
A Method for Ranking Fuzzy Numbers and
Its Application to Game with Fuzzy Profit

Yingchao Shao Zheng Pei

School of Mathematics & Computer Science, Xihua University, Chengdu 610039, China

Abstract
In this paper, a new method for ranking fuzzy num-
bers is proposed. Based on decomposition theorem
of fuzzy set, firstly, the method considers interval
numbers, the relation between lines and interval
numbers is discussed in Cartesian coordinates, the
distance of dot A to lines l is used as evaluation of
interval number. Then, integral of all distances is
used as evaluation of fuzzy number. Finally, rank-
ing fuzzy numbers is implemented by the evalua-
tions of fuzzy numbers. In order to illustrate the
ranking method, numeric example is shown, and
for the comparative study, our method is compared
with four existing ranking methods. As an exam-
ple of potential applications, the proposed method
is applied to game with Fuzzy Profit.
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1. Introduction
Fuzzy numbers are an important issue in research
on the fuzzy set theory. Because of the suitabil-
ity for representing uncertain values, fuzzy num-
bers have been widely used in many applications.
Since fuzzy numbers represent uncertain numeric
values, it is difficult to rank them according to their
magnitude, Many methods for ranking fuzzy num-
bers have been proposed [1]-[5], such as, represent-
ing them with real numbers [6]-[12]. The results of
studies on ranking fuzzy numbers have been used in
application areas such as decision making [13]-[22].

In order to rank fuzzy numbers, one fuzzy num-
ber needs to be evaluated and compared to the oth-
ers. In this paper, the evaluation of fuzzy number
is implemented by integral of all distances which
are dot to lines, in which, lines are obtained by in-
terval numbers of α−cut set of the fuzzy number
according to decomposition theorem. Based on the
evaluation of fuzzy number, ranking fuzzy numbers
could be finished. In order to illustrate the rank-
ing method, numeric example is shown, and for the

comparative study, our method is compared with
four existing ranking methods. As an example of
potential applications, the proposed method is ap-
plied to game with Fuzzy Profit.

2. Interval measures and its
ranking

Generally, an interval number is represented as
A(a1, a2) = [a1, a2], where, a1, a2 respectively
act as the interval number A(a1, a2) and sat-
isfy: a1 ≤ a2; especially, the interval number
A(a1, a2) is represented as the real number a1 if
and only if a1 = a2. Let F (R) = {A(a1, a2)|a1 ≤
a2, a1, a2 ∈ R} represents the interval numbers set.
∀A(a1, a2), B(b1, b2) ∈ F (R),

A(a1, a2) = B(b1, b2) ⇐⇒ a1 = b1, a2 = b2.

Figure 1 describes the line segments between
the two axis of the rectangular cartesian coordi-
nates, (a1, 0) and (0, a2) are respectively used to
denote the two ends of the line la1a2 , and

la1a2 = lb1b2 ⇐⇒ (a1, 0) = (b1, 0), (0, a2) = (0, b2)
⇐⇒ a1 = b1, a2 = b2.

For the line la1a2 and the interval number A(a1, a2),
the following correspondence relation holds.

Theorem 1 There exists a bĳection between L and
F (R). Where, L = {la1a2 |la1a2 ∈

−→
L , a1 ≤ a2}, and−→

L denotes the set of segments between the two axis.

Proof Let

f : L −→ F (R)
la1a2 −→ [a1, a2] = f(la1a2)

1) ∀la1a2 , la3a4 , if la1a2 = la3a4 , then a1 = a3, and
a2 = a4, therefore, f(la1a2) = [a1, a2] = [a3, a4] =
f(la3a4), that is, f is a mapping from F (R) to
L; 2) ∀la1a2 , lb1b2 ∈ L. If la1a2 6= lb1b2 , then
a1 6= a2 or a1 6= a2, that is, [a1, a2] 6= [b1, b2], so,



f is a single-valued mapping from L to F (R); 3)
∀[a1, a2] ∈ F (R), a1 ≤ a2, then the segment identi-
fied by (a1, 0) and (0, a2) satisfies the condition of
L, that is, la1a2 ∈ L, f is a surjective mapping from
L to F (R). So f is a bĳection from F (R) to L.

