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Abstract

A Whittaker-Shannon-Kotel’'nikov sampling theorem related to the Askey-Wilson
functions is proved. Applications to finite continuous Askey-Wilson transform are
given.

1 Introduction

Recently there has been interest in the study of certain class of integral transforms which
contains the continuous Jacobi, Gegenbauer, Legendre, Laguerre and Hermite transforms
as special cases. The importance of these integral transforms lies not only in their intrinsic
properties but also in their connection with sampling theory and signal analysis. They
lead to various sampling expansions similar to the one given by the celebrated Whittaker
-Shannon-Kotelnikov sampling theorem [17] which states that if f () is band-limited to
[—m, ], then f (¢) can be expanded in the form

51n7r sinm (t —n)
Zf a(t—n)

n=—oo

More recently g-analogues of theses results have appeared. In [13] considering a q-
exponential function, a g-version of the classical WSK was proved. The g-version of
Higgins’ result was established in [1].

The Askey-Wilson functions of first and second kind are introduced by M. E. H. Ismail
and Mizan Rahman, see [9]. Erik Koelink and Jasper V. Stokman establish the L2 —theory
for the Askey-Wilson transform and determine its inversion formula [14]. The Askey-
Wilson functions of first kind is also subject of study in Suslov’s papers ([15j],[16]) in
which Fourier-Bessel type orthogonality relations are derived. Our first step in this
paper is to find a raising operator for the Wilson function w,, (z, a,b, ¢,d) are then used to
investigate the properties of the functions as solutions of g-difference equation. In Section
2 we state the g-sampling theorem. Section 3 contains serval remarks, some of which we
define the finite continuous Wilson transform and we study some of its properties.

Copyright © 2007 by F. Bouzeffour
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We first remind the reader of the notations to be used. A g-shifted factorial is defined
by (6]

n—1

(a;9)0 =1, (a;q)n = H(l — aqk), n=12,..00 (1.1)
k=0

and more generally

S

(ala "'7as;q)n = H(akaq)n) n = 0) 152)"'500
k=0

A basic hypergeometric series is

0 A1y ey Qp
r¥'s
by, ..., bs

We employ the compact notation

" Z> _ i (a1, 85 Q)i ((_1)kq(§))1+H % (1.2)

k=0 (bl) ceey bs,% q)k‘

T'+1W’r'(a1; a4, ...,Qr4154, Z)a

for the very-well poised ,41¢, series by

a1,4~/A1, —(g+/A1,04, ..., Qr41
ay ay
r+1er \/al)_\/a’l)qa_)’“aq
4

") ’

Given a function f defined on (—1,1) we set f(e/) := f(z), = cosf. In other words we
think of f(cosf) as a function of €. In this notation the Askey-Wilson finite difference
operator D, is defined by [7]

Qr41

_ @)~ fg2e)

(1.4)
(q% - qfé)i sin @

(Dyf)(x)
In particular D, is well-defined on H 1 where

1 1
H,:={f: f(i(z + ;)) is analytic for ¢” < |z| < ¢ "}

In [7] M. E. H. Ismail developed a calculus for Dy, and establish a Strum-Liouville theory
of a second order Askey-Wilson operators. We shall use the inner product associated with
the Chebyshev weight (1 — 22)~1/2 on (-1, 1), namely

! —— dx
< f,g>= z)g(Tr) —. 1.5
fo>= [ f@a == (L5)
The g-integration by parts is given by see [7]
/g . . 1 1 _1 1,1 _1
< f,g>= 1%/:][f(§(q2 ¢ 2)9(1) = f(=5(¢2 +472) (1.6)

xg(—1)]— < V1 —22f,D, <%) >,

for f, g€ Hy.
2
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The Askey-Wilson polynomials py,(z;a,b, c,d) defined by

- g" Labed, ae'?, e~
ab, ac,ad

pn(cosB;a,b,c,d) = (ab,ac, ad; q)pa™ " 4¢3 < 9

g; q) - (17)

When max(|a|, |b],|c|,|d]) < 1, the Askey-Wilson polynomials satisfy the orthogonality
relation( [7],15.2.4)

1
/ w(x;a,b, c,d)p,(x;a,b, c,d)pm(z;a,b, ¢, d)dr = hpdpn, (1.8)
-1

where
(L—a?)73(*, 2" )

w(x,a,b, c,d) = . . . . . . - _
(@,a,b,¢,d) (ae®? ae= bei? be=10 ce? ce=? dei? de=;q)no

, x=cosf (1.9)

and
27 (abedg®™; q) oo (abedg™ 15 ),

h, = .
" (g™ abg™, acq™, adg™, beg™, bdg™, cdg™; q) o

The Rodrigues formula
w(z,a,b,c,d)py(z;a,b,c,d) (1.10)

q—1 " am-1) n n n n n
=\ ) ¢ T Dylwlz,aqz,bq?,cq?,dq?)].
In [7] gives a generalization of Nassrallah and Rahman’s extension of the Askey-Willson
integral
T ] ] 0 —i6.
/ SW 7(dg/q7 h7 T7 g/f7 delo’ deize; q7 gf/h?“)’w(& a’7 b7 C? d) (ge‘g’ ge_‘g’ q)oo d@
0 (fe, fe™ @)oo

_ 2 (abed, dg, 9/d; @)oo (1.11)
~ (q,ab,ac,ad,be,bd, cd, df, f/d; q) oo '

% ¢ adabdaCdag/f’dg/hr .
94\ abed, qd/f, dg/h, dg/r | T4
q; Q> .

