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Abstract 

In this article, we investigated a Shapley function 
on the class of crisp bi-cooperative games Firstly, 
we redefine bi-cooperative games axiom which 
was introduced by Grabisch and proposed the 
Shapley function that satisfies the four axioms. 
Then, the concepts related to a Shapley function 
have been extended to the case of fuzzy 
bi-cooperative games by choquet integral. 
Similarly, we define the four fuzzy Shapley 
axioms which correspond to four axioms crisp 
bi-cooperative Shapley, respectively. Finally, for 
the purpose of bridging the results to a real world 
problem, we gave a concrete example. 

Keywords: Cooperative game, Fuzzy cooperative 
game, Bi-capacity, Shapley value, Choquet 
integral 

1. Introduction  

The Shapley value [1]-[2] is one of the most 
appealing  solution concepts in cooperative 
game theory. Butnariu[14] defined a Shapley 
value and showed the explicit form of the Shapley 
function on a limited class of fuzzy games. 
Tsurmmi [5] defined new Shapley axioms and a 
new class of fuzzy games with Choquet integral 
form.But this two kinds of Shapley value can only 
be applied to cooperative games without 
competition. In fact, when player prepare to invest, 
there are always more than one economic item for 
him to choose. In this situation, Butnariu and 
Tsurmmi’s games are not applicable any more. 
Therefore, Bibao [6]has proposed bi-cooperative 
games, which can compute relative value for two 
games at the same time. Ternary voting games of 
Felsenthal and Machover [7] are a particular case 
of bi-cooperative games. Also, independently, 
Greco et al [8],have proposed bipolar capacities, 
where they consider that the characteristic 
function is a pair of real numbers. Grabisch[9]has 
also give the Shapley value for crisp 
bi-cooperative games, but he did not consider the 
situation in which  some players take part in a 
coalition to a certain extent. 

In this paper, we follow Grabisch’s axioms 
of Shapley function and introduce a new class of 
fuzzy games whose coalition is fuzzy. Moreover, 

we propose a new explicit Shapley function which 
is applicable to this new kind of fuzzy 
bi-cooperative games. 

2. The Shapley value of crisp 
bi-cooperative games 

We consider cooperative games with the set of 
players N={1,…, n}. We denote the set of all crisp 
subsets of a crisp set W N⊆ by P(W), 
and ( ) : {( , ) ( ) ( ) | }W A B P W P W A B℘ = ∈ × ∩ = Φ  . 
A (cooperative )game : 2Nv R→ is a set function 
such that ( ) 0v Φ = . And a capacity v is a game 
such A B N⊆ ⊆ implies ( ) ( )≤v A v B . The 
capacity is normalized if in addition ( ) 1=v N . A 
capacity v is additive if ( ) ({ })

i A
Av v i

∈
= ∑ for 

every A N⊆ . 
Definition 1 A function : ( )v RN →℘  is a 

bi-capacity if it satisfies: 
• ( , ) 0Φ Φ =v  
• ⊆A B implies v(A,⋅) ≤ v(B,⋅), v(⋅,A) ≥v(B,⋅). 

And v is normalized if ( , ) 1 ( , )Φ = = − Φv N v N . 
In the sequel, we will consider that 

bi-capacities are normalized. Note that the 
definition implies that ( , ) 0⋅ Φ ≥v and ( , ) 0Φ ⋅ ≤v . 
We say that a bi-capacity is of CPT type [12] if 
there exist two (normalized)capacities 1v , 2v such 
that 1 2( , ) ( ) ( )v A B v A v B= − for any 
( , ) ( )A B N∈℘  . By analogy with the classical 
case, a bi-capacity is said to be additive if it is of 
the CPT type with 1v , 2v being additive, i.e., it 
satisfies for ( , ) ( )A B N∈℘ , 

1 2( , ) ({ }) ({ })
i A i B

v A B v i v i
∈ ∈

−= ∑ ∑ . 
We consider now bi-capacity as games, i.e., 

the mototonicity assumption (2) of Definition 1 is 
no more required. As Bilbao at al [6] , we could 
call such games bi-cooperative games. Let us 
denote by G(N) the set of all bi-cooperative 
games on N. For a bi-cooperative game, it can be 
interpreted like this : ( , )v S T is the worth of 
coalition S when T is the opposite coalition, and 

/N S T∪ is the set of indifferent (indecisive) 
players. We call S the defender coalition, and T 
the defeater coalition. Hence, a bi-cooperative 
game reduces to an ordinary cooperative game v 
if it is equivalent to know either the defender 
coalition S or defeater coalition T, 



 

i.e. /( , ) ( , ) : ( )v S T v S T v S= = for all 
/, /T T N S⊂ or /( , ) ( , )v S T v S T= : ( / )v N T=  

for all /, : /S S N T⊂ . 
In bi-cooperative games, we denote 

by ,
v
iφ Φ and ,

v
iφΦ the coordinates of the Shapley 

value for player i for the defender and the defeater 
parts, respectively. Hence, we consider the 
Shapley value as an operator on the set of 
bi-cooperative game 2: ( ) nG N Rφ → ; | vv φ→ , 
for any finite support N, and coordinates of vφ are 
either of ,

v
iφ Φ or ,

v
iφΦ type. Grabisch also gave the 

axioms the Shapley value for bi-cooperative 
games should satisfy, but his axioms was not fully 
consistent with the Shapley axioms which was 
proposed by L. S. Shapley in 1953. Hence, we 
need to readjust the Shapley axioms. 

Definition 2 Let ( )v G N∈ , ( )W P N∈ . 
Player i W∈ is called a left-null (resp. right-null) 
player in ( , ) ( \ { })S T W i∈℘ for v if the following 
holds, ie. ( { }, ) ( , )v S i T v S T∪ =  (resp. 

