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Abstract. This paper presents the direct kinematics of a 3-PRS parallel manipulator. Through analysis
position, the direct kinematics model is established, which is a nonlinear system of three equations in three
unknown. The equations are derived using recursively the Sylvester dialytic elimination method. Finally,
a numerical example is provided. Therefore, the direct kinematics is minimal..

Introduction

Parallel manipulator is a mechanism composed of a moving platform connected to a fixed base by
means of at least two limbs [ 1]. Parallel manipulators have constituted a very active field of research over
the last 20 years. Compared to serial manipulators, parallel manipulators essentially have two
well-known advantages, namely greater precision in positioning and increased rigidity with respect to the
relationship between size and workload limit. Many parallel manipulators with less than six Degrees Of
Freedom (DOF) have been introduced, such as the famous DELTA robot with three translational DOF
[2].

One of the challenges in studying parallel manipulators consists of the difficulty in solving their direct
kinematics problems, which leads to systems of polynomial equations [3]. For direct kinematics, the input
joint variables are given and all possible moving platform positions that would result from the given input
values need to be found. Direct kinematic analysis is an essential component of the design, programming
and control of any mechanism. Solution approaches for such a problem can be divided into two classes:
numerical methods and analytic techniques [4]. To find all possible solutions of the direct kinematics
problems of parallel manipulators, analytical techniques are found in the literature [5, 6]. Three common
approaches to solving these systems of polynomial equations are the Dialytic Elimination, Polynomial
Continuation and Grobner bases.

The purpose of this paper is to solve the direct kinematics problem of a 3-PRS parallel manipulator.
Deriving the equations governing the problem leads to three couple equations. Then the equations are
derived using recursively the Sylvester dialytic elimination method. Finally, a numerical example is
provided.

Description of the 3-PRS Parallel Manipulator

The schematic of the 3-PRS parallel manipulator is shown in Fig. 1. The architecture of the
manipulator is composed of a moving platform, a fixed base and three PRS type active limbs with the
linear actuators fixed the base. Each PRS type active limb connects the moving platform to the base by a
prismatic joint, P at B,, a revolute joint at C;, and a spherical joint at M. The prismatic joint is actuated and
the other joints are passive. A reference frame O-x)z 1s attached to the base at point O, located at the center
ofthe base. The z axes is perpendicular to the base. Point B; is assumed to lie at a radial distance of 75 from
the point O. B,C; is the direction of the prismatic joint movement, which is parallel to z axes. The axes of
the revolute joint is perpendicular to the B;O and B,C;. Point Oy, is the center of the moving platform. And
point M, is the center of the spherical joint, which is assumed to lie at a radial distance of r; from the point
O The distance from C;to M, is L. The angle ¢; is defined from B;C; to C;M,. And the angle 6, is defined
from x axes to OB;. The drive parameters g; is the distance from B;to C..
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Fig. 1 Schematic of the 3-PRS parallel manipulator

Direct Kinematics

The position of M, in the O-xyz coordinate frame for the i limb can be expressed as Xy, Y and zy;

Xy = (1 — Lsing, )cos by,
ywi =(ry —Lsing,)sin6,, (i=1~3).

Zy; =¢; — L cos g,
As the distance between the M; are known constant, and it can be expressed as
foi|M,-M,|=d,
Jis :||M1 —M3|| =d,,
i M=M=, _

where dj; is the distance between point M; to M;. Substituting Eq. 1 into Eq. 2, yields

Sy u; COS @, cOSQ, +u,,(COSP, —COS P, ) +u,,Sing, sing, +u,,

where u;; can be expressed as
u, =-20
u;, =—2L(q,—q,)
Uy = —2L°(cos B, cos Oy, +sin G, sin 6
U, =2Lry(cos by, cos b, +sin Oy, sin G, —1)

Us = —2#7(cos @, cos Oy +sinby, sin Gy, —1)+ (g, — g, ) +20 - d; .

