Linguistic Truth-Valued Concept Lattice Based on

Lattice-Valued Logic

LiYang Yang Xu
Intelligent Control Development Center, Southwest Jiaotong University, Chengdu 610031, P.R. China

Abstract

The theory of concept lattice is approached from the
view of formal logic. In this paper, we present a new
relationship between concept lattice and lattice-valued
logic for dealing with uncertainty linguistic information
conveniently. We give the definition of & — degree
linguistic truth-valued concept lattice and linguistic
many-valued context according to the concrete
linguistic  information and establish linguistic
truth-valued context with the help of lattice implication
algebra. On the basis of this, we discuss the
completeness of the set of o — degree concepts in
accordance with the defined Galois connection and do
further research on the properties of o — degree
linguistic truth-valued concept lattice.

Keywords: Concept lattice, Linguistic truth-valued
logic, Galois connection, 6 — degree concept

1. Introduction

Concept lattice introduced by Rudolf Wille [1, 2] has
been a topic of interest for about two decades. As a
powerful formal tool for data organization and data
analysis, concept lattice is very important both in
theories and actual applications, and has been widely
and  successfully used in  many  fields.
Bivalent-logic-based concept lattice originates from
single-valued context, and with the development of
concept lattice (reference [4]), many researchers have
discussed extended concept lattice originated from
many-valued context. However, there exist two
shortcomings in extended concept lattice: (1) only with
the help of bivalent logic, many-valued context must be
transformed into single-valued context, that is to say,
transforming extended concept lattice into classical
concept lattice for dealing with relevant problems; (2)
the type of many-valued context mainly involves pure
numerical values, which strain the variety of
information, especially linguistic information. As
everyone knows, in intelligent information age,
linguistic information process is absolutely necessary.
Therefore, this paper proposes the theory of

lattice-valued-logic-based concept lattice in order to
resolve comparable and incomparable linguistic
information on the basis of reference [5]. In Section 2,
we give an overview of bivalent-logic-based concept
lattice and lattice implication algebra. In Section 3, we
introduce the notions of linguistic many-valued context
and linguistic truth-valued context as an extension and
development of classical formal context and thus
present a transformation method between them.
Mathematical properties of lattice-valued-logic-based
concept lattice are discussed in Section 4, where we
show that the set of « degree concepts in a given
universe forms a complete lattice. Concluding remarks
are presented in Section 5.

2. Preliminaries

2.1 Bivalent-logic-based

: concept
lattice

In Bivalent-logic-based concept lattice theory, the
single-valued context is defined as a set structure
(G,M, 1) consisting of setsG and M and a binary
relation | cGxM . The elements of G and M are
called objects and attributes, respectively, and the
relationship glm is read: the object g has the attribute
m.

For a set of objects Ac G, A’is defined as the set
of features shared by all the objects in A, that is, A" =
{meM| gim vgeA }.Similarly, forBc M, B is
defined as the set of objects that posses all the features
in B, that is, B'={geG| glmvmeB }. Thus we
establishes a Galois connection between the power sets
of G and M [7, 8]. A formal concept of the context
(G,M,1) is defined as a pair (AB)
withAcG ,BcM and A'=B, B =A. The set A
is called the extent and B the intent of the
concept (A,B), and the interested readers can be
referred to [1, 2].

In classical concept lattice, for every attribute, we
only care whether it has value or not. However, in the
process of data analysis, there are more situations
about the relation between objects and attributes which
can not easily use the relation “object has or doesn’t
has some attributes” for describing.



2.2 Lattice implication algebra

Definition 1[3] Let (L,A,v,0,1) be a bounded
lattice with an order-reversing involution ' , 7 and 0
the greatest and the smallest element of L respectively,
and —>:LxL—L a mapping. If the following
conditions hold for any x, y, zEL:

() x>y ->7)=y->(Kx—>72)

() x—>x=1

() x>y=y >X

(I) X>y=y—>x=Iimplies x=Yy

1) (X>y)>y=(y>X) > X

1) (Xvy)>2=(x>2)A(y>2)

() (XAY)>Z=(Xx> D)V (Y >2)

then (L, A,v,",—,0, 1) is called a lattice implication
algebra.

Definition 2[3] Let(L,,v,,A,»" (1) a: 00 1)

(a € J) be a family lattice implication algebras, where

J is an index set. Define

A=TT{L,|e e}

:{f‘f :J —)ULa,S.t,‘v’aeJ,f(a)eLa}

ael

For any f,ge AbaelJ , Dbinary operations

V,A,—>and an unary operation ~on A are defined

as follows:
(1vg)(a)=1(a)v, §(a).
(1 Ag)(a)= T (@), 9(a).
f(a)=(f (@),

andO(a)=0,,l(a)=1,. It can be proved that these
operations are well defined and A is lattice implication
algebra. It is called the direct product or lattice
implication product algebra L, (a € J) . Specially, if
|J| =2, then A=L, xL,is a lattice implication product

algebra of L andL,.

