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Abstract

In this paper, the notion of strong prime Ll-ideals
(briefly, SPLI-ideals) of lattice implication algebras is
introduced. The relations between SPLI-ideals and
prime Ll-ideals, between SPLI-ideals and maximal
proper Ll-ideals, between SPLI-ideals and the finite
union property, and between ultra-filter and
SPLI-ideal are investigated. Finally, we conclude that
SPLI-ideals are equivalent to maximal proper
Ll-ideals.
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1. Introduction

Non-classical logic has become a considerable
formal tool for computer science and artificial
intelligence to deal with fuzzy information and
uncertainty information. Many-valued logic, a great
extension and development of classical logic, has
always been a crucial direction in non-classical logic.
In order to research the many-valued logical system
whose propositional value is given in a lattice, in
1990 Xu [1] proposed the concept of lattice
implication algebra. Since then this logical algebra
has been extensively investigated by several
researchers(see e.g. [12]-[17]). In [9] Xu and Qin
introduced the notions of filters and implicative
filters in lattice implication algebras, and investigated
their some properties. In a lattice implication algebra,
filters are important substructures, they play a
significant role in studying the structure and the
properties of lattice implication algebras. In[11], Jun
et al. introduced the notions of positive implicative
filters and associative filters in lattice implication
algebras, and investigated their some properties.
In[4], Jun et al. defined the notion of Ll-ideals in
lattice implication algebras and investigated its some
properties. In[5], Jun defined the notion of prime
Ll-ideals in lattice implication algebras and
investigated its some properties. In this paper, as an
extension of above-mention work we introduce the
notions of strong prime Ll-ideals in lattice
implication algebras, and investigated its some

properties. In Secation 2, we list some basic
information on the lattice implication algebras which
is needed for development of this topic. In Section 3,
we introduce the notion of the union property of
lattice implication algebras. We give the sufficient
and necessary condition that a proper Ll-ideal to have
the union property. In section 4, we introduce the
notion of strong prime LlI-ideals (briefly, SPLI-ideals)
of lattice implication algebras, and talk about the
relations between SPLI-ideals and prime Ll-ideals,
between SPLI-ideals and maximal proper Ll-ideals,
between SPLI-ideals and the finite union property,
and between ultra-filter and SPLI-ideal. We prove
that SPLI-ideals are equivalent to maximal proper
Ll-ideals.

2. Preliminaries

Definition 2.1[1] Let (L,v,A,0,1) be a bounded
lattice with an order-reversing involution /, | and
O the greatest and the smallest element of L
respectively, and
—>:LxL—>L

be a mapping. (L,v,A,’,—,0,1) is called a lattice
implication algebra if the following conditions hold
forany X,y,zelL:

L)x—>(y—>2)=y->(x—>12),

Ly)x—>x=1,

L) x—>y=y —>x,

LyIf x>y=y—>x=I,then x=vy,

L) (x> y)>y=(y—>x)>x,

Lo (xvy)>z=(x>2)A(y>2),

Lr(xAy)>z=(x>2)v(y—>12),

A lattice implication algebra is called a lattice H
implication algebra If it satisfies

xvyv((xay)—>z)=1.

In a lattice implication algebra L, [3] defines
two binary operations ® and @ as follows: for
any X,yelL,

x®y=(x->Vy),
X®y=x"—>y.
In a lattice implication algebra L, the following
hold:
Ly)x—>(y—>2)=(x®y) >z,
Lo (x@y) =x'®Y',
Li)(x®y) =xX®Yy’,
Li)HO®x=0, 1®x=x, x®x'=0,



Lp)0@x=x, l®&x=1, x@&x'=1,

L3)0->x=1, x>0=x",

Ll »>x=x, x>1l=1,

(Lis)x<y ifandonlyif x—>y=1.
Definition 2.2 [3] Let L be a lattice implication
algebra. An Ll-ideal A is a non-empty subset of L
such that forany X,yel,

I)0eA,,

(L)(x—>y) €A and yeA imply xeA.

