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Abstract

Truth degree and falsity degree of intuitionistic
fuzzy proposition are two truth values with lin-
guistic hedge. In this paper, using the framework
of linguistic truth-valued propositional logic based
on lattice implication algebra, a kind of linguistic
truth-valued intuitionistic fuzzy propositional logic
is constructed. Some logic properties regarding rea-
soning are then obtained. Especially, the implica-
tion operation of linguistic truth-valued intuition-
istic fuzzy propositional logic can be deduced from
four times implication of their truth values. There-
fore, we can use more information in the process of
reasoning and eventually improve the precision of
reasoning.
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1. Introduction

In the real world, people usually do judgement in
a natural language with some uncertain words. In
1970s, Zadeh introduced and developed the theory
of approximate reasoning based on the notions of a
linguistic variable and fuzzy logic. The truth val-
ues of a fuzzy proposition are linguistic, e.g., of the
form “true”,“very true”,“possible false”, etc [1]-[2].
Therefor, truth values of proposition are often not
exactly true or false, but accompany with linguistic
hedges [4], such as absolute, highly, very, quite, ex-
actly, almost, rather, somewhat, slightly and so on.
These linguistic hedges can strengthen or weaken
the degree of truth value. In recent years, some
researchers have paid their attention to linguistic
hedges. Ho proposed an algebraic model, Hedge
Algebra, for dealing with linguistic information [6]-
[7]. Turksen studied the formalization and infer-
ence of descriptive words, substantive words and
declarative sentence [8]-[9]. Huynh[5] proposed a

new model for parametric representation of linguis-
tic truth-values[10]-[11].

Xu et.al. did some research on characterizing
the set of linguistic values by a lattice-valued alge-
braic structure and investigate the corresponding
logic systems with linguistic truth-value based on
LIA [12]-[13]. From the point of lattice-valued logic
system view[15]-[16], linguistic truth-values can be
put into the lattice implication algebra(LIA)[17]-
[18]. Zou [19] proposed a framework of linguistic
truth-valued propositional logic and developed the
reasoning method of six-element linguistic truth-
valued logic system.

Sometimes, we analysis an event which has
both certainty and uncertainty characteristic
or has both obverse and inverse demonstration.
Therefore, a proposition has two truth values:
truth degree and falsity degree. From the view of
intuitionistic fuzzy set introduced by K.Atanassov,
the true value of a fuzzy proposition p are jux-
taposed two two real number (µ(p), ν(p)) on the
closed interval [0,1] with the following constraint:

µ(p) + ν(p) ≤ 1

In [3] the evaluation function V was defined over a
set of propositions S in such a way that

V (p) =< µ(p), ν(p) > .

Hence the function V : S → [0, 1] × [0, 1] gives
the truth and falsity degrees of all propositions in
S. which represents its truth degree and its falsity
degree [4].

With above work,we will put the linguistic
truth-values into intuitionistic fuzzy logic. The
truth values of the intuitionistic fuzzy logic are lin-
guistic truth-values instead of number. Then we
discuss the properties of linguistic truth-valued rea-
soning in intuitionistic fuzzy logic.



2. Framework of linguistic
truth-valued logic

In this section we briefly review the notion of lin-
guistic truth-valued lattice implication algebra and
its main properties.

Definition 1[14] Let (L,∨,∧, ′, O, I) be a
bounded lattice with universal boundaries O (the
least element) and I (the greatest element) respec-
tively, and “′” be an order-reversing involution. For
any x, y, z ∈ L, if mapping →: L×L → L satisfies:
(I1) x → (y → z) = y → (x → z),
(I2) x → x = I,
(I3) x → y = y′ → x′,
(I4) if x → y = y → x = I, then x = y,
(I5) (x → y) → y = (y → x) → x,
(I6) (x ∨ y) → z = (x → z) ∧ (y → z),
(I7) (x ∧ y) → z = (x → z) ∨ (y → z),
then (L,∨,∧, ′,→, O, I) is called a lattice implica-
tion algebra.

Definition 2 Denote C = {ci|c1 = false(F ),
c2 = true(T ), i = 1, 2}, which is called as the set of
meta truth values. The lattice implication algebra
(of course a Booleaan algebra) defined on the set
of meta truth values is called a meta linguistic
truth-valued lattice implication algebra, where
F < T , the operation ”′” is defined as: T ′ = F and
F ′ = T , the operation ”→” is defined as:

→: C × C → C,

x → y = x′ ∨ y.

