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Abstract

In this article, we investigated a Shapley function
on the class of crisp bi-cooperative games Firstly,
we redefine bi-cooperative games axiom which
was introduced by Grabisch and proposed the
Shapley function that satisfies the four axioms.
Then, the concepts related to a Shapley function
have been extended to the case of fuzzy
bi-cooperative games by choquet integral.
Similarly, we define the four fuzzy Shapley
axioms which correspond to four axioms crisp
bi-cooperative Shapley, respectively. Finally, for
the purpose of bridging the results to a real world
problem, we gave a concrete example.
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1. Introduction

The Shapley value [1]-[2] is one of the most
appealing  solution concepts in cooperative
game theory. Butnariu[14] defined a Shapley
value and showed the explicit form of the Shapley
function on a limited class of fuzzy games.
Tsurmmi [5] defined new Shapley axioms and a
new class of fuzzy games with Choquet integral
form.But this two kinds of Shapley value can only
be applied to cooperative games without
competition. In fact, when player prepare to invest,
there are always more than one economic item for
him to choose. In this situation, Butnariu and
Tsurmmi’s games are not applicable any more.
Therefore, Bibao [6]has proposed bi-cooperative
games, which can compute relative value for two
games at the same time. Ternary voting games of
Felsenthal and Machover [7] are a particular case
of bi-cooperative games. Also, independently,
Greco et al [8],have proposed bipolar capacities,
where they consider that the characteristic
function is a pair of real numbers. Grabisch[9]has
also give the Shapley value for crisp
bi-cooperative games, but he did not consider the
situation in which some players take part in a
coalition to a certain extent.

In this paper, we follow Grabisch’s axioms
of Shapley function and introduce a new class of
fuzzy games whose coalition is fuzzy. Moreover,

we propose a new explicit Shapley function which
is applicable to this new kind of fuzzy
bi-cooperative games.

2. The Shapley value of crisp
bi-cooperative games

We consider cooperative games with the set of
players N={1,..., n}. We denote the set of all crisp
subsets of a crisp set w < N by PW),
and (W) :={(A,B) e PW)xPW) | AnB = d} .
A (cooperative Y)gamev : 2" — R is a set function
such thatv(®) =0. And a capacity v is a game
such AcBc N implies v(A)<v(B) . The
capacity is normalized if in additionv(N) =1. A
capacity v is additive if v(a)=)" v({i}) for
every Ac N .

Definition 1 A function v:o(N) - R isa

bi-capacity if it satisfies:

o v(D,d)=0

o Ac Bimplies v(A,-) <Vv(B,), v(-,A) 2v(B,-).
And v is normalized if v(N,®) =1 = —v(®d,N).

In the sequel, we will consider that
bi-capacities are normalized. Note that the
definition implies that v(-,®) > 0andv(®,-) <0.
We say that a bi-capacity is of CPT type [12] if
there exist two (normalized)capacities v, ,v,such
that V(A,B) = v, (A) -V, (B) for any
(A/B) e ¢(N) . By analogy with the classical
case, a bi-capacity is said to be additive if it is of
the CPT type with v,,v,being additive, i.e., it
satisfies for (A,B) € p(N) ,
V(AB) = 2 v, ({ih) - v, ({i})-

We eensider new bi-capacity as games, i.e.,
the mototonicity assumption (2) of Definition 1 is
no more required. As Bilbao at al [6] , we could
call such games bi-cooperative games. Let us
denote by G(N) the set of all bi-cooperative
games on N. For a bi-cooperative game, it can be
interpreted like this : v(S,T)is the worth of
coalition S when T is the opposite coalition, and
N/SuT is the set of indifferent (indecisive)
players. We call S the defender coalition, and T
the defeater coalition. Hence, a bi-cooperative
game reduces to an ordinary cooperative game v
if it is equivalent to know either the defender
coaliton S or defeater coalition T,

ie



ie. (S, T)=v(s,T)y=v(s)  for all
7.7 < N/S o (s, Ty =v(s',T) =vN/T)
forall s,s' < N/T.