Definition 1 The measure of interval number
A(a1, a2)(= f(la1a2)) is denoted as follow:

dOA = dla1a2
=
√

2|a1a2|√
a2
1 + a2

2

(1)

Proposition 1 Let A(a1, a2) be interval number
and a1 6= 0, a2 6= 0, then:

1. if a1 = a2 then dOA = a1;
2. when the left end point of the interval number

A(a1, a2) is fixed, dOA is a monotone increas-
ing function about the right end point a2, and
dOA →

√
2|a1|(a2 → +∞);

3. when the right end point of the interval number
A(a1, a2) is fixed, dOA is a monotone increas-
ing function about the left end point a1, and
dOA →

√
2|a1|(a1 → −∞);

4. the measure of all the interval numbers cutting
the circular which center lies at O and radius
is r are equal, i.e., dOA = r.

Proof These can easily be proved by (1).

Theorem 2 A relation ∼ on L is defined as follow:
∀l1, l2 ∈ L,

l1 ∼ l2 ⇔ dl1 = dl2 ,

then ∼ is an equivalence relation on L.

Proof (1) ∀l1 ∈ L, due to dl1 = dl1 , then l1 ∼ l1;
(2) ∀l1 ∈ L, ∀l2 ∈ L, due to dl1 = dl2 , then

l1 ∼ l2;
(3) ∀l1 ∈ L, ∀l2 ∈ L, ∀l3 ∈ L, l1 ∼ l2, l2 ∼ l3 ⇒

dl1 = dl2 , dl2 = dl3 ⇒ dl1 = dl3 ⇒ l1 ∼ l3, so ∼ is
an equivalence relation.

Based on the equivalence relation ∼, we can
categorize L, that is, two lines is in the same equiv-
alent class if their measures are equal. So [r] can
be used to represent the equivalence class of L, and

L =
⋃

[r], r ∈ [0,+∞),

where, ∀la1a2 ∈ [r] means that the measure of the
line is R. Based on the measure of the line, dis-
tance between two interval numbers can be defined
formally as follows

dA(a1,a2)B(a3,a4) = dl1l2 = |dOA− dOB | = |dl1 − dl2 |

For dA(a1,a2)B(a3,a4), the follows property holds

Proposition 2 let A(a1, a2) and B(b1, b2) are two
interval numbers then dA(a1,a2)B(a3,a4) satisfies fol-
lows:

1. dA(a1,a2)A(a1,a2) = 0;
2. dA(a1,a2)B(a3,a4) = dB(a3,a4)A(a1,a2);
3. dA(a1,a2)C(a5,a6) ≤ dA(a1,a2)B(a3,a4) +

dB(a3,a4)C(a5,a6).

So it can be used to act as the Haudorff-distance
from A to B. We can see from (1).

1. When two interval numbers A(a1, a2),
B(b1, b2) degenerate into two real numbers,
their distance dAB = |a1 − b1|;

2. The distance from the atom to interval
(a1,+∞) is

√
2a1;

3. The distance from the interval number
(a1,+∞) to (a2,+∞) is

√
2|a1 − a2|;

4. For two interval numbers A(a1, a2), B(b1, b2),
when b1 > a2, then d(OB) > d(OA).

The measure of interval number acts as a criterion
about interval number comparison.

Definition 2 Let A(a1, a2), B(b1, b2) are two in-
terval numbers, A(a1, a2) ≤ B(b1, b2) ⇔ d(OA) ≤
d(OB).

Denotes [r] = {A(a1, a2) ∈ F (R)|d(OA) = r}.
Proposition 3 If A(a1, a2) ∈ [r1], B(b1, b2) ∈ [r2]
then A(a1, a2) ≤ B(b1, b2) ⇔ r1 ≤ r2

Proposition 4 Let A(a1, a2) and B(b1, b2) be two
close interval numbers, and a1 ≥ 0, b1 ≥ 0:

1. if a2 ≤ b1 then A(a1, a2) ≤ B(b1, b2);
2. if a1 ≤ b1, a2 ≤ b2, then A(a1, a2) ≤ B(b1, b2).

Proof (1) Because 0 ≤ a1 ≤ a2, therefore d(OA) =√
2a1a2√
a2
1+a2

2

≤ √
2a2. Because 0 ≤ b1 ≤ b2, therefore

d(OB) =
√

2b1b2√
b21+b22

≥ √
2b1, therefore if a2 ≤ b1 then

d(OA) ≤ d(OB), that is A(a1, a2) ≤ B(b1, b2);
(2) Because a1 ≤ b1, a2 ≤ b2, therefore 1

a2
1

+
1
a2
2
≥ 1

b21
+ 1

b22
⇒ a2

1a2
2

a2
1+a2

2
≤ b21b22

b21+b22
, so, A(a1, a2) ≤

B(b1, b2).