In a lattice implication algebra, Ac L, the
least Ll-ideal containing A is called the Ll-ideal
generated by A and denoted by (A) Specially, if
A={a}, we write <{a}) as (a).

Definition 2.3 [9] Let L be a lattice implication
algebra, Jc L is said to be a filter of L, if it
satisfies the following conditions:

nled,

(J))for any x,yelL , if xeJ and
(x> y)ed, then yel.

For any non-empty subset A of a lattice
implication algebra, let

A ={X"|xeA}.
We show the relation between Ll-ideal and filter of
lattice implication algebra.
Theorem 2.4 [3] Let A be a non-empty subset of a
lattice implication algebra L. then A is a filter of L if
and only if A’ isan Ll-ideal of L.
Definition 2.5 [10] Let L be a lattice implication
algebra, a filter J of L is called an ultra-filter if for
any xel, xeJ ifandonlyif x'¢J.
Definition 2.6 [5] Let L be a lattice implication
algebra, P a proper Ll-ideal of L. P is called a prime
Ll-ideal if xAyeP implies XeP or yeP.
Definition 2.7 [3] Let L and L, be lattice
implication algebras, f:L, > L, a mapping from
L, to L,,if
f(x—>y)=f(x)> f(y)

holds for any Xx,yel,, then f is called an
implication homomorphism from L, to L,. If an
implication homomorphism f is a surjection, then it
is called an implication epimorphism. If f is an
implication homomorphism and satisfies

f(xvy)=f(x)vf(y),
f(xay)=f (x)/\’f (y),
F(x)=(1 ()
then f is called a lattice implication homomorphism
from L to L,.

3. The union property of lattice
implication algebras

Definition 3.1 Let L be a lattice implication algebra.
Ac L is said to have the union property if for any
a,a,,...,.a, €A, a®a,®---da, <I.

In what follows,
[al’az’..-’anjx]ia1 _>(az _>(..._>(an N X)))

Specially,

A
[a,x]' =x,

A
[a,x]l =[a,x]=a—>x,

[a,x]"ia—>(a—>(---—>(a—> x))) n>2.

Lemma 3.2 [3] If A is a non-empty subset of a lattice
implication algebra L, then

(A):{x c |_|[al’,...’an',x’] = |, for some

a,--,a, €A }.

Theorem 3.3 let L be a lattice implication algebra,
J# Ac L. Then

(A)z{x |X e L, there exist a,--,a, € A,s.t.,
a®--®a >x |.

Proof. By
[a]"...’an,,xl:| =1

oa) _>(..._>(a' _>x')...): |

n

Q(a{ ®---®an')—> X'=1 (byLg)

o(a,®--®a) >x =1 (byL)

ox—>(a®--0a,)=1

<a®---@a, =X,
and by Lemma 3.2, we complete the proof.
Theorem 3.4 Let L be a lattice implication algebra.
Ac L, then (A) is a proper Ll-ideal if and only if
A has the finite union property.
Proof. Suppose (A) is a proper Ll-ideal, and it
doesn’t have the finite union property. So there
exista,,a,,...,a, €A, st.,a,®a,®---®@a, 21, by
Theorem 3.3, | e (A) , contradiction.

Conversely, suppose that A has the finite union
property, then for any a,a,....,a,€A ,
a,®a,®--®a <l,so l¢A and A is a proper
Ll-ideal.

Theorem 3.5 Let L be a lattice implication algebra,
a,b,xel.

(DIf a>b,then [a,x] >[b,x] forany neN,
@ If nmeN, n>m,then [a,x] >[a,x]",

3) [a,x]' =x" forany neN.