In  bi-cooperative games, we denote
by ¢, and @, , the coordinates of the Shapley
value for player i for the defender and the defeater
parts, respectively. Hence, we consider the
Shapley value as an operator on the set of
bi-cooperative game ¢:G(N) » R™ ; v|—> ¢",
for any finite support N, and coordinates of ¢" are
either of ¢, or g, . type. Grabisch also gave the
axioms the Shapley value for bi-cooperative
games should satisfy, but his axioms was not fully
consistent with the Shapley axioms which was
proposed by L. S. Shapley in 1953. Hence, we
need to readjust the Shapley axioms.

Definition 2 Letv e G(N), W € P(N).
Player ieW is called a left-null (resp. right-null)
playerin (S,T) e W \{i}) for v if the following
holds, ie.v(S W{i},T) = v(S,T) (resp.

v(S, T u{i}) =v(S,T)).

Definition 3 Letve G(N),W e P(N). If
SePW) (resp. TePW) )is called a
left(resp.right) -carrier in W for a game V if
V(SNS' T)=v(S',T),VT € PW \S) ,
vS' e PW\T) .(resp. v(S, T nT') =v(S,T') ,
VS e PW\T),VT' € PW \S)).

We denote the set of all left-carriers (resp.right
-carriers)in W for v by CL(W |v) ( resp. CR(W
V) -

Definition 4 Function g.G(N) >R IS
Shapley function on G(N) if it satisfies the four
axioms:

Axiom bl (Efficiency): If W € P(N),
S, T € P(W)is a left-carrier and right-carrier for

gamev € G(N) respectively, then

DB+ 8) =D B+ D, (S, D) V(D T) ;

if ieS , then ¢,W)=0 , and if
ieT,d,,W)=0
Axiom b2 (Fairness): If

W e P(N), i, jePW)

andv(S U{it, W \s u{i}) =v(S U{jLW\s u{jp
holds for any SePW\{i, j}) , then
g W) =4/, (W) IfW e P(N), i, j e P(W)and
vWAT Ui}, T u{i}h) =viW\T U{j}, T u{j})
holds for any T ePW\{,j})
Gy W) =gy (W)

, then

Axiom b3 (Symmetry): Forv,,v, € G(N),
WeP(N) .Uf for some ieW , and
Y(S,T) € p(W \i),

v,(SU{i}, T)-v,(S,T)=v,(S,T) -V, (S, T u{i}),
then g, (W) = ga, (W)

Axiom b4 (Additivity): For
gamesV,,v, e G(N) ,W € P(N), define V, +V,
by (v, +v,)(S,T) =V (S,T) +Vv,(S,T) for any
(S, T)epW). If vV, +v, e G(W) then
¢V”V20N)—¢ W)+ 475 W),

ot P W) = W)+ g2, (W), forall ieWw.
Theorem 1 Under the axioms in Definition 4,

any two

the Shapley value for bi-cooperative games is :
(W |-s —1)!5!><

PlaW)= W ! (8)
SERWONTY(S U LT, W \ (S U{i}) - v(S,W \ (S Ui

4L (W) = Z (JW | -s-1)!s!

P W [v(S,W \ (S u{i})) -

V(SW S (2)

where W e P(N),P(W) ={S e PW)|i e S}.