( , { }) ( , )v S T i v S T∪ = ).  
Definition 3 Let ( )v G N∈ , ( )W P N∈ . If 

( )S P W∈ (resp. ( )T P W∈ )is called a 
left(resp.right) -carrier in W for a game v if  

/ /( , ) ( , ), ( \ )v S S T v S T T P W S∩ = ∀ ∈ ,
/ ( \ )S P W T∀ ∈ .(resp. / /( , ) ( , )v S T T v S T∩ = , 

/( \ ), ( \ )S P W T T P W S∀ ∈ ∀ ∈ ). 
We denote the set of all left-carriers (resp.right 
-carriers)in W for v by CL(W |v) ( resp. CR(W 
|v)) .  

Definition 4 Function 2: ( ) nG N Rφ → is 
Shapley function on ( )G N if it satisfies the four 
axioms: 

Axiom b1 (Efficiency): If ( ),W P N∈  

, ( )S T P W∈ is a left-carrier and right-carrier for 

game ( )v G N∈ respectively,  then 

, , , ,( ( , ) ( , ))v v v v

i i i i
i W i S i T

v S v Tφ φ φ φ
Φ Φ Φ Φ

∈ ∈ ∈

+ Φ − Φ= + =∑ ∑ ∑ ; 

if i S∉ , then , ( ) 0v
i WΦ =φ , and if 

i T∉ , , ( ) 0v
i WΦ =φ . 

Axiom b2 (Fairness): If 

( ),W P N∈ , ( )i j P W∈  

and \ { } \ { }( { }, ) ( { }, )W S i W S jv S i v S j∪ ∪∪ = ∪  

holds for any ( \ { , })S P W i j∈ , then 

, ,( ) ( )v v
i jW Wφ φΦ Φ= ; If ( ),W P N∈ , ( )i j P W∈ and  

( \ { }, { }) ( \ { }, { })v W T i T i v W T j T j∪ ∪ = ∪ ∪

holds for any ( \ { , })T P W i j∈ , then 

, ,( ) ( )v v
i jW WΦ Φ=φ φ ; 

Axiom b3 (Symmetry): For 1 2, ( )v v G N∈ , 

( )W P N∈ .If for some i W∈ , and 

( , ) ( \ )S T W i∀ ∈℘ , 

2 2 1 1( { }, ) ( , ) ( , ) ( , { }),v S i T v S T v S T v S T i∪ − = − ∪

then 2 1
, ,( ) ( )v v

i iW WΦ Φ=φ φ . 

Axiom b4 (Additivity): For any two 

games 1 2, ( )v v G N∈ , ( )W P N∈ , define 1 2v v+  

by 1 2 1 2
( )( , ) ( , ) ( , )v v S T v S T v S T+ = + for any 

( , ) ( ).S T W∈℘ If 1 2 ( )v v G W+ ∈ then 
1 2 1 2

, , ,( ) ( ) ( ),v v v v
i i iW W W+
Φ Φ Φ= +φ φ φ
1 2 1 2

, , ,( ) ( ) ( )v v v v
i i iW W Wφ φ φ+

Φ Φ Φ= + , for all .i W∈  
Theorem 1 Under the axioms in Definition 4, 

the Shapley value for bi-cooperative games is : 

( ) \
,

(| | 1) ! !
| | ! (1)

[ ( { }, \ ( { })) ( , \ ( { }))]
( )

S P W ii

v
i

W s s
W

v S i W S i v S W S i
Wφ

∈
Φ =

− −
×

∪ ∪ − ∪
∑

    

( ) \
,

(| | 1) ! ![ ( , \ ( { })) ( , \ )] (2)
| | !

( )
S P W ii

v
i

W s s v S W S i v S W S
W

Wφ
∈

Φ
− −

= ∪ −∑

 where ( ), ( ) { ( ) | }
i

W P N P W S P W i S∈ = ∈ ∈ . 

Proof：We shall prove that the function 

, ,,i iΦ Φφ φ defined by (1),(2) satisfy Axiom b1-4 . 
Axiom b1: Let ( | )S CL W v∈ .  If i S∉ , then we 
can get that 

( , \ ) ( ( , \ )

( , \ )

{ } { } { } { }

{ }

)v W v S W

v W

S i S i S i S i

S S i

= ∩

=

∪∪ ∪ ∪

∪
 

Therefore, player i is a left-null in 
( , \ { })S W S i∪ for game v. According to formula 

(1), we get that , ( ) 0v

i Wφ
Φ

= . 

 Similarly,  if ( | )T CR W v∈ , then we get 

that , ( ) 0v
i WΦ =φ . Hence, we have 

, , , ,( )v v v v
i i i i

i W i S i T
Φ Φ Φ Φ

∈ ∈ ∈

+ = +∑ ∑ ∑φ φ φ φ . 

 And by [9], we know that 

, , ( , ) ( , )( )v v
i i

i W
v W v WΦ Φ

∈
Φ − Φ+ =∑ φ φ . Because 

( | )S CL W v∈ and ( | )T CR W v∈ , we 
obtain ( , ) ( , ) ( , ) ( , )v W v W v S v TΦ − Φ = Φ − Φ . Thus, 

, , , , ( , ) ( , )( )v v v v
i i i i

i W i S i T
v S v TΦ Φ Φ Φ

∈ ∈ ∈
Φ − Φ+ = + =∑ ∑ ∑φ φ φ φ

Axiom b2:  



 

If for any ( \ { , })S P W i j∈ , 
\ { } \ { }{ }, { }, )( ) (W S i W S jS i S jv v∪ ∪∪ ∪= , 

then    

,
( )\

[ ( { }, \ ( { })) ( , \ ( { }))]
(| | 1)! ! | | !