Proof. These conclusions are trivial when n=0 or
m=0.
(1) we use

induction over n to show



ER X’]n > [b’,x']n . If n=1, then
[@ > x]=a' > X =x—>a2x—>b=b"-x=[b,X]

Suppose now n>1, and [a’,x']" =[b’,x']" for any
m<n, then when n=m-+1,

[a,x]" =a' > [ax]" 2a - [b,x]" 2b' > [b',x]" =[b,x]
(2) Suppose that n=m+p, it follows that p>0. We
use induction over p to show [a’, X’]rﬂ+p >[a, X’]m JIf
p=0, then [a’, X’]m+p >[a,x']" holds.

Suppose now p=1, then

m+1

[a,x]"" =a' > [a,x]" >0 —>[a,x]" =[a,x]".

Suppose now p>1, and [a’,x']"" 2[a’,x']" for any
q<p. It follows that

[a,x]"" =a' > [a, x’]m“p*” >a' —[a, x]" z[a,x]"
(3) When n=1, then
[a.x]=a"> X =x—>a>x—>0=x".

Suppose that n=m, and [a’,x']" >’ holds for any
m e N . It follows that

[a’,x’]m” =a' >[a.x]" 20 >[a,x]" 20" > x =X
Complete the proof.

4, SPLI-ideals of lattice implication
algebras

Definition 4.1 Let L be a lattice implication algebra.
A proper Ll-ideal A is said to be a strong prime
LI-ideal (briefly, SPLI-ideal) if (x — y’)' eA
(X®ye A) implies xe A, or yeA for any
Xx,yel.

The relation between SPLIl-ideals and prime

LI-ideals in lattice implication algebras is as follows:
Theorem 4.2 A SPLI-ideal is a prime LI-ideal.
Proof. Let A be a SPLI-ideal, we need to prove that if
XAyeA implies xe A or yeA. In fact, by
XOYSIXAYSXVY<SXx®Yy, we get XQyeA,
because A is a SPLI-ideal, so xe A or yeA.

The relation between SPLI-ideals and maximal
proper Ll-ideals in lattice implication algebras is as
follows:

Theorem 4.3 Let L be a lattice implication algebra,
A c L. The following statements are equivalent:

(I) Ais a SPLI-ideal;

(I) A is a maximal proper Ll-ideal.
Proof. (I,)=(I,). Suppose that A is a SPLI-ideal,
so A is a proper Ll-ideal, if Ac B and B is also a
proper Ll-ideal, we need to prove A=B. In fact, if
there exist XxeB such that x¢ A , then by
x®x'=0eA,s0o xXeAcB,ie (I »>x) eB,it
follows that |eB , and B=L, which is a
contradiction.
(I,) = (d,) . Suppose A is a maximal proper LI-ideal.
We need to prove that X® y € A implies xe€ A, or
ye A for any X,y elL. Otherwise, if X®ye A,
but x¢ A and y¢A.Let B=AU{x}, D=(B),

we shall prove that B has the union property. In fact,
forany vy,,...y,€B,

(@ If y,....y, €A, theny ®@...®y, €A by
Ll-ideals are closed with the operation® , it follows
thaty, @...@y, <1 because A is a proper LI-ideal.

(b) If there exist i<n such that y, =x,
without losing generality suppose Yy, = X. If

Y, @..0y, =XBY,D...0Y,
=x—>(y,®...0Y,)
=1
then X'<y,®...®Yy,, so Xx'e A. By supposition,
X®x'=0e A implies Xx¢A and X'g¢A, a
contradiction.

By (a) and (b), we have proved that B has the
finite union property, so (B) is a proper Ll-ideal, it
follows by Ac (B) that A= (B) , le
A= <AU{X}> ,thatis X e A, conflict.

The relation between SPLI-ideals and the
finite union property in lattice implication algebras is
as follows:

Theorem 4.4 Let L be a lattice implication algebra,
A c L. If A has the finite union property, then there
exist a SPLI-ideal B such that Ac B.