Proof: We shall prove that the function
b o o, defined by (1),(2) satisfy Axiom b1-4 .
Axiombl: Let SeCLW |v). IfigS,thenwe
can get that
V(S ULEW\ S UL} = v(S ~ (S Uip).W\S Ui}

=v(S,W\S U{ip
Therefore, player i is a left-null in
(S,W \ S u{i}) for game v. According to formula

(1), we get thatg’, (W) =0

Similarly, if T e CR(W |v) , then we get

thatg, . (W) = 0. Hence, we have
Z(ﬂ\,/cp + ¢(\1;,i) = Zﬁm + Z(égxi '
iew ieS ieT
And by [9], we know that
> (Bl +da;) =v(W @) —v(@,wW). Because

iew
SeCLW |v) and TeCRW]|v) , we
obtain V(\N,CD)—V(CD,W):V(S,(D)—V((D,T) ' Thus'

Z(¢q: +¢q>|) Z¢¢ +Z¢q>| =V(S,D)-v(®,T)

ieT

Axiom b2:



If foranyS € P(W \{i, j}),
V(Su{it,wisu{ip) =v(Su{jlhwisu{j}) .
then

(W [=s—D)Is/|W |

#ro(W) = Z [v(S W{i},W \ (S u{i})) - v(S, W\ (S u{i}))]
SeAW)N

_ (W [=s—1)Isl/|W [Ix
s lV(S V{THWA (S L{j}) -v(S, WA (S u{iM]

= ¢}I*‘I) (\N)

Similarly, ¢, W) =g, W) if
VWAT U}, T u{ih) =vW\T u{j}, T u{j}
Axiom b3: If for somei e W ,V(S,T) € p(W \i),

V(S ULIHT) =V, (S,T) = v,(S,T) =V, (S, T U{i}),

V(S ULHW \ (S U{i}) — v(S,W \ (S U{i})
=V(S,W \ (S U{i})) - v(S,W \S) '

|v}1>(W)

_ (IW | =s =1)Isl/|W |Ix
- sedmulV(S W{itW \ (S U {i})) - v(S,W \ (S u{i})]
(W |-s=D)Isl/|W |Ix s

_seFx,(W)“[V(S'W V(S U{i}) - v(S,W\S)] $ai (W)

Axiom b4: If (v, +v,)(S,T) = v,(S,T) +v,(S,T) for

any(S,T) € p(W), then

A 2 (W)
- (W [ =5 —1)ISY|W [1x [V, +V,)(S UiW \ (S U{i}))
sehni—(Vy + V,)(S,W A (S u{i})]
(W | =s=1)IsV/|W |Ix
= z [vi(SUi,W\(SuU{i}) -V, (S W\ (S uU{i})]
SEF"(W)\'{+[v2(8 UILW A (S U{i}) -V, (SW \(S u{l}))]}

=gk W)+ gh W)

Similarly, qv;’i*vz = C‘l’;’i+ f,i-
Definition 5 Game veG(N) is

superadditive, if forv(s, T) e @(N),S' e N\SUT,
v(SUS', T) > v(S,T)+Vv(S', @)
andv(S, T uS’) <v(S,T) +v(®,S').

Definition 6 A function X : G(N) » R™is a

payoff function of game v e G(N) if it satisfies

D> X + Xes = V(N, @) = v(D,N);
ieN

)% ¢ 2 V{i}, @), X, <V(@,{i})

where W e P(N), x= (Xl,cpvxcp,lrxz,cprxq),zv--
v Xiwr Xpireeor Xnwr Xon)-

Theorem 2 If a game veG(N) is
superadditive, the Shalpley value defined by the
Formula (1) and (2) is a payoff function onG(N).

Proof: By the proof of Axiom bl, we get
that » 4", + 4y, = V(N,®) - v(®, N)since N is
bothi<the left-carrier and right-carrier in N for v.
Hence, if we can show
thatx; , > v({i},®)and x,; <v(®{i}), then the
Shalpley value defined by (1) and (2) is a payoff
function on G(N) . If v is superadditive, then
for VS e N \{i} ,
V(S U{it, N\ (S u{i})) - v(S,N\ (S u{i}) = v({i}, @)
By (1), we get that
¢y > { > (n-s —1)!s!/n!} VEiY, @)1 = v({i}, @).