( )v
i

S P W ii

v S i W S i v S W S i
W s s W

Wφ Φ
∈

∪ ∪ − ∪

− − ×

⋅
= ∑

 

( )\

,

(| | 1)! ! | | !
[ ( { }, \ ( { })) ( , \ ( { }))]

          =

( )
S P W i

v
j

j

W s s W
v S j W S j v S W S j

Wφ

∈

Φ

− − ×
∪ ∪ − ∪

=

∑  

Similarly, 
, ,( ) ( )v v
i jW WΦ Φ=φ φ  if 

( \ { }, { }) ( \ { }, { })v W T i T i v W T j T j∪ ∪ = ∪ ∪  
Axiom b3: If for some i W∈ , ( , ) ( \ )S T W i∀ ∈℘ , 

2 2 1 1( { }, ) ( , ) ( , ) ( , { }),v S i T v S T v S T v S T i∪ − = − ∪

 
( { }, \ ( { })) ( , \ ( { })

( , \ ( { })) ( , \ )

v S i W S i v S W S i

v S W S i v S W S

∪ ∪ − ∪

= ∪ −
.  

2
,

1
,

( ) \

( ) \
( )

(
(| | 1)! ! | | !
[ ( { }, \ ( { })) ( , \ ( { }))]
(| | 1)! ! | | !
[ ( , \ ( { })) ( , \ )]

)

= v
i

v
i

S P W i

S P W i

i

i

W

W
W s s W

v S i W S i v S W S i
W s s W

v S W S i v S W S

φ

φΦ

Φ

∈

∈

×

×
=

− −
∪ ∪ − ∪

− −
∪ −

= ∑

∑

Axiom b4: If
1 2 1 2( )( , ) ( , ) ( , )v v S T v S T v S T+ = + for 

any ( , ) ( )S T W∈℘ , then     
2

,

( ) \

1 1
( ) \

2 2

,

1

1

1 2

1 2

( ( , \ ( { }))

( ( , \ ( { }))]

( )
(| | 1)! ! | | ! [

(| | 1)! ! | | !
[ ( , \ ( { })) ( , \ ( { }))]

[ ( , \ ( { })) ( , \ ( { }))]

(

)
)

 =

=

v
i

S P W i

S P W i

v
i

i

i

v

S i W S i

S W S i

W
W s s W

W s s W
v S i W S i v S W S i

v S i W S i v S W S i

W

v v
v v

φ

φ

Φ

∈

∈

Φ

+

∪ ∪

− ∪

⎧ ⎫
⎨ ⎬
⎩ ⎭

− − ×

− − ×
∪ ∪ − ∪

+ ∪ ∪ − ∪

+
=

+∑

∑

,
1) ( )v

i Wφ Φ+

Similarly, 1 2 1 2
, , ,

v v v v
i i i
+

Φ Φ Φ= +φ φ φ . 

Definition 5  Game ( )v G N∈ is 
superadditive, if for ( , ) ( )S T N∀ ∈℘ , / \S N S T∈ ∪ , 

/ /( , ) ( , ) ( , )v S S T v S T v S≥ + ΦU  
and //( , ) ( , ) ( , )v S T S v S T v S∪ ≤ + Φ . 

Definition 6 A function x 2: ( ) nG N R→ is a 

payoff function of game ( )v G N∈  if it satisfies 

(1)
, , ( , ) ( , )i i

i N
v N v Nx xΦ Φ

∈
Φ − Φ+ =∑ ; 

(2) , ,({ }, ) ( ,{ }),i iv i v ix xΦ ΦΦ Φ≥ ≤  

where ( )W P N∈ , 
1, ,1 2, ,2,( , , ,Φ Φ Φ Φ= Kx x x x x  

, , , ,, , , , , ).i i n nx x x xΦ Φ Φ ΦK K  

Theorem 2 If a game ( )v G N∈ is 
superadditive, the Shalpley value defined by the 
Formula (1) and (2) is a payoff function on ( )G N . 

Proof: By the proof of Axiom b1, we get 
that , , ( , ) ( , )v v

i i
i N

v N v Nφ φΦ Φ
∈

Φ − Φ+ =∑ since N is 
both the left-carrier and right-carrier in N for v. 
Hence, if we can show 
that , ({ }, )i v ix Φ Φ≥ and , ( ,{ })i v ixΦ Φ≤ , then the 
Shalpley value defined by (1) and (2) is a payoff 
function on ( )G N . If v is superadditive, then 
for \ { }S N i∀ ∈ , 

( { }, \ ( { })) ( , \ ( { })) ({ }, )v S i N S i v S N S i v i∪ ∪ − ∪ ≥ Φ
By (1), we get that  

\
, [ ({ } , )] ({ } , ).( 1) ! ! !

S N i

v
i v i v in s s nφ

⊆
Φ Φ Φ

⎧ ⎫
≥ − −⎨ ⎬
⎩ ⎭

⋅ =∑

Similarly, we prove , ( ,{ })i v iΦ Φ≤φ . 

Lemma 1 Let ( )v G N∈ . If v is superadditive, 
then for /( , ) ( ), \S T N S N S T∀ ∈℘ ∈ ∪ , 

/( , ) ( , )v S S T v S T≥U , /( , ) ( , )v S T S v S T∪ ≤ . 
Proof: 

/ /( , ) ( , ) ( , ),v S S T v S T v S≥ + ΦU where 
/ \S N S T∈ ∪ . Thus, /( , ) ( , ),v S S T v S T≥U  

since /( , ) 0v S Φ ≥ .Similarly, / \S N S T∈ ∪ for  
/( , ) ( , )v S T S v S T∪ ≤ since /( , ) 0v SΦ ≤ . 

3. The Shapley value of fuzzy 
bi-cooperative games 

A fuzzy coalition of bi-cooperative games is a 
fuzzy subset of N, which is a vector 
S={S(1),…,S(n)}with coordinates S(i) contained 
in the interval [0,1]. The number S(i) indicates the 
membership grade of in S. If the player 
participation number S(i)>0,  then S(i) are 
consider as player i being in defender coalition S 
and the value -S(i) are considered to be in defeater 
coalition. And S(i)=0 means that player i does not 
take part in neither coalition. We denote the class 
of all fuzzy subsets of a fuzzy set S N⊆ by F(S). 
For , ( )S T F N∀ ∈ , union, intersection and 
inclusion of two fuzzy sets are defined as usual, 
( )( ) max{ ( ), ( )}S T i S i T i=U , ( )( ) min{ ( ), ( )}S T i S i T i=I , 
 where i N∈ .We denote 

( ) : {( , ) ( ) ( ) | }N A B F N F N A Bℵ = ∈ × ∩ = Φ .
Given ( )U F N∈ , let 

( ) { ( ) | ( ) 0, }Q U U i U i i N= > ∈ and q(U) be the 
cardinality of Q(U). The elements of in Q(U) is in 
the increasing order as 1 ( ), q Sh h≤ ≤K . 