3. Ranking the fuzzy numbers
Based on decomposition theorem of fuzzy set and
central defuzzified method, the measure of interval
number can be extended to become the measure of
fuzzy number. Based on the measure of fuzzy num-
ber, ranking fuzzy numbers can be finished. This
section mainly discusses ranking General Left Right
Fuzzy Numbers (GLRFN).



Definition 3 [12] Let Ã(a1, a2, a3, a4) be a
GLRFN. Its membership function is:

µ eA(x) =





L(x), if a1 ≤ x < a2;
1, if a2 ≤ x < a3;
R(x), if a3 ≤ x < a4;
0, otherwise.

(2)

Where, L(x) is right-continuous strict monotonic
increasing function and 0 ≤ L(x) ≤ 1; R(x) is
left-continuous strict monotonic decreasing func-
tion, 0 ≤ R(x) ≤ 1, a1 < a2 ≤ a3 < a4.

∀α ∈ [0, 1], the α− cuts interval of u eA(x) is:

I eA(α) = [L−1(α), R−1(α)], (3)

especially, if α = 1, then:

I eA(1) = [L−1(1), R−1(1)] = [a2, a3]. (4)

The distance from O to I eA(α) is:

dI eA =
√

2|L−1(α)R−1(α)|√
L−1(α)2 + R−1(α)2

. (5)

Based on the fuzzy set theory(FST), we can ob-
tain the measure of a GLRFN: Ã(a1, a2, a3, a4) as
follows:

R eA =

∫ 1

0
αdIA(α)dα∫ 1

0
αdα

=

√
2

∫ 1

0
α|L−1(α)R−1(α)|√
L−1(α)2+R−1(α)2

dα

∫ 1

0
αdα

. (6)

Based on (6), it can be gained: fuzzy number
Ã(a1, a2, a3, a4) correspondence real number.

Especially, when Ã(a1, a2, a3, a4) is a trape-
zoidal fuzzy number, that is, a1 < a2 < a3 < a4

and

L(x) =
x− a1

a2 − a1
, R(x) =

a4 − x

a4 − a3
, (7)

Based on (6) and (7), we can calculate R eA as fol-
lows:

R eA =
√

2|A(
1
3
[(1 + 2B + D)

3
2 −D

3
2 ]

+ (2E − 2D + 5BC − 11B2)

· (
√

1 + 2B + D −
√

D)
+ (C − 3B)

√
1 + 2B + D

+
1
2
(3CD − 5BD − 2BE − 5B2C + 11B3)

· (ln
√

1 + 2B + D + 1 + B√
1 + 2B + D − 1−B

− ln

√
D + B√
D −A

)|,

where,

A =
(a2 − a1)(a3 − a4)√

(a2 − a1)2 + (a3 − a4)2
,

B =
a1(a2 − a1)− a4(a3 − a4)
(a2 − a1)2 + (a3 − a4)2

,

C =
a4(a2 − a1) + a1(a3 − a4)

(a2 − a1)(a3 − a4)
,

D =
a2
1 + a2

4

(a2 − a1)2 + (a4 − a3)2
,

E =
a1a4

(a2 − a1)(a3 − a4)
.

Based on (6), we can identify a mapping from the
GLRFN F (R) to (0,+∞):

f : F (R) → (0,+∞),

Ã(a1, a2, a3, a4) → R eA.

Naturally, the ranking question can be convert into
the comparison of the correspondence measure.

Definition 4 If Ã(a1, a2, a3, a4), B̃(b1, b2, b3, b4) ∈
F (R), let:

Ã(a1, a2, a3, a4) ≤ B̃(b1, b2, b3, b4) ⇔ R eA ≤ R eB .

4. Numeric examples and com-
parison with previous works

In this subsection, in order to show how the pro-
posed method works and how viewpoints affect the
ranking result, two examples are presented accord-
ing to [1].

Example 1 In Fig 1, (a), (b), (c), (d) and (e)
respectively describe five kinds of fuzzy numbers.

The three fuzzy numbers in (a) are respectively
Ã1(0.4, 0.5, 1), Ã2(0.4, 0.7, 1), Ã3(0.4, 0.9, 1), then
we have: RfA1

= 3.17, RfA2
= 3.59, RfA3

= 3.48,
hence Ã1 < Ã3 < Ã2.