Proof. Let

E={B|AcB,Bisaprime Ll-ideal of L }

It follows that E #J because (A)e E . Suppose
that B, e E forany i<k such that:

BB c--cBc- let B=|J_ B, it follows

that:

(1)AcB;

(2)1 ¢B because | ¢B, forany i<Kk;

(3)0eB; :

4) if y,(x—>y) €B, then there exists i<k
such that y,(x—y) eB , it follows that
xe B, c B. So, Bisaproper Ll-idealand BeE . It
follows by Zorn’s Lemma that E has a maximal
element B. Thus B is a strong prime Ll-ideal such
that AcB.

From the theorem 4.4, we have the following
corollary.
Corollary 4.5 Any proper Ll-ideal of L can be
extended to a SPLI-ideal.
Theorem 4.6 If A is a prime Ll-ideal of lattice H
implication algebra L, then A is a SPLI-ideal.
Proof. Suppose that A is not a SPLI-ideal of L. Then
there exist a proper Ll-ideal F of L such that Ac F
and A= F . It follows that there exists an element
aeF such that ag A. We get arna’'=0eA, it
follows that a'e AcF , this implies that
ava =IleF , which contradicts to that F is a
proper Ll-ideal.

From the theorem 4.6, we have the following
corollary.
Corollary 4.7 In a lattice H implication algebra, the
concept of prime LI-ideal and SPLI-ideal coincide.
Theorem 4.8 Let Land L, be lattice implication
algebras, f:L, —> L, is a lattice implication



homomorphism from L, to L,.IfA isa SPLI-ideal
of L,,then f~'(A) isaSPLI-ideal of L,.
Proof. Forany x,yel,,if

(x> y') e f(A),
then
f ((x—> y')')e A,

by Definition 2.7, we have

’

(f(x>Yy)) €A,

ie.

’

(f(x)>f(y)) €A,

and then

(100 (1)) e,

for A is a SPLI-ideal of L,,then f(x)eA or
f(y)eA,so xe f'(A) or ye f'(A).By
Definition 4.1, f'(A) isa SPLI-ideal of L,.
Lemma 4.9 [3] Let L be a lattice implication algebra,
J a proper filter of L. J is an ultra-filter if and only if
X®yeldJ implies xeJ or yelJ for any
X,yel.
Finally, we give the relation between ultra-filter
and SPLI-ideal as follows:
Theorem 4.10 Let L be a lattice implication algebra,
A is a non-empty subset of L, let
A ={x'|xeA},
then A is an ultra-filter if and only if A’ is a
SPLI-ideal of L.
Proof. Suppose that A is an ultra-filter. For any
X,y'eL,if X®y' eA' ie, (X® y)' e A'(by Ly),
then x®ye A. By Lemma 4.9, we get Xe A or
yeA, and hence x'€¢A" or y'eA" . So by
Definition 4.1, A’ is a SPLI-ideal.

Conversely, suppose that A’ is a SPLI-ideal, for
any X,yel,if x®yeA,then (X® y)' ehA,ie,
X®y' ehA,so xXeA or ye A'. Hence xe A
or ye A, andA is an ultra-filter.

5. Conclusions

In order to research the many-valued logical system
whose propositional value is given in a lattice, Xu
initiated the concept of lattice implication algebra.
Hence for development of this many-valued logical
system, it is needed to make clear the structure of an
algebraic system. It is well known that to investigate
the structure of an algebraic system, the ideals with
special properties play an important role. In this paper,
we proposed the notion of strong prime Ll-ideals
(SPLI-ideals) in lattice implication algebras,

discussed the relations between SPLI-ideals and
prime Ll-ideals, between SPLI-ideals and maximal
proper Ll-ideals, and between ultra-filter and
SPLI-ideal. We finally concluded that SPLI-ideals are
equivalent to maximal proper Ll-ideals. Actually,
SPLI-ideal is the dual of ultra-filter. It hope above
work would serve as a foundation for further study
the structure of lattice implication algebras and
develop corresponding many-valued logical system.
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