Sc N\

Similarly, we prove Py i SV(D{i}) -

Lemmal Letve G(N). If vis superadditive,
then  for V(S,T)ep(N),S' eN\SUT
V(SUS',T)>v(S,T), v(S,Tus)<v(s,T).

Proof:
v(SUS', T)>v(S,T)+Vv(S',®), where
S'eN\SUT . Thus, v(SUS',T)>Vv(S,T),
sincev(S’,®) > 0.Similarly, S’ e N\SUT for
v(S,T uS/) <v(S,T)sincev(®,5')<0.

3. The Shapley value of fuzzy
bi-cooperative games

A fuzzy coalition of bi-cooperative games is a
fuzzy subset of N, which is a vector
S={S(1),...,S(n)}with coordinates S(i) contained
in the interval [0,1]. The number S(i) indicates the
membership grade of in S. If the player
participation number S(i)>0, then S(i) are
consider as player i being in defender coalition S
and the value -S(i) are considered to be in defeater
coalition. And S(i)=0 means that player i does not
take part in neither coalition. We denote the class
of all fuzzy subsets of a fuzzy setS < N by F(S).
For VS, T € F(N) , union, intersection and
inclusion of two fuzzy sets are defined as usual,
(SUT)G) = mags(@), TM} (S NT)(I) = min{S(i), T ()},
where i e N .We denote

N(N) ={(A,B) e F(N)x F(N)| AnB = ®} .
Givenu e F(N), let

QU)={(@)|U()>0,i e N}and g(U) be the
cardinality of Q(U). The elements of in Q(U) is in

the increasing orderas h <...,<h_ . .
q(s)



Definition 7 Let U e F(N) .Then a
game C, is said to be a fuzzy bi-cooperative game

if and only if for anyU e F(N),(S,T) € X(N),

qu)v(SmUhI,TmUhl)x

C S, T)=
V(U)( ) z‘l (hy = hy)

(3)
The set of all fuzzy bi-cooperative games is
denoted by G, (N) .There is one-to-one

correspondence between a crisp bi-cooperative
game and a fuzzy bi-cooperative game. It is
apparent that (3) is Choquet integral [13]of the
function U with regard to bi-capacity V. By
Grabisch[13], we know that if v is special
bi-capacity , i.e.,CPT type, then the Choquet

integral Coy(S:T) has the following theorem.

Theorem 3 GiveS € F(N),ve G(N). If v
is of the CPT type, withv(A B)=v,(A)-v,(B),
forv(A, B) € p(N), then for any (S, T) € N(N),
correlative fuzzy bi-cooperative game
Cy(s,T)=¢, (8)-c, (T).

Remark 1 Let C, €eGL(N)
Given U eF(N) , consider a  set
QU) c{k,....k ysuch that 0<k <..<k <1.
Let k, =0, (S,T)eN(N) , then the

following holds:
m

Cv(U)(SlT) = Z V([S]k, ’[T]k| )'(k| - kl—l)

=

Preparatory to the definitions of the fuzzy
left-carrier and  right-carrier, we  define
st,U\S’ eF(U) for any UeF(N) |,
SeFU)and i e N asfollows:

o, JUO =i
S; (J){S(j)’ or

{o, if S(k)>0,
U\ S)k) =
U (k) , otherwise.

Definition 8

LetUeF(N),0 < y < U (i) . Player i
is called a v -left(resp.right)-null
in(S,T) e X(U) for C, e G (N) if
Cuu) (S T) =Cy)(S.T), VS € F(U),
(S, T) e 8(N).
(resp. C,(8.T,") = Cyyy (S.,T), VT e F(U),

(8,T) eN(N)))

Definition 9 LetC, e G.(N) ,U e F(N).
S(resp.T)is called a fuzzy left(resp.)-carrier
forC,if for VT e F(U\S),vS' e F(U\T)

Co) (S NS T)=Cyyy (8'.T).
(resp. vseFU\s), VT e FU\S)

