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Abstract—In this paper we point out the following two
points. Firstly, the result of Madjid Eshaghi Gordji et.al
[ Madjid Eshaghi Gordji, Maryam Ramezanil, Yeol Je Cho
and Saeideh Pirbavafa, A generalization of Geraghty's
theorem in partially ordered metric spaces and applications
to ordinary differential equations, Fixed Point Theory and
Applications 2012, 2012:74] can be easily obtained from the
result of [ Amini-Harandi. A, Emami, H: A fixed point
theorem for contraction type maps in partially ordered
differential equations. Nonlinear Anal. 72, 2238-2242 (2010)] ,
so that the longer proof of the result is not necessary.
Secondly, the existence of solution for a initial-value problem
does not needed the application of the result of Madjid
Eshaghi Gordji et.al, we can also apply the result of Amini-
Harandi. A et.al to get the the existence of solution for this
initial-value problem and to get more generalized results.
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problem;Application.

[. INTRODUCTION

Fixed point theory plays a basic role in applications of
many branches of mathematics. It becomes the center of
strong research activity that find a fixed point of
contractive mappings. Banach contraction mapping
principle is a classical and powerful tool in nonlinear
analysis. Weak contractions are generalizations of Banach
contraction mapping, which have been studied by several
authors. In [1-8], the authors prove some types of weak
contractions in complete metric spaces respectively. In
particular, existence of fixed point for weak contraction
and generalized contractions was extended to partially
ordered metric spaces in [2,9-24]. Among them, some
involve altering distance functions. Such functions were
introduced by Khan et al.in [1], where they present some
fixed point theorems with the help of such functions.

On the other hand, Geraghty's contractive mappings
was firstly introduced by Geraghty in 1973. Since then,
several papers have dealt with fixed point theory on
Geraghty's contractive mappings. In addition, many
authors have extended, generalized and improved the fixed
point of this kind of contractive mappings in not only
metric spaces but also partially ordered metric space.
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It is our purpose in this paper first to give an easy proof
of the result of Madjid Eshaghi Gordji et.al. Then we
extend the result of Amini-Harandi . A et.al, o get the the
existence of solution for this initial-value problem and to
get more generalized results.

II. THE RESULT OF MADJID ESHAGHI GORDJI ET.AL

In this section, we first recall some important and
useful definitions and lemmas. The following class of
functions is used in [1].

Let ® denote
B :{0,00) >[0,1)

the class of those function

which satisfies the condition:

B, >1=t, >0.

In 1973, Geraghty introduced Geraghty

contraction and obtained the fixed point theorem.
Definition.([28]) Let (X,d) be a metric space. A

is said to be a Geraghty

LeR

mapping T:X — X

contraction if there exists
X,y e X

such that for any
d(Tx,Ty) < A(d(x, ))-d (X, Y).

Theorem. ([28]) Let (X,d) be a complete metric
space and T:X —> X be a Geraghty-contraction.
Then T has a unique fixed point X" and for any
xg € X , the iterative sequence X, =TX, converges
to X .

Very recently, A. Amini-Harandi and H. Emami

proved a fixed point theorem for contraction type maps in

partially ordered metric spaces in [25].



Theorem 1. [1] Let (X’S) be a partially ordered set and
d in X such that

(X.d) is a complete metric space. Let f:X—>X
increasing mapping such that there

suppose that there exists a metric

be an
exists an
element %0 € X with %0 < F(%). Suppose that there
exists BeR such that

d(f(x), F(y) <A y)d(x,y),

foreach x,ye X with x>vy.

is continuous or X is such that
<
X, = Xe€ X,then X, _x’

Assume that either
if an increasing sequence

VN Then
X,yeX

has a fixed point. Besides, if for each
, there exists Z€ X which is comparable to X

and Y. Then f has a unique fixed point.

Let ¥ denotes the class of the functions
v [0’+ Oo) - [0’+Oo) which satisfies the following
conditions:
(1 V o is nondecreasing;
) ¥ is sub-additive, that is,
3) Y is continuous;
@ v (=0=t=0.

v t+s) <y (D+y (O

In 2012, Madjid Eshaghi Gordji et.al proved the
following result [26].

