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Abstract—Strange  nonchaotic  attractors exist in
quasiperiodically forced system universally, which have
fractal structure in geometry but no sensitivity to initial
value, which also are among the international hotspot issues
studied by nonlinear kinetics for the recent ten years. Many
scholars have done a lot of research and made gratifying
achievements, evolved process and mechanism of which
should be further studied and explored on the hand. Two
kinds of quasiperiodically forced circuit system and
time-lagged Logistic system are studied in this paper. From
numerical simulation by changing parameters in the system,
a new type of SNA shaped "tire " or "conduit "', evolved
from T2 torus bifurcation is found, being distinguished from
others for its wide range of parameter space and fractal
phase space structure of a particular shape. The study
indicates that this attractor exists in general
Neimark-Sacker bifurcation system. The study also brings
new phenomena of dynamical system to light, suggesting its
wide application prospects.

Keywords-Strange nonchaoitc attractors; T2 torus
bifurcation;  Neimark-Sacker  bifurcation;  Lyapunov
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I.  PREFACE
Strange nonchaotic attractors exist in

quasiperiodically forced system universally, Which have
fractal structure in geometry but has no sensitivity to
initial value. SNAs are among the international hotspot
issues studied by nonlinear kinetics for the recent ten
years. Many domestic and foreign scholars have done a
lot of research and made gratifying achievements mainly
from the numerical simulation of SNAs ever since such
scholars as Grebogi and Ott proposed the conception of
SNAs!"!, whose research concentration was on dynamical
transfer[2’4], evolved mechanism™® and attractor crisis”'*
about SNAs. SNAs has shown a lot of similar
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characteristics to chaotic attractor, which has fractal
structure of the phase space as an example. On the other
hand, SNAs are different from the chaotic attractors,
which have wide application prospect in security
communication fields'"*"'*!. Research to evolved process
and mechanism of SNAs become the focus attention of
many scholars, which mainly includes: The saddle node
bifurcation intermittent-I, Subharmonic bifurcation
intermittent-III, Torus collision, Torus fractal and attractor
crisis etc. However, evolved process and mechanism of
which should be further studied and explored.

Two  kinds of  quasiperiodically  forced
Neimark-Sacker bifurcation system are studied in this
paper. Except for the five typical SNAs found in the past
ten years, quasiperiodically forced Neimark-Sacker
bifurcation system, another SNAs shaped as "tire-shaped"
or "pipe-shaped", evolved from T” torus bifurcation,
shape of which depends on the shape of torus
quasiperiodically before bifurcation. This type of SNAs
distinguished from other SNAs for its wide range of
parameter space and fractal phase space structure of a
particular shape. From the study of geometrical
characteristics of SNAs, new phenomenon in dynamic
systems is further revealed, application prospects of
which is broad.

II. BIFURCATION STRUCTURE AND SNAS OF CIRCUITS

A kind of circuit model is provided like the
following, state equation of which is as equation 1,
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Dimensionless transformation is written as x,=gx,
Vu=0,» a=R/R,, d=0.1R/R;, b=1+R;/R, c=R/R,, equation
1 can be changed to equation 2,

xn+l = ayn _dyn2
yn+1 = _bxn + Cyn (2)

By adding the driver of quasiperiodically forced
system, equation 2 can be written as,

X, =pcos(rz,)+ay, — a’yn2

V1 =—bx, +cy, 3)

z,., =z, +o(modl)

o is a irrational number, p is the stress amplitude of
vibration.

System 3 can be regarded as a disturbance system of
system 2, either of which has a variety of bifurcation
structure.

Make A=c’-4ab , B=c’-8c¢+4ab+8 , pitchfork

bifurcation appears at p/ when 4>0 and c+ \/Z =2.

Neimark-Sacker bifurcation appears when A<0 and
ab=1.

Particularly, subharmonic bifurcation under the
condition of four times of strong resonance appears when
c=0and ab=1.

Pitchfork bifurcation appears at p2 when B>0,

c+ \/E =2 and c<2.

Neimark-Sacker bifurcation appears when B<0 and
2c-ab=3.

For the reason of quasiperiod, period n in system 3
changes to nT torus when the driver of quasiperiodically
is added.

Bifurcation position may delay or predict when
amplitude of driving force changes.

Relevant dimensionless parameter can be obtained
from different values of R, R,, R;, R, and R;

From their physical meanings, we know that all the
parameters a, ¢, d and p are greater than zero.

For system 3, when b>1, @ can be valued as the

golden ratio constant (\/g -1)/2, b=1.1, ¢=0.1, d=0.2, p
and a are both variable parameters.

Fig .1(a) and I1(b) give us the bifurcation diagrams
expressing the changes of Xn when the variable
parameters a €(0.6, 1.6) changes, and the maximum
Lyapunov exponents figure(Amax).