Chu)(S&.TAT)=C,, (5T

We denote the set of all fuzzy left-carriers
(resp.right-carriers) in U for C by CL(U|C,)(resp.
CR(U| C,)) . Note that the definitions above can
be applicable to crisp bi-cooperative games by
restricting the domain. Preparatory to the
definition of a fuzzy Shapley function, we define
the following denotations. LetU € F(N) . For
anyS,T e F(U), define s’ p(s’)eFU)by

min{S@)U(j)}, if k=1,
S, (k) =< min{S(i) U@} if k = ],

S(k), otherwise.

u(j, if k=i,

p,UI(k) =qU(i), if k =j,

U (k) , otherwise.

Lemma2Let C, € G- (N),U e F(N),
(S,.T).(S,,T,) eN(U)such thats, < S, ,T, o, -
Then CV(U)(Sl,Tl) =Cyu) (S, T,) if and only
ifv([S,Jy. [0 1y) = VIS, 1, [,1,) forany h € (0,1].

Proof: C,0) (S1:T,) = Cyu (S2:T,) if
V([Sl]h,[Tl]h) =V([Sz]h,U2]h) for any he(0,1] .
We shall the reverse relationship. From Remark 1,

we have

CV(U)(Sl'Tl) - Cv(U)(sszz)
q)

= Z {V([Sl]h’[Tl]h)_V([SZ]h’[TZ]h)}'(hI -h.)

=1

We have known thatS < s,,T, <7, if and only if

[Sl]h - [Sz]h (Tl < [T, for any he[0,1] . By

Lemma 1, we get that
V(IS 1y [T dy) < VS, 1y [Tdy) S V(IS, 1y, [T, 1) - holds

for anyh €[0,1]. Thus, ifcv(u)(sllT1):CV(U)(SZ‘Tz)'



V(8,15 1y) = (IS, 1, [T, 1y) for any by € QU) -

Note that [51]h = [Sl]hI [Sz]h = [82]h| !

m), =[], @d ], =[r,], holds for any h
satisfying h,_, <h <h, . Hence,

V([Sl]h ’ [Tl]h) = V([Sz]h ,Uz]h)
h e (0, hq(U)]. For any h satisfyingh > h

[S,.1, =[S,1, =M1, =[T,]1, = ®.Thus,
V(IS I M) = V(IS ] [T, 1) = v(@, @)
Consequently, if Cv(u)(sl’Ti) = cv(u)(sz,Tz) ,
then forany h e (0,1],

V([Sl]h ’ [Tl]h) = V([Sz]h ,lTZ]h) .

Theorem 4 Let C, €G.(N)
andU e F(N). If S is an fuzzy left-carrier(resp.
right-carrier) in U for C, then [S], is a
left-carrier(resp. right-carrier) in [U], for the
relative crisp bi-cooperative game V e G(N) for
any he(0,1].

Proof: The following always
{[T], |T € LUy = P(IU];). Vh € (0,1].
By using Lemma 2 and the above relationship,

holds for any

qu)

holds:

seCLU|C,)

< C (SNS',T) :CV(U)(S/,T), YT e FU\S),VS e FU\T)

v(U)
S V([SnS'],[T]) = V(S [T],). vh € (0,11, v$' € FU)

< V(s NIs'],.[T1,) = V([S]y.[T],), vhe (0,1,v8" e FU)
< [8], eCLU |v), vh e (0,1]

Hence, if S < CL(U | C ), then
[S], e CLU |v) for any h e (0,1] . Similarly,

if S < CR(U | C,) then [s], € CR(U |v).

Definition 10 Function : G (N) - R™is
Shapley value on C, e G (N) if it satisfies four
axioms:

Axiom c1 (Efficiency): If U e F(N),

S, T € F(U)is fuzzy left-carrier and right-carrier
respectively, then

200+, V)

;;fﬂﬁw(SH;% M

= Iév(U) (S, @) _IECV(U) (®,T);

If ieSupp(S) , then ¢ U)=0 , and
ifi  Supp(T), theng, (U)=0.