Definition 3 Denote H = {hi|i = 0......n, n is
an even number}, which is called linguistic hedges
set. Here we assume they are a chain, hi < hj , if
i < j. For 0 ≤ i, j ≤ n, define:

hi ∨ hj = hmax{i,j}

hi ∧ hj = hmin{i,j}

h′i = hn−i

hi → hj = hmin{n,n−i+j}

then (H,∨,∧,′ ,→) is a LIA.
Let V be a linguistic truth values set, every lin-

guistic truth value v ∈ V is composed of a linguistic
hedge operator h and a basic word c, i.e. V =H ×
C where the linguistic hedge operator set H is a
totally ordered and finite set.

According to the characteristic of lattice impli-
cation algebra, we can construct a new lattice im-
plication algebra using the product of some lattice
implication algebras.
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Fig. 1: Hasse Diagram of L.

Definition 4 Let V = H×C, denote L=(V , ∨,
∧, ′,→), its operation “∨” and “∧” are shown in the
Hasse diagram of L defined in 1 , (hi, T )′ = (hi, F ),
(hi, F )′ = (hi, T )and its operations “→” defined as
follows:




(hi, T ) → (hj , F ) = (hmax{0,i+j−n}, F )
(hi, F ) → (hj , T ) = (hmin{n,i+j}, T )
(hi, T ) → (hj , T ) = (hmin{n,n−i+j}, T )
(hi, F ) → (hj , F ) = (hmin{n,n−j+i}, T )

Then L = (V,∨,∧,′ ,→) (in short L) is a lattice
implication algebra.

Proposition 1 For any formula p, q of LTVP,
(hi, cj) ∈ L,
(1)∼ ((hi, cj)p) = (hi, c

′
j)p

(2)∼ ((hi, cj)p) = (hi, cj)(∼ p)
(3)(hi, ci)(p ∨ q) = (hi, ci)p ∨ (hi, ci)q
(4)(hi, ci)(p ∧ q) = (hi, ci)p ∧ (hi, ci)q

Proposition 2 For any (hi, cj) ∈ L,
(1) (hn, F ) → (hi, cj) = (hn, T ),
(2) (hn, T ) → (hi, cj) = (hi, cj),
(3) (hi, cj) → (hn, F ) = (hi, cj)′,
(4) (hi, cj) → (hn, T ) = (hi, cj).

3. Linguistic truth-valued intu-
itionistic fuzzy logic

Since some kinds of truth and falsity are incompara-
ble, we can choose the linguistic truth-values based
on LIA as the truth-valued field of intuitionistic
fuzzy logic. We denote the linguistic truth-valued
intuitionistic fuzzy proposition by LTV-IFP.



The symbols in LTV-IFP Logic system are
(1) The set of propositional variable: X =
{p, q, r, ...};
(2) The set of constants: L = {((hi, T ), (hj , F ))};
(3) Logical connectives: →, ′;
(4) Auxiliary symbols: ),(.

The set F of formulae of LTV-IFP is the least
set Y satisfying the following conditions:
(1)X ⊆ Y ;
(2)L ⊆ Y ;
(3)If p, q ∈ Y ,then p′ and p → q ∈ Y.

Note that from the viewpoint of universal alge-
bra, LTV-IFP is the free algebra on X w.r.t. the
type T = L ∪ {′,→}, where α ∈ L is a 0-ary oper-
ation.

According to the properties of lattice implica-
tion algebra, L and LTV-IFP can be looked as al-
gebras with the same type T = L ∪ {′,→} and for
any p, q ∈ F ,
(1)p ∨ q = (p → q) → q,
(2) p ∧ q = (p′ ∨ q′).