 

Definition 7 Let ( )U F N∈ .Then a 

game vC is said to be a fuzzy bi-cooperative game 

if and only if for any ( )U F N∈ , ( , ) ( )S T N∈ℵ , 
          

( )

1 1
( ) ( 3 )

( , )

( )
( , )

q U

l l l
v U

l lh hv S U T U
C

h h
S T

= −

∩ ∩ ×

−
= ∑

 

The set of all fuzzy bi-cooperative games is 

denoted by ( )FG N .There is one-to-one 

correspondence between a crisp bi-cooperative 
game and a fuzzy bi-cooperative game. It is 
apparent that (3) is Choquet integral [13]of the 
function U with regard to bi-capacity v . By 
Grabisch[13], we know that if v is special 
bi-capacity , i.e.,CPT type, then the Choquet 

integral
( ) ( , )v UC S T has the following theorem. 

Theorem 3 Give ( )S F N∈ , ( )v G N∈ . If v 
is of the CPT type, with 1 2( , ) ( ) ( )v A B v A v B= − , 
for ( , ) ( )A B N∀ ∈℘ , then for any ( , ) ( )S T N∈ℵ , 
correlative fuzzy bi-cooperative game 

( , ) ( ( )) vvv C CC S T S T
+ −

= − . 
Remark 1 Let ( )v FC G N∈ . 

Given ( )U F N∈ , consider a set 

1( ) { , , }mQ U k k⊆ K such that 10 1mk k≤ < < ≤K . 
Let 0 0k = , ( , ) ( )S T N∈ ℵ ,  then the 
following holds: 

( ) 1
1

)([ ] [ ]( , ) ( ),
l l

v U l l

m

i
k kv S TC S T k k −

=
= −⋅∑   

Preparatory to the definitions of the fuzzy 
left-carrier and right-carrier, we define 

\ ( ),U U
i iS U S F U∈  for any ( )U F N∈ , 

( )S F U∈ and i N∈ as follows: 
( ),     ,

( ),   ,
( )U

iS
U i if j = i

S j or
j =

⎧
⎨
⎩

 

{0,      ( ) 0 ,
( \ )( )      

( ) , .

if S k
U S k

U k otherwise

>
=  

Definition 8  
Let ( )U F N∈ , 0 ( )U iγ≤ < . Player i 

is called a γ -left(resp.right)-null 
in ( , ) ( )S T U∈ ℵ for ( )v FC G N∈ if 

( ) ( )( , ) ( , )U
v U i v UC S T C S T= , ( )S F U∀ ∈ , 

( , ) ( )S T N∈ℵ . 

(resp. ( ) ( )( , ) ( , )U
v U i v UC S T C S T= , ( )T F U∀ ∈ , 

( , ) ( )S T N∈ℵ ).) 
Definition 9 Let ( )v FC G N∈ , ( )U F N∈ . 

S(resp.T)is called a fuzzy left(resp.)-carrier 
for vC if for /( \ ), ( \ )T F U S S U TF∀ ∈ ∀ ∈  

/ /

( ) ( )( , ) ( , )v U v UC S S T C S T∩ = . 

(resp. ( \ )S F U S∀ ∈ , / ( \ )T U SF∀ ∈  

/ /

( ) ( )( , ) ( , )v U v UC S T T C S T∩ = .) 

We denote the set of all fuzzy left-carriers 
(resp.right-carriers) in U for vC by CL(U|Cv)(resp. 
CR(U| Cv)) . Note that the definitions above can 
be applicable to crisp bi-cooperative games by 
restricting the domain. Preparatory to the 
definition of a fuzzy Shapley function, we define 
the following denotations. Let ( )U F N∈ . For 
any , ( )S T F U∈ , define , ( ) ( )U U

i iS p S F U∈ by       

min{ ( ), ( )},      ,

min{ ( ), ( )},     ,

( ) ,                 .

( )U

i

S i U j if k i

S j U i if k j

S k otherwise

S k

=

==
⎧
⎪
⎨
⎪⎩

( ),     ,

[ ]( ) ( ),    ,  

( )  ,  .

ij

U j if k i

U k U i if k j

U k otherwise

p

=

= =

⎧
⎪
⎨
⎪⎩

 

Lemma 2 Let ( ),v FC G N∈ ( )U F N∈ , 

1 1 2 2 ( )( , ), ( , ) US T S T ∈ℵ such that 1 2S S⊆ ,
1 2TT ⊇ . 

Then 1 2( )( 1 2) ( ) ( ), ,v Uv UC S C ST T= if and only 

if 1 21 2[ ) [ )([ ] ]] ([ ], ,h h hh T TS Sv v= for any (0,1]h ∈ . 

Proof: 
1 2( )( 1 2) ( ) ( ), ,v Uv UC S C ST T= if 

1 21 2[ ) [ )([ ] ]] ([ ], ,h h hh T TS Sv v= for any (0,1]h ∈ . 

We shall the reverse relationship. From Remark 1, 

we have 

{ }

( ) 1 1 ( ) 2 2

( )

1 1 2 2 1
1

( , ) ( , )

] ] ] ]( [ , [ ) ([ , [ ) ( )

v U v U

h h h h

q U

l l
l

C S T C S T

v S T v S T h h −
=

−

= − ⋅ −∑

We have known that
1 2SS ⊆ ,

1 2TT ⊆ if and only if 

1 2[[ ] ]h hSS ⊆ ,
1 2[ ] [ ]h hTT ⊆ for any [0,1]h ∈ . By 

Lemma 1, we get that  

1 2 21 1 2([ ] [ ] [ ][ ] ( [ ] ( [ ], ) , ) , )h h h h h hS T S T S Tv v v≤ ≤ holds 

for any [0,1]h ∈ . Thus, if
1 2( )( 1 2) ( ) ( ), ,v Uv UC S C ST T= , 



 

1 21 2[ ) [ )([ ] ]] ([ ], ,h h hh T TS Sv v= for any )(lh Q U∈ .  