Axiom c2 (Fairness): If U € F(N),

and C,(s,Uj \S)=C,(p,[SLUJ \ p,[S]) for

any s e Fu)) theng’, (Uy) =4, (U;); and

if C,(uj \T.T)=C,; \p,[T]p/[T]) holds

foranyT e F(U;), then ¢, (UiLjJ) =&y ; (UiLjJ ).
Axiom c¢3 (Symmetry): Let two

gameszl,Cvz € G (N),V(S,T) e XU \i) ,
vh €[0,1] . Ifi e N, satisfies
c, (8. T)-C, (8.T)=C,(s,T)-C, (5., )and

C, i}, ®)+C, (S),.[T], wiiH -C, ([S],.[T],) 2 0
or

Cu(@.{i}) +C, (S],.[T],) -C,, (8], w{i}.[T],) =0

CVZ —

then Do ngi

Axiom ¢4 (Additivity): For any two
games C,,C, €GL(N) , define a game
C,+C, by

(Cy, +C,)(S,T)=C, (S,T)+C, (5,T)  for
any (S,T)eX(N). If C, +C, €Gg(N) then

C, +C, C C, C,, +C, _ C, C,
Po =PotPq ’(/’qn\,qi ? _(pqa\,qi + Qo where
ieN.

Note that the definition above is equivalent
to Shapley axioms of crisp bi-cooperative games
by restricting the fuzzy coalition to crisp
coalition.

Definition 11 A function

X:Gg(N) - R*" is said to be a payoff function
ofagame C, € G (N) ifitsatisfies

(D) D X4+ X, =Cyuy(N,®)=C, ) (@N);

ieSupp(U)
) X, 2C,{i}®),X,, <C, (@ {i})

where U e F(N), x=(X,,X

NOR) CD,lX

X

2,0 @210

e X X v Xn g Xo )

Definition 12 A game C, e G (N)is s

superadditive, if for vy, T)en(N) and
S"eN\SUT ,
C,(SUS',T)>C,(S,T)+C,(S', @) and

C,(S,TuS')<C,(S,T)+C,(®,5').



Proposition 1 Under the four axioms in
Definition 10, the Shapley value for superadditive
fuzzy bi-cooperative games is as follows:

w)
6y (IU1,) - (hy =)

a

pia(U) = (4)

-

u)

¢Q\;,i([U ]h, )‘(h| - h|71)

o

¢c1(>:\,li V)=

(5)

-

whereu € F(N), ¢ . 4,; isgiveninTheorem 1.
Proof: We shall prove that function

@ ¢, defined by (4), (5) satisfy Axiom c1-4 in

Definition 10.

Axiom cl: Let C, € G (N),U € F(N). Using

Theorem 4,if S <CL(U |C))

andT « CR(U |C,), then

[S], eCLU |Vv),[T], € CR(U |v).

Ifi ¢ Supp(S), thenig[S], eCL(U |v). Thus,

¢',(U)=0.Andifi ¢ Supp(T), theng; . (U)=0.

Since

> {4 (U1,) + 45, (U1,)} = V(U] @) - v(@.[U],)

ieN

holds for any 1| e{l,...,q(U)}from Axiom b1, we
obtain

iEzN‘,[wfé U) +o5U)]=

qI(ZUl){V([S]hI , @) —V(CD,[T]h”)}(h. -h_,)
=C,1)(§,®)-C,,,(D,T)

Axiom c2: Let U e F(N) Note
that U (i) =U? (j) - Ifu;;(i)zu.ij“(j):o, then
(pf&)(ui?):(p%(uﬁ)zofrom Axiom ¢l proved
above. If U/()=U/(j)>0 i.e.,
U (i),U(j) > 0, then the following is valid.