The half-angel tangent relationships can be expressed as

2
1+¢

; —
2

i

sing, = and cos@, =

(sing, +sing;)+u,; =0

(D

)

3)

4)

)

Substituting Eq. 5 into Eq. 4, direct kinematics of the 3-PRS parallel manipulator can be shown as

L 2.2 2 2 2 2 _
F o7t +v, (68, + 815+ +1) + vl + vt + vt +1= 0.

where v can be expressed as
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/ (u

Vyr = (St = 2ty +ttys) [ (1, + )

Vi =2u +uys)

ij4 ijl
V3 = (—uij1 +2u. +u.,5)/(uij.1 +uij5)

ij2 ij
Vg =y [ (U, +uys) . )

Eq. 6 is a nonlinear system of three equation in three unknown ¢,, #, and #;.The Dialytic elimination
method is applied to F,; and F}3, producing the following equation

tlz TVl Vi3 V13,1t12 T Visali Vi3 "13,2t12 +vpsy +1 0 133

0 tlz TVl Vi3 V13,1t12 TVl TV, V13,2t12 Vs +1 132 ~0
tzz T Vosuly T V33 V23,1t22 T Vo3aly T Va3 "23,21‘22 +Vyyl, +1 0 4

0 tzz T Vo3uly T Vo33 V23,1t22 V34l T Vo3 "23,2t22 +vyt, +1] 1

(®)
For a nontrivial solution exist for Eq.8, the determinant of the square matrix must equal 0. This is
developed as

F

. 4 3 2 _
W3y 23) - My Tt sty +nyl, +ng = 0' o

where n; can be expressed as

ny :011114 +012113 +013t12 T Ol + 0

n, = 021t14 +0221‘13 +023t12 0, + 05
s :031t14 +032t13 +O33t12 T 03,1, + 055
n, = 0412‘14 "'0422‘13 +043112 T 04t + 0y

! 3 2
N5 = O05)ly + 05yl} +0g3l; + 054 + 055 (10)

F, is developed as

Flzzmlz‘22+m2t2+m3=0' (1)
where m; can be expressed as

m, = tlz TVl HVins

m, = V12,1t12 T V4l Vi)

m; :V11,2t12 +vyh +1 ) (12)

The Dialytic elimination method is applied to F{;3 y»3)and Fi,, producing the following equation

m m, my 0 0 0] _t2
m m, my 0 0|4z
moom, my 0|5 0
0 m m, my|t
n n, ny n, ng 01|¢
0 mn n, ny omy ong || 1) ' (13)

Eq. 13 produces a 16" degree polynomial in ¢,. This equation can be solved for ¢,, and then the values
of t, and #; are determined by back-substitution.
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Numerical Example
As an example of the direct kinematics solution for a general case mechanism, let the parameters be as:
rg=0.30, 05,=0, 0p,=21/3, Op;=4n/3, r\~0.18, d;, = x/ng, L=0.22, ¢,=0.16, q,=0.22, q5=0.26. The

roots for #; are given in Table 1. There are 16 solutions, and in which there are 8 real roots. So, for the
given drive parameters g, there are 8 possible poses for the 3-PRS parallel mechanism. Those real roots,
which are depicted in Fig. 2, correspond to the assembly modes of the manipulator. Therefore, the direct
kinematics is minimal.

Tab.1 Solutions of #; for the Direct Kinematics

No. 4 t I8 No. 4 t [}

|| 03552134 | 0252178 | 0SO7I080 | 9 | yussoor | oomsimont | sosrsaiels
> | 0325714 | 02s9163 | 03251804 | 10| SIS | osesoonst | 00933600
s | Lswrem | o3om2 | 02670018 | 11| 050 | oso09m01 | 0883420
4| 4378 | 083623 | 24761929 | 12| oG soqenr | osaenaent | 8s6o0R0
5 0.4047012 1.1001490 0.2276883 13 +(())‘;7225‘;2%?)I —_(?392165372067261 +(())‘;§357619%2?)I
6 3.9293282 2.8349249 0.6712913 14 _822%3331 _8;;;%;;31 _822;25;);
1| 29185724 | 3505 | AT | 15 | 0510081 | 0meeooont | 02933693
§ | rasss | Lo | 29959 |16 | Gudiocsa | onsizen | osisalen

No. 7
Fig. 2 The Eight Assembly Model of the Example

Conclusion

In this paper, the direct kinematics of 3-PRS parallel manipulation has been successfully approached.
Firstly, the position analysis was carried out, and direct kinematics of the 3-PRS parallel manipulator was
established. The direct kinematics, which was nonlinear system, was carried out using Sylvester dialytic
elimination method. Then, a 16" degree polynomial in one unknown was produced. The results imply
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that, for a set of three given drive parameters, the foregoing polynomial admitted up to sixteen solutions.
A numerical example having eight real solutions was included. Therefore, the polynomial is minimal.
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