The two fuzzy numbers in (b) are respectively
Ã1(0.2, 0.5, 0.8), Ã2(0.4, 0.5, 0.6), then we have:
RfA1

= 3.61, RfA2
= 3.14, hence Ã2 < Ã1.

The three fuzzy numbers in (c) are re-
spectively Ã1(0.5, 0.7, 0.9), Ã2(0.3, 0.7, 0.9),
Ã3(0.3, 0.4, 0.7, 0.9), then we have: RfA1

= 3.51,
RfA2

= 3.89, RfA3
= 3.67, hence, Ã1 < Ã3 < Ã2.

The three fuzzy numbers in (d) are re-
spectively Ã1(0.3, 0.5, 0.8, 0.9), Ã2(0.3, 0.5, 0.9),
Ã3(0.3, 0.5, 0.7), then we have: RfA1

= 3.03,
RfA2

= 2.74, RfA3
= 3.06, hence, Ã2 < Ã1 < Ã3.



Fig. 1: Figures about fuzzy numbers

The two fuzzy numbers in (e) are respec-
tively Ã1(0.3, 0.3, 1), Ã2(0.1, 0.7, 0.8), then we have:
RfA1

= 3.86, RfA2
= 4.27, hence, Ã2 < Ã1.

Table 4 is the result of comparison with previous
works, in which, the methods refer to [15], [16],
[17], [4], [19], [12], [18], [10] and [6], respectively,
the content of Table 4 partly comes from [6].

In the following, we will apply the proposed
ranking method in the realistic problem—the Game
with Crisp Profit. To describe the decision-making
problem, we will present an example with crisp
profit and loss. The description of the problem is
as follows: there are two players–A and B. Player A
can choose one action among a1, a2, a3 and player
B among b1, b2, b3. When the game starts, player A
chooses first,and then B chooses. Each player’s se-
lection. A’s profit and loss are the opposite of B’s.
Table I shows A’s profit or loss.Thus, for example,
if A chooses action a1 and B chooses b1, then A
will get a profit of 5 and B a profit of -5, i.e., a loss
of 5. By this rule, A and B try to maximize their
own profits.then which action should A choose to
maximize his profit? Let us analyze A’s profit
in the case where A chooses a1. Which action will
B choose in this case? If B chooses b1, B will get

Table 1: Player A’s Fuzzy Profit and loss
b1 b2 b3

a1 5 -5 -4
a2 -4 7 0
a3 -4 7 0

Table 2: Player A’s Fuzzy Profit and loss
b1 b2 b3

a1 F11 F12 F13

a2 F21 F22 F23

a3 F31 F32 F33

-5(because in this case A will get 5); if B chooses
b2, the profit is 5; and if b3 then the profit is 4. Al-
ternative b2 will give B the maximum profit. Thus,
B will choose b2, and A will lose 5. In a similar
manner, if A chooses a2, then B chooses b1. As the
result of this selection, A gets -4. If A chooses a3, B
will choose b3 and A will get -8. Thus, considering
these possibilities, in order to maximize A’s profit,
A should choose a2, which will give A at least a
guaranteed profit of -4. B. Game with Fuzzy profit.

In cases where profit and loss are described
with crisp numbers, A’s choice can be simply de-
termined. However, if profit and loss are fuzzily
described, the optimal selection is not easy to de-
termine. As mentioned in Section I, it is difficult
to determine whether a fuzzy number is larger or
smaller than another and the evaluations of fuzzy
numbers may easily be affected by evaluation view-
points which may differ from person to person.
Thus, it is difficult to predict which selection a
player will make. For example, what is the largest
of the two fuzzy numbers in Fig.4? Which does an
optimistic or a pessimistic player choose? In Fig.4,
fuzzy number has a large width, so it includes large
as well as small numbers. But, in the case of F1,
the width is small and includes only medium-sized
numbers.