CUS U \S)-C(p[S14; \ R [SD =0, vS eF(LY),
CEUN\)-CRSIUN\S)=0

= | WSeF). st S(})=05K) <[00
vk eSuppU)
CEUN\)-CRSIUNS)=0
SeFW) st S@)=h S(j)=0 | vh QU@
and S() efh 3, vk eSup(U)

V(IS'T, ARG T\ T, AT (ST, Al
_ VNS, AiD =098 e FU),
s.t. 8/())=5/(j)=0 and S'(k)e{h,0},
vk e SuppU)
vh e(O,Uh’(i)],
VRU(IH U}, \ROD) -
:{V(R U{ih U7 1 \RUA D 0,], vh e(OU;] ()],
VT eP(U 1\, D)

Hence, we have g ([Uit,-J]h)=¢.v ([Ui?]h)for any
h e (0,U; (i)] from Axiom b2.

for any

¢ (7)) =¢', (1Uj1,)=0 holds
h ey (i),1] from Axiom bi. Hence,

¢iY®([lJiljJ]h):¢r®([LjiljJ]h) for any h (0,1 .

It follows that

quy)
oo (Uj) = IZ ¢, (Ui L) (h=hy)
=1
quy)
= 2 AL WUV (=R =l L))
=1
Similarly, ¢y, (U) =4y ,(Uj) holds if

C, Ui \T.T)=C, Wi \ p,[TL P, [T])-

Axiom ~ ¢3:  For C,.C, eG.(N) , Iif

C,, (87 .T)-C, (5,T)=C, (5,T)-C, (5. T") then

qu)

|
q(

(%81, 013,) V.11, [T3,)f - (hy =h)
v)

(v (181, .[T1,) - v, (181, . [T 1)} (h =)

1=1

It U@i)>h then  [sY], =[], Ui}

[T"1, =[T1, w{i}-Hence,

Vz ([SiU ]hl 1[T]h| ) _Vz ([S]h| !I.-r]hl ) )
= Vz ([S]hI U{I}! [—r]hl ) _Vz ([s]h| 1|.-r]h| )



IF0<U(@i) <h, then[sP} =[s],, [T"1, =[T],
and then

vz ([S|U ]hl 1|.-r]h| ) _vz ([S]h| lI.-r]hI ) .
= Vz ([S]h| U{i}vl.—r]nl ) _Vz ([S]h| 1|.-r]h| ) =0

Therefore, for0 <h, <1,

v, ([S|U ]“I vl.-r]hl ) -V, ([S]h| vl.-r]hl ) .
=V, ([S]h| U{I}v rr]nl ) -V, ([S]h| vI.-r]hl )
Similarly ,

vl([s]hl ’D—]hl ) A ([S]h| ’I.Tiu ]h, ) _
=v([S], .[T},) - (8], [T, o4}

Thus, we get that

Y([S], [T1,) + % (1S, [T1, Ui})

1=1

Consequently, if
v, ({i}, @) + v, ([S];,.[T], w{i}) -V, ([S],.[T],) = 0
and 0<h<1,then
v, ([ST, WLk [T],) -V, (18], .[T]y)
{—Vl([‘S]hI AT1,) + V(081 [T, U{i})}
2 v, ({i}, @) -v,([S], [T, ) + v ([S], .[T], A} =0 (7)
By Expression (6)and (7),
v, (81, U{HIT1,) v, (S1, .[T],)
=V, ([S],.[T1, ) — v ((S1y . [T, w{i})
Similarly, if

Vi (@ i}) + v, ([S],,[T]y) - v, ([S], w{i},[T],) 20,
then

V, ([S]hl U{i}ﬂ]h, ) -V, ([S]hI vrr]hl ) .
= vl([s]hl 1|.-I—]h| ) -V ([S]q 1U]h| U{I})