Upon analysis, conclusion can be made that the
system is of quasiperiodical motion, phase plane of which
appears 1T torus.

For system 2, when @=0.9091, Hopf bifurcation
a=1/b~0.9091, bifurcation T> torus appears and the
system enters region SNAs, the maximum Lyapunov
exponents figure(Amax) is less than zero, for some
individual sites are almost equal to zero.

Phase plane in Fig ./(c) presents such shape as oval
bottle, tire, etc.

One type of fixed point is given in Fig .2(a) three
types of SNAs are presented in Fig .2(b), Fig .2(c) and

937

Fig .2(d).

Until a~=1.1728, 4T torus appears because of
quasiperiodical subharmonic bifurcation.

Persistent 4T torus is presented in Fig .2(d) when
a=1.173. The system changes to chaotic motion and
Hyper-chaotic motion, being evolved from other types of
SNAs when a rises.

Similar SNAs appears when the parameter «a is fixed
at a=0.93 and p at p&€(0.01,0.668), the maximum
Lyapunov exponents figure (Amax) is presented in figure
1(d).

The maximum Lyapunov exponents figure (Amax) is
no greater than zero within this interval, presenting
nonchaotic strange attractors. Similar SNAs structure is
presented in Fig .2(e), which is tube-shaped when
p=0.65.

The system comes to quasiperiodical motion and
phase structure of which appears 1T torus when p>0.668.
Torus attractors of 1T torus when p=0.675 is presented in
Fig .2(f). Attractors shown in Fig .2(e) is from this torus
bifurcation, appear SNAs ringing as the axis of this ring.

From the above analysis, we know that SNAs
appears in larger parameter selection intervals, making
either a or p as variable parameter.

Figure 1(a)

Figure 1(b)
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III. TIME DELAYED LOGISTIC EQUATION AND SNAS

Classic state equations of Logistic model is as the
following,

‘xn+1 = lu‘xn (1 - xn—l )

In the upper equation, u is for growth rate, x, is for
density of species-group or population due to time.
Through theoretical deduction and calculation, we know
that the system lose stability and Neimark-Sacker
bifurcation appears when u=u,=2 at the fixed point of
(1-1/,1-1/1y).

{xm = u(e+ pcos2rz,))x,(1-x, )
z

n

. =z, +o(modl)

Value w as golden ratio as constant ( \/g -1)/2,

e=1.8, p=0.2 and yu as varying parameter.

Bifurcation of Xn that varies from u €(0.4,1.25) is
present in Fig .3.

Confirmatory analysis shows that the system appears
periodic motion and phase plane appears 1T torus when
u=0.556.

Confirmatory analysis also shows that the system
appears bifurcation torus 7° and the system enters the
SNAs area, maximum Lyapunov exponents being less
than zero and some being near to zero, phase plane of
which presents some special geometric configuration.

Fig .3(b) presents tire-shaped SNAs when u=1.13.
Fig .3(c) and 3(d) present the two typical SNAs
separately when p=1.13, p=0.2 and u=2.1, p=0.385,¢=1.

Torus fractal is not torus collision but a new type of
SNAs appears when the quasiperiodical torus loses its
smoothness for sudden extreme distortion of which
following the change of parameters. Usually, torus fractal

studied includes single torus fractal and 2" torus fractal.

T torus fractal appears in this circuitry studied, single
torus fractal appears easily when is p larger. A new
type of SNAs appears when torus doubling ring get
extremely distorted because of interruption of torus
doubling ring.

Figure 3(a) SNAs Type a
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Figure 3(b) SNAs Type b

Figure 3(c) SNAs Type ¢

Figure 3(d) SNAs Type d
Figure 3 Bifurcation Torus T2 and SNAs

IV. CONCLUSIONS

From studying the two types of quasiperiodically
forced Neimark-Sacker Bifurcation system, a new type of
SNAs evolved from T torus bifurcation is found in this
paper, geometric structure of which appears typical
geometric shape. Numerical simulation and analysis are
also used to reveal nonlinear dynamical phenomenon and
more complicated dynamical routine from various aspects
in this paper. This type of attractor exists in large scale
parameter intervals.

The study indicates that production of SNAs has
affinity with bifurcation, which appears in torus doubling
bifurcation, T? torus bifurcation, subharmonic bifurcation
and saddle-node bifurcation, etc. SNAs is described by



maximum Lyapunov exponents. The study indicates that
this routine and mechanism is very universal and SNAs
has great application prospects.

For SNAs, such aspects as geometric dimension,
type and mechanism of SNAs in periodically forced
system should be further studied to cognize dynamic
behavior and operating mechanism of vibration system.
This research can provide theoretical reference and new
idea for bug diagnosis, vibration control, safe operation
and malfunction prediction in actual industry control
system.
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