Definition 5 A mapping

v : LTV − IFP → ((hi, T ), (hj , F )),

where ((hi, T ), (hj , F )) ∈ L× L, where i + j ≤ n
is called a valuation of LTV-IFP, if it is a T -
homomorphism. The conjunction, disjunction and
implication are shown as follows:

Let G,H ∈ LTV − IFP , v(G) = ((hi, T ),
(hj , F )), v(G) = ((hm, T ), (hl, F )),
1.v(G ∨H) = ((hi, T ) ∨ (hm, T ), (hj , F ) ∧ (hl, F ));
2.v(G ∧H) = ((hi, T ) ∧ (hm, T ), (hj , F ) ∨ (hl, F )).
3.v(G → H) = v(G) → v(H) = (((hi, T ) →

(hm, T )) ∧ ((hj , F ) → (hm, T ) ∧ ((hj , F ) →
(hl, F ))), (hi, T ) → (hl, F ));
Note that, for 1 and 2 they satisfy the valuation

conditions of LTV-IFP obviously.
For 3, we get
v(G → H)

= v(G) → v(H)
= (((hi, T ) → (hm, T )) ∧ ((hj , F ) →
(hm, T ) ∧ ((hj , F ) → (hl, F ))), (hi, T ) → (hl, F ))
= ((hmin{n,n−i+m}, T ) ∧ (hmin{n,j+m}, T ) ∧
(hmin{n,n−l+j}, T ), (hmax{0,i+l−n}, F ))

For the truth degree of G → H there are four
cases, the subscripts are n, n− i+m, j +m,n− l+j
respectively. For the falsity degree of G → H, the
subscript is i + l − n. We can prove that the sum
is always equal to or less than n.

Hence the definitions of conjunction, disjunc-
tion and implication of LTV-IFP are rational.

Corollary 1 Let

v : LTV − IFP → ((hi, T ), (hj , F ))

be a mapping, then v is a valuation of LTV-IFP if
and only if it satisfies
(1)v((hα, T ), (hβ , F ))=((hα, T ), (hβ , F )), for any
((hα, T ), (hβ , F )) ∈ L and α + β ≤ 1;
(2)v(p′) = (v(p))′ for any p ∈ F ;
(3)v(p → q) = v(p) → v(q) for any p, q ∈ F .

Definition 6 Let p be a symbol of an LTV-IFP
atom, and v(p) = ((hi, T ), (hj , F )), where i+j ≤ n.
LTV-IFP atom is the fundamental element of LTV-
IFP.

Definition 7 Well-formed formula of LTV-IFP
or formula for short are defined recursively as fol-
lows:
(1) LTV-IFP atom is a formula;
(2) If G, H are LTV-IFP formulae, then ∼ G,
(G ∨ H), (G ∧ H), ((G → H) and (G → H) are
formulae;
(3) No expression is a formula unless it is compelled
to be one by (1) and (2).

There are five types of “nagation” in LTV-IFP
formally, let v(p) = ((hi, T ), (hj , F )):
1.v(p′) = ((hi, F ), (hj , T ));
2.v(p′) = ((hn−i, T ), (hn−j , F ));
3.v(p′) = ((hj , T ), (hi, F ));
4.v(p′) = ((hn−i, F ), (hn−j , T ));
5.v(p′) = ((hj , F ), (hi, T )).

Considering the restriction of valuation of
LTV-IFP and people’s intuition, the second and
the third are both better than others. We would
like to choose the third negation to discuss.

Some intuitionistic linguistic truth-valued
properties hold as follows:

Theorem 1 For any ((hi, T ), (hj , F )) ∈ L,
where i + j ≤ 1,
(1) ((h0, T ), (hn, F )) → ((hi, T ), (hj , F ))=

((hn, T ), (h0, F )),
(2) ((hn, T ), (h0, F )) → ((hi, T ), (hj , F ))=

((hi, T ), (hj , F )),
(3) ((hi, T ), (hj , F )) → ((h0, T ), (hn, F )) =

((hj , T ), (hi, F )),
(4) ((hi, T ), (hj , F )) → ((hn, T ), (h0, F )) =

((hn, T ), (h0, F )).
Proof. For (1),
((h0, T ), (hn, F )) → ((hi, T ), (hj , F ))

= (((h0, T ) → (hi, T )) ∧ ((hn, F ) → (hi, T ))∧
((hn, F ) → (hj , F ))), (h0, T ) → (hj , F ))

=((hmin{n,n−0+i}, T ) ∧ (hmin{n,n+i}, T )∧
(hmin{n,n−j+n}, T ), (hmax{0,0+j−n}, F ))

=((hn, T ) ∧ (hn, T ) ∧ (hn, T ), (h0, F ))
= ((hn, T ), (h0, F )).