Consequently,

V, ([S]hl U{i}: |.T]h| ) -V, ([S]hI 'I._r]hl ) .
= vl([S]hl 1|.-I—]h| ) _Vl([S]r] 1[T]h| U{I})

Using the Axiom b3, we have ‘/5.V,fp = ¢qvjl’i . Thus,

c )

P (U) = 20 45 (U y) - (h —hy)
q) ) C

- Izl 45 (U1,) - (h = h ) = 57 (U)

Axiom c4: Let U e F(N)andC,,C, eG.(N).
It is clear that C, +C, eG.(N) from the

definition G_ (N) . Using Axiom b4, we have
QUY)
AW SIS HGEL

QW) B c c
= {¢i\&b (V1) +é% (U], )} “(h=hy) =o +o.7

1=1

Proposition 2 If C, € G (N) is superadditive,
Shalpley value of C, is a payoff function
onGg (N).

Proof: Ifgame C, e G, (N) is superadditive,
then for V(S,T) e X(N),S' e N\SUT,

C,(SUS',T)>C,(S,T)+C, (S, ®). Thus,
V(S AT N\ (S UAIE) —V(S, N\ (S ATY) 2 v({i @),
V(S,T) € (N \{i}) .From Theorem 2,

q)

=1

U S i+,[T1,)—-Vv,([S],.[T].,)— Cy = v . -
g >{v2([ Iy OOhIT,) v, (8], .[T],) }‘(hl_hll)zo(6)¢|?¢ U)= Y ¢'(U1,) (h -h_)

q)

> > vy, o) (h - h,) = ¢, {i} @)

1=1

Similarly, ¢ <c, (@.{i}). By Axiom b1,

> o5 oy,

ieN

=Cyu) (N.®) ~C, (@, N)-

4. lllustrative example

Let N ={1,2,3}be a set of investors and suppose
that the capital of each i€ Nis m,.There are
two optional supply chains, i.e.v,,v,, which the
three player choose to participate one of them or
not participate. And the bi-cooperative game is
formed by CPT type, i.e., v=v —v,. If the two
cooperative game operate independently and
compete with each other, their coalition income
are as follows: v ({}) =v ({2}) =v.({3}) =0.2,
V{2 =v({23) =v ({3} =05.v,({1.23}) = 0.9,
v.({@) = v, ({2} = v, ({3 =01

v, {1.2}) =v,{23}) =v,{L3}) =04 ,
v,({1,2,3}) =0.7 . A fuzzy coalition S defined
by S()=0.2,S(2) =0.4,5(3) =05 , which
means player 1,23 plan to take part in
Supply-Chain cooperative game v by 20%,40%,
50% of his capital m;, respectively.

A very important question in this context is how a
player i can predict the expected return of
investing a share S(i) of his capital m; in fuzzy
coalition S.



Firstly, we can estimate the coalition incomes for
crisp bi-cooperative game v ,for example,

V(N,®) =v ({1,2,3}) - v,(®) =0.9 ;
v(®,N) =v (P)-v,({1,2,3}) =-0.7.

Then, according to (1) and (2), the crisp Shapley
values for bi-cooperative game can be obtained.

¢1Y¢(N) :¢2V.¢(N) = ¢3:,¢(N) =
(n—s-1)Is!/n!x

Z_[V(S U{it, NAS U{i}),v(S,N\S u{i})]=0.3,

P01 (N)gy o, (N) = ¢4 5 (N) =
(n—s-1)Is!/nlx

. . ...=0.23.
seni[V(S U{iE NS U{i}), v(S, N\ S U{i})]

Similarly, we can also compute the crisp Shapley
values other coalitions repeatedly.
Next, by Formula (3), we can compute coalition
incomes for fuzzy bi-cooperative game C,.
Cyu)(N, @)

=0.2-v({1,2,3},®)+0.2-v({2,3},®) + 0.1-v({3}, @)

=0.3
Cow)(®,N)
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