Theorem 2.([26]) Let (X’S) be a partially ordered set

and suppose that there exists a metric d in X such that

(X.d) is a complete metric space. Let fiX—>X be
an increasing mapping such that there exists an element
element %0 € X with %0 = F(%). Suppose that there

exists BeR and pye¥ such that
w (0, F(Y))Y < By d(x,y) w d(xy)

for each X’yexwith XZy.

is continuous or X is such that
X, > XeX

Assume that either

if an increasing sequence > then
Xo <X vn (1.1)
Then has a fixed point. Besides if

X,y eX , there exists Z€ X which is

(1.2)

for each
comparable to X and Y.

Then f has a unique fixed point.
Remark. In [27], it is proved that the condition (1.2) is
equivalent to the following:

every pair of elements in X has a lower bound or
an upper bound. (1.3)
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III. REVIEW

In this section we point out the following two points.

First point. The theorem 2 can be easily obtained from
theorem 1, so that the longer proof of theorem 2 is not
necessary. In fact, we can define a new metric as follows

D(x,y) = (d(X,¥)), VX, y € X.

By using the property of Y we can easy to prove (X.D)
is a complete metric space. In fact, From (a)(b)(c)(d) we
have

(1) w(d(x,y))=0, and
pydxy)=0=dXy)=0x=y, VX,yeX;
w(d(x,y) =wd(y,x), VXyeX;

) w(dx, ) <w(d(X,2)+y(d(z,y)), VX Y,2€X;

(4) w(d(Xp,Yn)) > 0<=d(Xn,yn) >0 as n—oo.
That is, (X,l//(d ¢, ))) is a complete metric space. Since
T is w —Geraghty-contraction in complete metric space

(X,d), it is easy to see that, T is a Geraghty

contraction in complete metric space (X.D) .Meanwhile,

{Xn}g X

a sequence converges to a point X in metric

d if and only if it converges to this point X in metric

D . On the other hand, d(xT) =0
D(x,Tx)=0

Therefore, we apply the theorem 1 to metric space

if and only if

(X,D) , the theorem 2 can be obtained.

Second point. The existence of solution for a
initial-value problem presented in [2] does not needed the
application of theorem 2, we can also apply theorem 1 to
get the the existence of solution for this initial-value
problem and to get more generalized result. In fact that,
by using the condition in theorem 2 we get the inequality

(A), that is
d(Fu,Fv) < AT +2\/f) In(d(u,v)+1) < In(d(u,Vv) +1).
T

(A
In this review we use another way to continuous the proof
as follows. From (A we obtain
d(F(u),F(v)) < (d(u,v)d(u,v),
for all u >V ,where
In(d(u,v)+1)
d(u,v)

if d(u,v)=0

plu.v)=

0, if d(u,v)=0.
It is obvious that B e‘R. Therefore we can apply the
theorem 1 to get the conclusion of theorem 2.
Furthermore, we can apply the theorem 1 to get more



generalized result for the application to ordinary
differential equation. In fact, if we use the following
condition (2') to replace the condition (2), the conclusion
of theorem 2 can be more generalized.

.
T+2\/?
7

(2') there exists a constant A < such that

0<F(X.1,85, P2) = F(X,8,, p) < A(@(S; =8, + P, — Py +1))

forall (S1PP>(82, P €RXR . (hy 81 <85, Py < Py
¢:[0,+00)— [0,+)

where is a function with the
condition:

t (t)
¢T()<1,Vt>0,¢—“—>1:tn —0as N — +oo.

n

In fact that, by using condition (2') we can obtain
d(Fu,Fv) <¢(d(u,v)),

forall Y2V which implies

d(F(u),F(v)) < A(d(u,v))d(u,v)

where

#(0)

if t=0

g (= if t— 0.

0,

. peR .
Since , we can use theorem 1 to get the following
more generalized conclusion.

Theorem 3. Consider the application to ordinary
differential equations problem with the following
conditions:

(1) for any c>0 with |s|<c and |p|<c , the
function F(X,t,s,p) is uniformly Holder continuous in
X and t for each compact subset of (Rx1);

_
T+2\/?
V4

(2") there exists a constant ;| A < such that

0<F(X,t,5, Py) —F(Xt,8, p) < A(H(S; =S + Py — Py +1)

(s, P, (55, P €RXR oy 81 <55,y < P2

for all
where ¢: [O’+ OO) - [O’+ OO) is a function with the
condition:
t
@<1,Vt>0,u—>1:>tn —0.

n

(3) F isbounded for bounded s and p.

Then the existence of a lower solution for the initial-value
problem (2.2) provides the existence of the unique
solution of the problem (2.1).

If chose ¢(t) =In(t+1) ,
theorem 2.2. If chose

the theorem 3.1 reduce the
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