3. Linguistic truth-valued context

In many actual applications, for example, evaluating
the synthesize quality of students and the property of

cars and so on, people are fond of directly using such
linguistic forms as “best”, “better” or “bad”, etc.
Definition 3 A linguistic many-valued
context (G,M,W, 1), where G is the set of objects,
M is the set of attributes, W =UW,, is the set of
linguistic values and W, is a domain of attribute m,
I is a relation between G and M , i.e.,
| :GxM —>W , such that for any geG, meM ,
there is at most one linguistic  value
weW satisfying I (g,m)=w.

For example, a linguistic many-valued context
(G,M,W, 1) will be shown in table 1, whichG ={ g,
02, U3, 04}, M ={m;, my, m3, my},W_ ={ bad, rather
good, very good, best} U { less, little, much, more} U
{a little small, bigger, biggest} U {weightiest, weighty,
light, lighter}.

m, m, m; m,
g, best less |a little small| weightiest
0,| very good |much| smallest | weighty
0;|rather good| more| bigger light
g, bad little | biggest lighter

Table 1: A linguistic many-valued context.

According to different linguistic information, the
corresponding linguistic many-valued context will be
constructed. But the established linguistic
many-valued context will not provide possibility for
secking formal concepts and structure analysis of
concept lattice because of the complexity of linguistic
information. Therefore, it is necessary to research some
characteristics of the linguistic many-valued context
and find solutions for this problem.

In linguistic many-valued context(G,M,W,1),
for physical dimensional attributes, we should combine
the set of attributes with the linguistic assessment
variables appropriately.

Definition 4 For the set of attributes M in linguistic
many-valued context (G, M, W, I), M""!ig called the
set of attributes with linguistic assessment variables, if
it satisfies the following conditions:

(1) the set of linguistic assessment variables

[VV]OA{[v.%][v.%]. v, ]} and

V:{VI,VQ,...,VH};
(2) there exists a defined operation ~ :

| v} =V,
Vi =, (1=12:0) 54,V = {4,

j
Vi .V}, where
every [V,V] is a linguistic assessment variable-pair
with the practical meanings on the linguistic



truth-valued set [True, False]. B
For the transformation from M to MYVl the
set of attribute values W should also be made
suitably transformation according to the practical
situation.
Definition 5 The lattice implication algebra L,
whose implication operator is well defined is called a
linguistic truth-valued lattice implication algebra
generated by L, and L,, if L, and L, satisfy the
following conditions:
(1) the set of modifiers L,={a;, ap, ..., a,}is called
the lattice implication algebra with modifiers denoted
by L, which is defined on the chain a;< a,< **+ <a,if
its implication is Lukasiewicz implication;
(2) the set of meta truth values MT={True (Tr for
short), false(Fa for short)}={b, b,} is called a meta
linguistic truth-valued lattice implication algebra (of
course a Boolean algebra) defined on the chain Fa<Tr,
if its operation “’ ” is defined as: Tr' =Fa and Fa’' =Tr,
the operation “—” is defined as
—: MTXMT—MT
X—-y=Xx'Vy
Definition 6 A

context (G, MYV L

> =nx2?

linguistic truth-valued
f) , where G is the set of objects,
MY Vs the set of attributes with linguistic assessment
variables, L., is a linguistic truth-valued Ilattice
relation between

GandMVYV je, [:GxMMV 5

implication algebra, I is a

such that for

nx2 2

[v.7]

any geG, m € M[V’V], there is at most one

linguistic truth value (a. b.) el,, (ael,, bely)

i>™j

satisfying I(g,m)= (ai,bj ) .

We can sum up the main points of the above
definitions as follows:

Step 1: analyzing the characteristics of the linguistic
information and selecting a linguistic truth-valued
implication algebra L;.,=L,*L,;

Step 2: providing the set M ™" relevant to the set M in
linguistic ~many-valued (G,M,W,1) by
definition 4;

Step 3: establishing the transformation method
according to the relation between the sets W and L, ,;
Step 4: obtaining a concrete linguistic truth-valued
context by definition 6.