Note that 
1 1[ ] [ ]h lhS S= 2 2[ ] [ ]h lhS S= , 

1 1[ ] [ ]h lhT T= and 
2 2[ ] [ ]

lh hT T= holds for any h 

satisfying 1l lh h h− < ≤ . Hence,  

1 21 2[ ) [ )([ ] ]] ([ ], ,h h hh T TS Sv v= holds for any 

( )(0, ]q Uh h∈ . For any h satisfying ( )q Uh h> , 

1 2 1 2[ ] [ ] [ ] [ ]h h h hS S T T= Φ= = = .Thus, 

1 21 2[ ) [ )([ ] ] ( , )] ([ ], ,h h hh T TS vSv v= = Φ Φ . 

Consequently, if
1 2( )( 1 2) ( ) ( ), ,v Uv UC S C ST T=  , 

then for any (0,1]h ∈ ,  

1 21 2[ ) [ )([ ] ]] ([ ], ,h h hh T TS Sv v= . 
Theorem 4 Let ( )Fv G NC ∈  

and ( )U F N∈ . If S is an fuzzy left-carrier(resp. 
right-carrier) in U for vC then [ ]hS is a 
left-carrier(resp. right-carrier) in [ ]hU for the 
relative crisp bi-cooperative game ( )G Nv ∈ for 
any (0,1]h ∈ .     

Proof: The following always holds: 
} ),{[ ] ([ ] (0,1].( )|h hT UP hT L U = ∀ ∈∈           

By using Lemma 2 and the above relationship,  

/

/

/ /

/

/ /

/

/

( ))( , ( \ ), ( \ )

, (0,1] ( )

[ ] , (0,1] ( )

 ( | )

( , ) ( , )

([ ] ,[ ] ) ([ ] ,[ ] ) ,

( [ ] ,[ ] ) ([ ] ,[ ] )  ,

[ ] ( | ),             (0,1]

 
v

h

h h h

h h h h

v UU

h

h

v T F U S S U T

S U

S S S U

S CL U C

C S S T C S T

v S S T S T

v T S T F

S CL U v h

F

h F

h

v
v

∈

∀ ∈ ∀ ∈

∀ ∀ ∈

∀ ∀ ∈

∩ =

∩ =

=

∈ ∀ ∈

⇔

⇔ ∈

⇔ ∩ ∈

⇔

Hence, if  ( | )vS CL U C∈ , then  

[ ] ( | )hS CL U v∈  for any (0,1]h ∈ . Similarly, 

if  ( | )vS CR U C∈ ,then [ ] ( | )hS CR U v∈ . 

Definition 10 Function 2: ( ) n

FG N R→ϕ is 
Shapley value on ( )v FC G N∈ if it satisfies four 
axioms: 

Axiom c1 (Efficiency): If ( ),U F N∈  
, ( )S T F U∈ is fuzzy left-carrier and right-carrier 

respectively, then 

, ,

, ,

( ) ( ) ;

( ( ) ( )

( )

( , ) ( , )

( )

)v v
i i

i N
v v
i i

i N i N

v U v U

U U

S

S T

T

C C

ϕ ϕ

ϕ ϕ

Φ Φ
∈

Φ Φ
∈ ∈

+

Φ − Φ

= +

=

∑

∑ ∑
 

If ( )i Supp S∉ , then , ( ) 0v
i Uφ Φ = , and 

if ( )i Supp T∉ , then
, ( ) 0v
i UφΦ = . 

Axiom c2 (Fairness): If ( ),U F N∈  
and , ( , )( ) [ ] [ ]\ \ij ij

U U
v ij v ijS U p U pC C S SS =  for 

any ( ),U
ijS UF∈ then , ,) ( )(v v

i j
U U
ij ijU Uφ φΦ Φ= ; and 

if , ( , )( ) [ ] [ ]\ \ U

ijij
U U

v ij v ijU U pC C T p TT T =  holds 
for any ( )U

ijT UF∈ , then , , ( )( )v v
i j

U U
ij ijU Uφ φΦ Φ= . 

Axiom c3 (Symmetry): Let two 

games
1 2
, ( )v v FC C G N∈ , ( , ) ( \ )S T U i∀ ∈ℵ  ,

[0,1]h∀ ∈  . If i N∈ , satisfies              

2 2 1 1
( , ) ( , ) ( , ) ( , )U U

v i v v v iC S T C S T C S T C S T− = − and                 

2 1 2
({ }, ) ([ ] ,[ ] { }) ([ ] ,[ ] ) 0v v h h v h hC i C S T i C S TΦ + ∪ − ≥

or                  

2 21 ( ,{ }) ([ ] ,[ ] ) ([ ] { },[ ] ) 0h h h hv v vC i C S T C S i TΦ + − ∪ ≥  , 

then 12
, ,

v vC C
i iϕ ϕΦ Φ= . 

Axiom c4 (Additivity): For any two 

games 1 2
, ( )v v FC C G N∈ , define a game 

1 2v vC C+  by 

1 2 1 2
( )( , ) ( , ) ( , )v v v vC C S T C S T C S T+ = + for 

any ( , ) ( ).S T N∈ℵ If 
1 2

( )v v FC C G N+ ∈  then 
1 2 1 2

, , ,
v v v vC C C C

i i iϕ ϕ ϕ+
Φ Φ Φ= + , 1 2 1 2

, , ,
v v v vC C C C
i i iϕ ϕ ϕ+

Φ Φ Φ= + ,where

i N∈ . 
Note that the definition above is equivalent 

to Shapley axioms of crisp bi-cooperative games 
by restricting the fuzzy coalition to crisp 
coalition. 

