2 has the folded normal N(0, 1) distribution.

Lemma 2.4. If Z has the standard normal N(0,1) distribution, then X= 1/Z* has the Lev(0,1)
distribution.

Proof: 1t is evident, that

1

\/;)22(1-(1)(1/\/;)) L u>0,

P(i2 <u)=P(Z* > l) =2P(Z >
VA u

which is the cdf of Lev(0,1).

Lemma 2.5. If X and Y are independently distributed as LEV(0,61) and Lev(0.05) , respectively,
then

Pr<x) = Lsin” (—Z—y"),
z o, +0,

Proof. We have

p(Y<X)=IO°°2(1—<D(j§>)\/g ;—/zdﬁ%sin* ().

0, +02
If0'1:O'2,then P(Y<)()):05

It follows from (2.1) that if X has the Lev(0,0) distribution, then the survival function
F(x)=1-F(x) isgivenby

F(x)=P(X2x)= 2CI)(\/E)—1,x >0. (2.2)
X

The graphs of the survival functions of Levy distributions are given in figure 2.2.
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Fig.2.2. 1-F(x): Lev (0,1)-Red,Lev(0,2)-Blue, Lev(0,4)-Black

The survival function is a decreasing function.

The positive moments of the Levy distribution do not exist. But the negative moments exist. If X
has the Lev(0,1) distribution, then

1
kN _ [® -k 1 e 2x _ .
E(X) =[x Vas ord =Tk, @i-p

for any positive integer k=1,2,....

We have
Fla-h-Fla-2)
. n n_ _
lim ) i 4.

n—»>o0 F_l(l Sl Y F—l 1-
n n

Thus, using Theorem 2.1.5 of Ahsanullah and Nevzorov (2001), one gets that with proper normalizing
constants

/2

P(X,,<a,+b,x)—> e

for all x> 0, where X, ,=max(X;,X>,...,X,) and the random variables X;, i=1,2,... are independent and

identically distributed.
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1, 2n’
Note that here a, =0 and b :F_l(l——)~i,n —> o0,
n p/a

We have also that
Fih-Fi%
n n —

2

n

lim 4
TFO)-F0O)
n

Thus by Theorem 2.1.5 of Ahsanullah and Nevzorov (2001) it follows that

P(X,,<c,+d,x)—>1-exp(-e"),~0 <x<o,asn—>o,,

where X, =min (X1,X5,...,X,) and the random variables X, X,,...,X, are independent and identically
distributed. The normalizing constants are given here as

c, =F" (l) andd, =F"' (1) ~-F (i).
n n ne

3. A Characterization.

Theorem 3.1. Let X1,X,,X; be independent identically distributed absolutely continuous  random
variables with cdf F(x) and pdf f(x). We assume F(0) =0 and F(x) >0 for all x>0. Then X; and
(X2+X3)/4 are identically distributed if and only if F(x) has the Lev(0,0) distribution.

Proof.
Necessity.

Suppose that X;,X; and X; have the Levy distribution with pdf f{x) having the form

o
f(x)= ,/%‘;T,xzo, o> 0.

Then the characteristic function of X; is given as

pr)=e 2.

The characteristic function of (X>+X3)/4 is as follows:

(expfs/ZiO't/ét)Z —e —2iot :¢(t)

Sufficiency.
Suppose that X; and (X;+X3)/4 are identically distributed. Then we have
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(1) = (¢(t/2%)) =....= (p(t/2°"))* ,n=12,....
Denote /(t) = (ln¢(l‘))2 . Then we have that

w(t)=2"(w(t/4))..=2"yw(t/2™").
The solution of the above equation is

Y(t)=ct
where c is a constant, and hence

pe)=e
Using the condition that @(—f) = ¢ (¢), where ¢ (¢) is the complex conjugate of (%), one gets that ¢ can
be taken as ¢=-2io, where i?=-1 and ¢>0 is a constant.

The proof is complete.
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