Thus, if a player is optimistic, then that player
will choose F1 because it has the values larger than
F2. On the other hand, if a player is pessimistic,
that player will choose F2 because F1 has the values

Table 3: Player A’s Fuzzy Profit and loss
b1 b2 b3

a1 3.17 3.59 3.48
a2 3.51 3.89 3.67
a3 3.03 2.74 3.06



Table 4: Comparison with previous works
Methods A1 A2 A3 A1 A2 A1 A2 A3 A1 A2 A3 A1 A2

Yager F1 0.76 0.7 0.63 0.5 0.5 0.7 0.63 0.57 0.62 0.56 0.5 0.61 0.53
F2 0.9 0.76 0.66 0.61 0.54 0.75 0.75 0.75 0.81 0.64 0.58 0.66 0.69
F3 0.8 0.7 0.6 0.6 0.5 0.7 0.65 0.57 0.62 0.54 0.5 0.58 0.56
Bass 1 0.74 0.6 1 1 1 1 1 1 1 1 0.84 1

Baldwin 1 : p 0.42 0.33 0.3 0.27 0.27 0.37 0.27 0.27 0.45 0.37 0.27 0.42 0.33
and g 0.55 0.4 0.34 0.3 0.24 0.42 0.35 0.35 0.53 0.4 0.28 0.44 0.37

Guild r : a 0.28 0.23 0.22 0.2 0.23 0.27 0.19 0.19 0.31 0.28 0.21 0.34 0.24
Kerre 1 0.86 0.76 0.91 0.91 1 0.91 0.75 1 0.85 0.75 0.96 0.89

Jain k = 1 0.9 0.76 0.66 0.73 0.67 0.82 0.82 0.82 0.9 0.69 0.64 0.66 0.69
k = 2 0.84 0.65 0.54 0.6 0.48 0.71 0.71 0.71 0.82 0.56 0.45 0.53 0.51
k = 0.5 0.95 0.86 0.78 0.83 0.8 0.89 0.89 0.89 0.94 0.8 0.77 0.78 0.81

Dubois PD 1 0.74 0.6 1 1 1 1 1 1 1 1 0.84 1
and PSD 0.74 0.23 0.16 0.73 0.24 0.5 0.5 0.5 0.8 0.2 0 0.54 0.46
Prade ND 0.63 0.38 0.18 0.27 0.76 0.67 0.35 0 0.5 0.5 0.5 0.54 0.46

NSD 0.26 0 0 0 0 0 0 0 0 0 0 0 0.16
Lee U.m 0.76 0.7 0.63 0.5 0.5 0.7 0.63 0.57 0.62 0.56 0.5 0.61 0.53
and U.G - - - 0.12 0.04 - - - - - - - -
Li P.m 0.8 0.7 0.6 0.5 0.5 0.7 0.65 0.58 0.63 0.55 0.5 0.53 0.58
P.G - - - 0.09 0.03 - - - - - - - -

Fortemps F0 0.8 0.7 0.6 0.5 0.5 0.7 0.65 0.58 0.63 0.55 0.5 0.49 0.61
Tran Dx

max 0.19 0.31 0.44 0.51 0.5 0.3 0.34 0.46 0.4 0.47 0.5 0.57 0.36
Dx

min 0.84 0.7 0.57 0.51 0.5 0.7 0.67 0.59 0.65 0.54 0.5 0.45 0.67
D1

max 0.23 0.32 0.42 0.51 0.5 0.31 0.37 0.45 0.4 0.46 0.5 0.53 0.42
D1

min 0.81 0.71 0.61 0.51 0.5 0.7 0.66 0.59 0.64 0.56 0.5 0.51 0.63
Our Method 3.17 3.59 3.48 3.61 3.14 3.51 3.88 3.66 3.02 2.73 3.06 3.85 4.26

smaller thanF2. Thus, a decision-making method
which considers these factors is needed. In this
section, in order to deal with these problems, a
decision-making using our new ranking method is
proposed. A decision-making method with fuzzy
profit and loss is presented. It is assumed that A’s
fuzzy numbers are depended the Fig(a), (c) and (d)
in above example an A’s profit and loss are showed
in Table 3. It is assumed that A’s fuzzy numbers
are depended the Figure(a), (c) and (d) in above
example an A’s profit and loss are showed in Table
3. In this case, which should A choose to maxi-
mize the profit? According to above discussion, it
is easily obtained that the answer is that A should
choose a3 and B should choose b2 F(32)=2.74.

5. Conclusion

In this paper, a new method for ranking fuzzy
numbers, which is based on the distance of dot
to lines, is proposed. Based on decomposition
theorem of fuzzy set, integral of all distances is
used as evaluation of fuzzy number. Comparing
our method with previous works about ranking

fuzzy number are done in this paper.
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