Definition 11 A function 

x 2: ( ) n

FG N R→ is said to be a payoff function 

of a game ( )v FC G N∈  if it satisfies 

(1)
, , ( )

( )
( ) (( , ) , )i i v U

i Supp U
v U N C NCx xΦ Φ

∈

ΦΦ+ −=∑ ; 

(2) , ,({ }, ) ( ,{ }),i iv vi C ix C xΦ ΦΦ Φ≥ ≤  

where ( )U F N∈ , 1, ,1 2, ,2( , , ,Φ Φ Φ Φ= Kx x x x x  

, , , ,, , , , , ).i i n nx x x xΦ Φ Φ ΦK K  
Definition 12  A game ( )v FC G N∈ is s 

superadditive, if for ( , ) ( )S T N∀ ∈ℵ  and 
/ \S N S T∈ ∪ ,

/ /( , ) ( , ) ( , )v v vC S S T C S T C S≥ + ΦU and
/ /( , ) ( , ) ( , )v v vC S T S C S T C S∪ ≤ + Φ . 



 

Proposition 1 Under the four axioms in 
Definition 10, the Shapley value for superadditive 
fuzzy bi-cooperative games is as follows:      

            

, ,

( )

1
1

[ ]( ) ( ) ( ) ( 4 )
l

C v
i i

v
q U

h l l
l

U U h hϕ φΦ Φ −
=

= ⋅ −∑

                       

, ,

( )

1
1

[ ]( ) ( ) ( ) (5 )
l

C v
i i

v
q U

h l l
l

U U h hϕ φΦ Φ −
=

= ⋅ −∑
                                                       

where ( )U F N∈ , , ,,i iΦ Φφ φ  is given in Theorem 1. 
Proof: We shall prove that function 

, ,,i iϕ ϕ
Φ Φ

defined by (4), (5) satisfy Axiom c1-4 in 
Definition 10. 
Axiom c1: Let ( ), ( ).v FC G N U F N∈ ∈  Using 
Theorem 4, if  ( | )vS CL U C∈  
and ( | )vT CR U C∈ , then 
[ ] ( | )hS CL U v∈ , [ ] ( | )hT CR U v∈ . 
If ( )i Supp S∉ , then [ ] ( | )hi S CL U v∉ ∈ . Thus, 

, ( ) 0v
i Uφ Φ = . And if ( )i Supp T∉ , then , ( ) 0v

i UΦ =φ . 
Since 

{ }, ,[ ] [ ] ([ , ) ( , )( ) ( ) ] [ ]
l l l l

v v
i h i h

i N
h hU U v U v UΦ Φ

∈

+ = Φ − Φ∑ φ φ  

holds for any {1, , ( )}l q U∈ K from Axiom b1, we 

obtain       

, ,

1

( ) ( )

|

( )

1
( , ) ( , )

[

[ ] [ ]

( ) ( )]=

( )

( , ) ( , )

v vC C
i i

i N

l l

v U v U

l l

q U

h h
l

v vS T

U U

h h

C S C T

ϕ ϕΦ Φ
∈

−
=

Φ − Φ
⎧ ⎫
⎨ ⎬
⎩ ⎭

=

+

⋅ −

Φ − Φ

∑

∑
 

Axiom c2: Let ( )U F N∈ . Note 
that ( ) ( )U U

ij ijU i U j= . If ( ) ( ) 0U U
ij ijU i U j= = , then 

, , 0( ) ( )U U
ij ij

v vC C
i jU Uϕ ϕΦ Φ= = from Axiom c1 proved 

above. If ( ) ( ) 0U U
ij ijU i U j= > , i.e., 

( ), ( ) 0U i U j > , then the following is valid.   
  

( ,, [ ] \ [ ]) 0,

 

( \ ) (

( , \ ) ( [ ], \ ) 0,    

 ( ),   . . ( ) 0, ( ) { ( ),0},

( )

( , \ ) ( [ ], \ ) 0,

 ( ),s.t

),U U
ij ij ij ij

U U
v ij v ij ij

U
ij

U U
v ij v ij ij

U
ij

U
ijv vU p U pS S SC S C S FU

C S U S C p S U S

S FU st S j S k S i

k SuppU

C S U S C p S U S

S FU

=

⇒

− ∀ ∈

⎡ ⎤− =
⎢ ⎥
∀ ∈ = ∈⎢ ⎥
⎢ ⎥∀ ∈⎢ ⎥⎣ ⎦

− =

⇒ ∀ ∈ . ( ) , ( ) 0 ,   (0, ( )],

  ( ) { ,0}, ( )

U
ijS i h S j h U i

and S k h k SuppU

⎡ ⎤
⎢ ⎥

= = ∀ ∈⎢ ⎥
⎢ ⎥∈ ∀ ∈⎢ ⎥⎣ ⎦

  

/ / /

/ /

/ / /

([ ] {},[ ] \[ ] {}) ([ ] { },
[ ] \[ ] { }) 0, ( ), , 
 s.t. ( ) ( ) 0    ( ) { ,0},  

( )
                                                      

U
ijh h h h

U U
ij ijh h

v S i U S i v S j
U S j S F U

S i S j and S k h
k Supp U

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

∪ ∪ − ∪

∪ = ∀ ∈⇒
= = ∈

∀ ∈

( {},[ ] \ {})

( { },[ ] \ { }) 0, ,     (0, ( )], 

  ([ ] \{ , }) 

   (0, ( )],
U
ij h

U U
ij h ij

U
ij h

U
ij

v R i U R i

v R j U R j h U i

T P U i j

h U i
⎡ ⎤∪ ∪ −
⎢ ⎥

⇒ ∪ ∪ = ∀ ∈⎢ ⎥
⎢ ⎥
∀ ∈⎢ ⎥⎣ ⎦

∀ ∈

  

Hence, we have 
, ,

[ ] [ ]( ) ( )
i j

v U v U
ij h ij hU Uφ φ

Φ Φ
= for any 

(0, ( )]U
ijh U i∈ from Axiom b2.  