According to reference [6], we will select a
suitable and concrete linguistic truth-valued lattice
implication algebra Ls.,=LsxL,, whose Hasse diagram
through proper regulation shown as Fig 1 to continue
the above example. In Ls.,=LsxL,, Ls={Slightly (SI for
short}, Rather (Ra), Exactly (Ex), Very (Ve),
Absolutely (Ab)}={aj, a,, ..., as} which is called as

context

the set of modifiers, and let I=(as, b,), A=(a4, b,), B=(as,
b,), C=(a,, by), D=(a,, by), E=(ay, b), F=(az, b;), G=(as,
bl)s H:(a4s bl)s O= (3.5, bl)

I
A

E
B

F
C

G
D

H

(0]

Fig. 1: Hasse Diagram of Ls;.

Then we will get the following table 2:

rnl[good,bad] m[zmuch,little] mgbig,small] leight,weighty]
g, I H E ¢}
g, A B 0 G
0| cC A A B
94 G G I A

Table 2: An linguistic truth-valued context.

4. Linguistic truth-valued concept
lattice

Definition 7 In a linguistic truth-valued context
(G.mMML

attributes B MVV1, § e L, . Denote
At ={m“7 e MM |vg e A T(g,m"") > 5

f), for a set of objects Ac G, a set of

nx2 2

B* :{g eG‘VmW] €B.i(g.m"")z 5}

Theorem 1 The operation(A,A)in the definition is a
Galois connection between the power sets of
VY]

GandM[‘ .
Proof. Ac B*

v,V]

\Y

)

& VgeAcG , vm'eB | f(g,m[
I (g,mt 5

& vmeB , VgeAcG , (g vVl
& B A

\Y

)



Theorem 2 Let(G, MV L f)be a linguistic truth-

-valued context, and A, A, £ G,B,B, C M V.V] , then
(DACA™, B B™;

Q)A CA = A C A, B cB = B)cB;
(3)AS = AMA | BA — gAss,

@(AUA) =A'NA', (BUB,)" =B'NB;.
Remark For every different Sel,, “A” can be

denoted as“ A ™.

Definition 8 Let (G, MV f)be a linguistic truth-
-valued context, and AcG,Bc MMVl if A=B*,
B=A", then (A,B)(S is called a « degree concept.
The set Aand setB are called extent and intent of
(A, B)J , respectively.

Theorem 3 Let(G MV L )be a linguistic truth-
-valued context, denote

L*(6.M" 7L, T)={(AB)’
(A8 <(AB.) & A A then
L (G,M™M,L

Aﬁ,B:AAﬁ},if

, nx2,I)is a O -degree linguistic truth-
-valued complete lattice, where the operations on

L° are

e[ pafye)”]
sinor () 0]

Proof. Vjel, (A B) € L"‘(G,MW’V’] L f),

| s nx2

>

A§A§
bytheoremZ,ﬂAjg(ﬂAjJ ,for kelJ,

jed jed

2585
NA < Aki[ﬂAjJ c AN A

jed jed

Ashs
:[HA]_J CﬂACﬂA then

jed jed

na) "0

jed

As
[ﬂAij _[ﬂ AjA(SA
jed jed

Ag X AgAs AgAs
Ty ]y
Je je

0n{us) [ -{onlps))

_ n Ahs o
e La(G,M[V’V],Lnxz,I),and [ﬂAj’[UBj] ’ 0] is an

jed jed

infimum of{(Aj,Bj )lie J} .Let (A,B)’be any

infimum of this set, then Ac A, (jeJ) = Ac NA, >

jeld
8585\’
g i.e.
< ﬂAj,{U Bjj , L€,
jed jed

stnar[pafe)

Ashs ’
J(]’ J) [[UA} ,ﬂBj] can be proved

Pt
similarly.
Theorem 4 Let L’(G,M™,L 1) a & -degree
concept lattice, V@<sel, and AcG,Bc MM
then A% c A" B B .

Proof. By definition 7

A% = {m[v’v] e MV ‘Vg e AT (g.m"7)> 5}
VB <Sel, then we have

AA‘F :{m[v,V] c M[V,V]‘vg c A’f(g’m[wvl)zé‘zﬂ} ,

s0 A% < NG ,BY < B can be proved similarly.

5. Conclusions

This paper bridges the gap between concept lattice and
lattice-valued logic. For selecting a suitable
mathematical tool to deal with both comparable and
incomparable linguistic terms, we constructed
lattice-valued-based concept lattice based on the
definitions of linguistic many-valued context and
linguistic truth-valued context, and investigated its
properties under the Galois connection. In the course of
the discussion, we explained the key of this approach
by means of examples. Obviously, we can research the



constructing algorithms of lattice-valued-based concept
lattice, which will be solved in further discussing.
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