2r(fg/h, fg/r,dg/hr; q)o
2 The Askey-Wilson function

(dg/h,dg/r, fg/hr;q)s
oy [ aF0Fcfg/dgf [hr
PP\ abef.qf/d,gf /h,af /7

The Askey-Wilson function is defined by [9]
(qa/d,beg", q" e [d, q" e /d; q)oo
(q'~#a/d,be, qe® /d, g~ [d; q) oo
x sWr(g *a/d ;¢ ¢ #/bd, " # [cd, ae® ae™"; g, beg").

We first compute the action of the Askey-Wilson operator (1.4) in the Askey-Wilson
functions.

uy(cosf,a,b,c,d) =
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Proposition 1. The function u,(x;a,b,c,d) satisfy
2 (1-g¢ ") —abedg" )
(1 —-¢q)d (1 —ab)(1—ac)(1—bc)
Xupfl(m; a’q% ) bq% ) CC]% ) dq%)
Proof. From Bailey formula (II1.36) of [6], we have
(beg”, ¢ * Jad; q)so g H, abedgh 1, ae? ae=
(be, q/ad; q) oo ab, ac, ad
(¢, abedg" ", qb/d, qc/d, ae®  ae™; q)o
(ab, ac,be,ad/q, qe /d, qe=" /d; ) oo
1=t fad, begh, get? /d, ge= /d
X4‘P3(q / 71 / 1 / ‘QQQ>7

(2.1)

Dyuy(x;a,b,e,d) = —

uu(x; a, b7 & d) =

4q; Q>

qb/d.qc/d, ¢* /ad
it suffice to compute the action of the Askey-Wilson operator on the 4p3—function. First
observe that

1—g¢q (aqéew i0

1
aqze”"; q)n-1. (2.2)

This leads to
D g H, abedgh 1, ae? ae= .
q 493 < ab, ac, ad aq’Q)
2ga (1 —q ") (1 — abedg" 1)
(1-¢)(1—ab)(1—ac)(l—ad)

g, abcdg, aq% et aq% e
X 493 34,4 | -
abq, acq, adq

On the other hand
(ac”, ae”; q)oc ) (ql‘”/ad, bcq”,qew/d,qe‘“’/d.q q>
(ge/d, qe= /d; q) o gb/d,qc/d,q*/ad o
_~—~_(¢"7*/ad, beg; q)ng" (ae®, ae™; q)os
“—(q,9b/d,qc/d, q* /ad; q)n (q"*"e? /d, ¢* e~ [d; q)o

and

(ac™, ae™"; q)oc _1—q"/ad_ (agZe? ag2e ™ q)u
Hgttre?/d gt re P dig)oo 20— V)a (g3t /d, g3 e /d; g)o

so that

[ (aeie, Geiw; q)oo ql_“/ad, bcqu’ qeie/d’ qe—zﬂ/d . ]
! (qew/d, qefie/d; q)oo s qb/dv qc/d7 q2 /ad i
ad
2q(1 — — Lo
20 =) Laqze”";q)o
(I=a)d (g7 /d, q7e= /d; q)oc
‘103 ¢+ fad, beg", g2 ¢ [, qz e [d ca).
gb/d,qc/d,q/ad

(aqéeie
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It can be shown that relation follows from this. |
By iterating the formula (2.1) one can derive
Corollary 2. The Askey-Wilson function has the Rodrigues type property
k(k—1)
2¢)"¢" T (¢ @)x(abedg" "5 )i
Dru,(z;a,b,c,d) = —1k( : : 2.3
q M( 3y Yy ) ( ) (1_q)kdk (ab,ac,bc;q)k ( )

X (w5097, bg? , cq? , dg*).
Proposition 3. The Askey-Wilson function satisfy

1 1 1 1 1 1 1 1
D,|w(z,aq?,bq?,cq?,dq?)u,—1(z;aq2,bq2, cq?,dg?)]
2d

= _1——(](1 —ab)(1 —ac)(1 — be)w(z, a,b, ¢, d)u,(x;a,b, ¢, d).

Proof. We use the formula

Dyw(z,aq?,bg?, cq?,dg?)
w(z,a,b,c,d)

2
= —1[2(1—abcd)cos@—(a+b—|—c—|—d)—I—abc+abd+acd+bcd].
q—

This leads to

1 . 1 .
g\ M, abedg”, agz e agz e~

abq, acq, adq

g; q)]

1 1 1 1
Dylw(z,aq2,bq2,cq?,dq?)sp3 (

Dyw(x,aq™t2,bq?, cq?, dg?)