, ,
[ ] [ ]( ) ( ) 0

i j

v U v U
ij h ij hU Uφ φ

Φ Φ
= = holds for any 

( ( ),1]U
ijh U i∈  from Axiom b1. Hence,  

 
, ,

[ ] [ ]( ) ( )
i j

v U v U
ij h ij hU Uφ φ

Φ Φ
=  for any ] (0,1h ∈ .  

It follows that        

, ,

, ,

( )

1
1

( )

1
1

( ) ([ ] ) ( )

([ ] ) ( ) ( )=

i j

j j

C U v U
ij ij h

Cv U U
ij ijh

U
ij

v
l

U
ij

v
l

q U

l l
l

q U

l l
l

U U h

U h U

h

h

ϕ φ

φ ϕ

Φ Φ

Φ Φ

−
=

−
=

= ⋅

⋅ =

−

−

∑

∑

 

Similarly, , , ( )( )v v
i j

U U
ij ijU Uφ φΦ Φ= holds if 

, ( , )( ) [ ] [ ]\ \ U
ijij

U U
v ij v ijU U pC C T p TT T = . 

Axiom c3: For
1 2
, ( )v v FC C G N∈ , if 

2 2 1 1
( , ) ( , ) ( , ) ( , )U U

v i v v v iC S T C S T C S T C S T− −= , then 

{ }

{ }

2 2

1 1

( )

1
1

( )

1
1

] ] ] ]

] ] ] ]

([ ,[ ) ([ ,[ ) ( )

([ ,[ ) ([ ,[ ) ( )

h h h h

h h h h

l l l l

l l l l

q U
U
i l l

l
q U

U
i l l

l

v S T v S T h h

v S T v S T h h

−
=

−
=

=

− ⋅ −

− ⋅ −

∑

∑

. 

If ( ) lU i h≥ , then ][ [ ] { }
lhl

U
i hS S i= ∪ , 

][ [ ] { }
lhl

U
i hT T i= ∪ .Hence,  

2 2

2 2

[ ] [ ] [ ] [ ]

([ ] [ ] [ ] [ ]

( , ) ( , )

{ }, ) ( , )
h h h h

h h h h

l l l l

l l l l

U
iv S T v S T

v S i T v S T

−

= ∪ −
. 



 

If 0 ( ) lU i h≤ ≤ , then ][ [ ]
lhl

U
i hS S= , ][ [ ]

lhl

U
i hT T= , 

and then 

 2 2

2 2

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( , ) ( , )

( { }, ) ( , ) 0
h h h h

h h h h

l l l l

l l l l

U
iv S T v S T

v S i T v S T

−

= ∪ − =
. 

Therefore, for 0 1lh≤ ≤ , 

 2 2

2 2

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( , ) ( , )

( { }, ) ( , )
h h h h

h h h h

l l l l

l l l l

U
iv S T v S T

v S i T v S T

−

= ∪ −
. 

 Similarly ,  

1 1

1 1

] ] ] ]

] ] ] ]

([ ,[ ) ([ ,[ )

([ ,[ ) ([ ,[ { })
h h h h

h h h h

l l l l

l l l l

U
iv S T v S T

v S T v S T i

−

= − ∪
.  

Thus, we get that 

2 2

1 1

( )

1
1

[ ] [ ] [ ] [ ]
0 (6)

[ ] [ ] [ ] [ ]

( { }, ) ( , )
( )

( , ) ( , { })
h h h h

h h h h

l l l l

l l l l

q U

l l
l

v S i T v S T
h h

v S T v S T i −
=

⎧ ⎫⎪ ⎪ =⎨ ⎬
⎪ ⎪⎩ ⎭

∪ − −
⋅ −

+ ∪∑

Consequently, if 

2 1 2({ }, ) ([ ] ,[ ] { }) ([ ] ,[ ] ) 0h h h hv i v S T i v S TΦ + ∪ − ≥  

and 0 1h≤ ≤ , then 

2 2

1 1

2 1 1

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( ) [ ] [ ] [ ] [ ]

( { }, ) ( , )
( , ) ( , { })

{ }, ( , ) ( , { }) 0 (7)

h h h h

h h h h

h h h h

l l l l

l l l l

l l l l

v

v

S i T v S T
v S T v S T i

i v S T v S T i

⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

∪ −

− + ∪

≥ Φ − + ∪ ≥

                     

By Expression (6)and (7),  
2 2

1 1

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( { }, ) ( , )
( , ) ( , { })

h h h h

h h h h

l l l l

l l l l

v S i T v S T
v S T v S T i

∪ −

= − ∪
. 

Similarly, if  

1 2 2( ,{ }) ([ ] ,[ ] ) ([ ] { },[ ] ) 0h h h hv i v S T v S i TΦ + − ∪ ≥ , 
then 

2 2

1 1

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( { }, ) ( , )
( , ) ( , { })

h h h h

h h h h

l l l l

l l l l

v S i T v S T
v S T v S T i

∪ −

= − ∪
. 

Consequently, 

2 2

1 1

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

( { }, ) ( , )
( , ) ( , { })

h h h h

h h h h

l l l l

l l l l

v S i T v S T
v S T v S T i

∪ −

= − ∪
. 

Using the Axiom b3, we have 2 1
, ,
v v
i iφ φΦ Φ= . Thus, 

1

2 2

1

,

,

, 1

,1

( )

1
( )

1

( ) [ ] ( )

[ ] ( ) ( )

( )

( )

v

v

v
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v
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l

l

C
i l l

C
il l

q U

h
l

q U

h
l

U h h

h h U

U

U

φ

φ

ϕ

ϕ

Φ

Φ

Φ −

Φ−

=

=

= ⋅ −

= ⋅ − =

∑

∑

. 

Axiom c4: Let ( )U F N∈ and
1 2
, ( )v v FC C G N∈ . 