For (2), since i + j ≤ 1
((hn, T ), (h0, F )) → ((hi, T ), (hj , F ))

= (((hn, T ) → (hi, T )) ∧ ((h0, F ) → (hi, T )∧



((h0, F ) → (hj , F ))), (hn, T ) → (hj , F ))
=((hmin{n,n−n+i}, T ) ∧ (hmin{n,0+i}, T )∧

(hmin{n,n−j+0}, T ), (hmax{0,n+j−n}, F ))
=((hi, T ) ∧ (hi, T ) ∧ (hn−j , T ), (hj , F ))
= ((hi, T ), (hj , F )).

(3) and (4) can be proved analogously.
Corollary 2 For any ((hi, T ), (hj , F )) ∈ L,

where i + j ≤ 1,
(1) ((h0, T ), (hn, F )) → ((h0, T ), (hn, F )) =

((hn, T ), (h0, F )),
(2) ((hn, T ), (h0, F )) → ((hn, T ), (h0, F )) =

((hn, T ), (h0, F )),
(3) ((hn, T ), (h0, F )) → ((h0, T ), (hn, F )) =

((h0, T ), (hn, F )),
(4) ((h0, T ), (hn, F )) → ((hn, T ), (h0, F )) =

((hn, T ), (h0, F )).
Definition 8 For any ((hi, T ), (hj , F )),

((hm, T ), (hl, F )) ∈ L, where i + j ≤ 1
and m + l ≤ 1, ((hi, T ), (hj , F )) is said to
truer than ((hm, T ), (hl, F )) if and only if
(hi, T ) ≥ (hm, T ) and (hj , F ) < (hl, F ) or
(hi, T ) > (hm, T ) and (hj , F ) ≤ (hl, F ), denoted
by ((hi, T ), (hj , F )) ≥ ((hm, T ), (hl, F )).

Theorem 2 If

((hi, T ), (hj , F )) ≥ ((hm, T ), (hl, F )),

then

((hi, T ), (hj , F )) → ((h0, T ), (hn, F )) ≤
((hm, T ), (hl, F )) → ((h0, T ), (hn, F )) .

Proof. From theorem 1, we get
((hi, T ), (hj , F )) → ((h0, T ), (hn, F ))

=((hj , T ), (hi, F ));
((hm, T ), (hl, F )) → ((h0, T ), (hn, F ))

=((hl, T ), (hm, F )).
Since((hi, T ), (hj , F )) ≥ ((hm, T ), (hl, F )), and

the linguistic hedge set H = hi|i = 1, 2...n is a
chain, then we get

((hj , T ), (hi, F )) ≤ ((hl, T ), (hm, F )).
Note that if the consequence is the most false

then the truth degree of the implication will de-
crease while the truth degree of the premise in-
creases. Conversely, while the truth degree of the
premise decreases, the truth degree of the impli-
cation will increase. This property is consistent
with the classical logic and people’s intuition. Also,
the linguistic truth-values based on LIA are special
cases of intuitionistic linguistic truth-values. So the
linguistic truth-valued intuitionistic logic is an ex-
tension of linguistic truth-valued logic.

Theorem 3 For any ((hi, T ), (hj , F )),
(hi, T ), (hl, F ), ((hm, T ), (hj , F )) ∈ L,
(1)((hi, T ), (hj , F )) → (hi, T ), (hl, F )

=((hi+j , T ), (h0, F )),
(2)((hi, T ), (hj , F )) → ((hm, T ), (hj , F ))
=((hj+m, T ), (h0, F )),

Now when we do fuzzy inference in intuition-
istic fuzzy logic system based on linguistic truth-
value, we must consider the fact that the proposi-
tion has the truth degree as well as the falsity de-
gree. So more information is used in the reasoning
process, which can improve the precision of reason-
ing and reduce the loss of information in a sense
.

4. Conclusions

We have found that some properties of lattice-
valued logic based on linguistic truth-valued are fit
for researching linguistic truth-values. The result
is consistent with people’s intuition. The classical
logic and linguistic truth-valued logic based on LIA
are the special cases of this logic system.

The problem which has positive evidence and
negative evidence at the same time can be dealt
with by means of linguistic truth-value intuitionis-
tic fuzzy logic. If a proposition has both credibility
and incredibility, then the reasoning method pro-
posed above can be used.

The further work is to build a reasoning model
for linguistic truth-valued intuitionistic logic. We
also hope this method can be applied into the fields
of decision-making, evaluation, risk assessment
and so on.
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