It is clear that 
1 2

( )v v FC C G N∈+ from the 

definition ( )FG N . Using Axiom b4, we have 

{ }

1 2

1 2
, ,

1 2

1 2

( )

, , 1
1

( )

, , 1
1

([ ]

[ ] [ ]

) ( ) 

= ( ) ( ) ( )  =

l

l l

C C

i i

v v

v v

Q U
v v

i i h l l
l

Q U
v v
i h i h l l

l

C C U

U U

h h

h h

φ

φ φ

ϕ

ϕ ϕΦ Φ

+
Φ Φ −

=

Φ Φ −
=

+
= ⋅ −

+ ⋅ − +

∑

∑

Proposition 2 If ( )v FC G N∈ is superadditive, 

Shalpley value of Cv is a payoff function 

on ( )FG N . 

Proof:  If game ( )v FC G N∈ is superadditive, 
then for /( , ) ( ), \S T N S N S T∀ ∈ℵ ∈ ∪ , 

/ /( , ) ( , ) ( , )v v vC S S T C S T C S≥ + ΦU . Thus, 
({}, )( {}, \ ( {})) ( , \ ( {})) v iv S i N S i v S N S i Φ∪ ∪ − ∪ ≥ , 

( , ) ( \ { })S T N i∀ ∈℘ .From Theorem 2,  
( )

, , 1
1

( )

1
1

[ )]({ } , ({ } , ).

( ) ([ ] ) ( )

( )

v
l

q U
C v
i i h l l

l
q U

l l
l

vv i C i

U U h h

h h

ϕ φΦ Φ −
=

−
=

Φ Φ=

= ⋅ −

≥ ⋅ −

∑

∑

 

Similarly, 
,

( ,{ })v
i v

C C iϕ
Φ

Φ≤ . By Axiom b1, 

, , ( ) ( )( , ) ( , )v vC C
i i

i N
v U v UN NC CΦ Φ

∈

Φ − Φ+ =∑ϕ ϕ . 

4. Illustrative example 

Let {1, 2, 3}N = be a set of investors and suppose 
that the capital of each i N∈ is im .There are 
two optional supply chains, i.e. 1 2,v v , which the 
three player choose to participate one of them or 
not participate. And the bi-cooperative game is 
formed by CPT type, i.e., 1 2v v v= − . If the two 
cooperative game operate independently and 
compete with each other, their coalition income 
are as follows:

1 1 1
({1}) ({2}) ({3}) 0.2,v v v= = =  

1 1 1({1,2}) ({2,3}) ({1,3}) 0.5v v v= = = ,
1
({1,2,3}) 0.9v = , 

2 2 2
({1}) ({2}) ({3}) 0.1,v v v= = =

2 2 2
({1,2}) ({2,3}) ({1,3}) 0.4v v v= = = ,

2
({1,2,3}) 0.7v = . A fuzzy coalition S defined 

by (1) 0.2, (2) 0.4, (3) 0.5S S S= = = , which 
means player 1,2,3 plan to take part in 
Supply-Chain cooperative game v by 20%,40%, 
50% of his capital mi, respectively. 
A very important question in this context is how a 
player i can predict the expected return of 
investing a share S(i) of his capital im  in fuzzy 
coalition S. 



 

Firstly, we can estimate the coalition incomes for 
crisp bi-cooperative game v ,for example, 

1 2( , ) ({1, 2, 3}) ( ) 0.9v N v vΦ = − Φ = ;   

1 2( , ) ( ) ({1, 2, 3}) 0.7v N v vΦ = Φ − = − . 
Then, according to (1) and (2), the crisp Shapley 
values for bi-cooperative game can be obtained. 

1, 2, 3,

\

,1 ,2 ,3

\

( ) ( ) ( )
( 1)! ! !

0.3,[ ( { }, \ { }), ( , \ { })]

( ) ( ) ( )
( 1)! ! !

=0.23.
[ ( { }, \ { }), ( , \ { })]

v v v

S N i

v v v

S N i

N N N
n s s n
v S i N S i v S N S i

N N N
n s s n
v S i N S i v S N S i

φ φ φ

φ φ φ

Φ Φ Φ

⊆

Φ Φ Φ

⊆

= = =

− − ×
=∪ ∪ ∪

⋅

= =

− − ×
∪ ∪ ∪

∑

∑

 Similarly, we can also compute the crisp Shapley 
values other coalitions repeatedly. 
Next, by Formula (3), we can compute coalition 
incomes for fuzzy bi-cooperative game Cv . 

( )

0.2 ({1, 2,3}, ) 0.2 ({2,3}, ) 0.1 ({3}, )
0.3

( , )v UC
v v v
N

= ⋅ Φ + ⋅ Φ + ⋅ Φ
=

Φ

( )

0 .2 ( ,{1, 2 , 3 }) 0.2 ( ,{2 , 3} ) 0 .1 ( ,{3} )
0.2 3

( , )v UC
v v v

N
⋅ Φ + ⋅ Φ + ⋅ Φ

= −

Φ
=

Finally, using (4) and (5),we can compute the 
fuzzy Shapley value for every kind of  coalitions. 

1,

1, 1, 1,

( )
0.2 ( ) (0.4 0.2) ({2,3}) (0.5 0.4) ({3}) 0.06 ,

vC

v v v

S
N

ϕ

φ φ φ
Φ

Φ Φ Φ= ⋅ + − ⋅ + − ⋅ =

,1

,1 ,1 ,1( ) ({2,3}) (0.5 0.4) ({3})

0.04666,

)

0.2 (0.4 0.2)

(vC

v v vN

Sϕ

φ φ φ
Φ

Φ Φ Φ+ + −

=

= ⋅ − ⋅ ⋅

Similarly,
1, ) 0.11(Cv S
Φ

=ϕ ,
,2 ) 0.08666(Cv S

Φ
=ϕ ,

2, ) 0.13(Cv S
Φ

=ϕ ,
,3 ) 0.09666(Cv S

Φ
=ϕ . 

Consequently, we can see that 
3

, ,
1

( ) ( , ) ( , )v vC C
i i c v

i

C N C NΦ Φ
=

+ = Φ − Φ∑ ϕ ϕ  
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