= (g, abedg" Y q) g

- ; (q. abg, acq, adg; )n
2(1 — ab)(1 — ac)(1 — ad) <= (¢'~*, abedq"; q)»

- a(qg—1) (g, ab, ac, ad; q)n+1

w(z,aq”, b, c,d)[2aq" cos (1 — abedq™) — aq™(b+ ¢+ d)

+ a*q"(bc 4 bd + cd — 1) + abedq™]

The term in square brackets on the right-hand side can be written as

(1 — abg™)(1 — acq™)(1 — adg™) — (1 — aq"e®)(1 — ag"e~)(1 — abedg™)].
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Therefore

DQ[w(x7 Gq%, bq%7cq%7dq%)4§03 <

2(1 — ab)(1 — ac)(1 — ad
a(g—1)
y i (¢" ", abedq”; q)pn—1(ae?, ae™; q),,
(Q7 a'b7 ac, a'd7 Q)n

q'~*, abedg”, aq%ew, aq%e*ie' ]
abq, acq, adq 104

n=1
[(1—¢"™")(1 = abedg"*"™") = (1 ¢")(1 — abedg"™")]
_ 2(1 —ab)(1 —ac)(1 — ad)

w(z,a,b,c,d)
a(q —1)
g H, abedgt 1, ae? ae=
X403 34,4 | -
ab, ac, ad

On the other hand

0 aqze™;q)o

(q%ei®/d, g2 e~ |d; q)oo

103 ql_”/ad, bcq”,q%ew/d,q%e_w/d 0q

gb/d,qc/d,q/ad
1 11 1=V Jad, beq” q%ei‘g/d q%e*w/d

— d b d q 9 bl bl .

U)(CC,CP/ ,02,¢cq2, q2)4903< qb/d,qc/d,q/ad q:49 |,

1
2
w(z, aq?,bg?,cq2, dq?) lagze

so that

1 1 1 1 (aq%e“’,aq%e*w;q)m
DQ[w(x’aqi’bqa’an’dqa) 1 . 1 .
(q2€/d, q2e= /d; q) o

1—v v L 6 L 0
q ~"/ad,becq”,q2€" /d,q2e7"/d |
4““”( ab/d, qc/d.q/ad %4)

2d = (¢'*/ad, beg"; q)n (e /d, e /d; q),,
— q_—l’lU(ZC, 1/d, b, C, d)z

= (¢, qb/d, q¢/d, q/ad; q)n
X[ 2g")(1 = Sa) (1 ="~ (1= L)1 = L)1~ beg)]

2d (¢4 /ad, beg"; )nga (€ /d, e /d; q)n
B >w<w,1/d,b,c,d>{2(q /ad;beq”; @)nir(€”/d, €77/ d; @)t
n=0

(¢g—1)(1 —gq/ad (¢,9b/d, qc/d, q* /ad; q)n

> 1—p . 0 —i0 /3. n+1
o (¢:qb/d, qc/d, q* /ad; )n ad

1—o0 ™)1 — bdu_l " N ©

_Lal—g (1 —a cqq )w(x,a,b,c,d) (;;e ’ae,w’Q)
(9= Da(l - —) aen e 0
a

=1 fad. begh . get® /d. ge= /d

q aa, ocqgt, qe » g€
o (1 [heetfd

gb/d, qc/d,q?/ad
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We can now formulate the following theorem.

Theorem 4. The function u,(x;a,b,c,d) is a solution of the equation

1

Llebe Dy(r) = ml?q(w(x,aq%,bq%,cq%,dq%)qu(x)) (2.4)
= Ay(z),
witho A\ given by
A= a qu)2 (1 —q¢ ™) (1 — abedg"™).
Proof. Replace Dyu,(z;a,b,c,d) in (2.4) by u,—1(x;a,b,c,d) then apply Proposition 3.
Simple manipulations will establish (2.4). |

3 qg-Sampling theorem

We put

1 1
skp(p;a,b,c,d) = h_k;/ pr(z;a,b, ¢, d)uy(x;a,b, ¢, d)w(x,a,b, c, d)dx.
-1

Proposition 5. We have
(_1)nq7n(nfl)/2

skg(n;a,b,c,d) = d " 0p k-

(ab, ac, be; q)n

Proof. For 1 =n=0,1,2,... the Askey-Wilson function w,(z,a,b,c,d) is just a multiple
of the Askey-Wilson polynomial

(_1)ann(n71)/2

d "pp(z;a,b,c,d). (3.1)

n ; ’b’ 7d =
nsa,breo) (ab, ac, be; @)

The result follows from the orthogonality relation (1.8). |
Proposition 6. We have

qk(l — abcdq%_l)(q_“,adeq“; 7)o

P11 q)oo (1 — abedgh 1) (1 — gmrtk)

. b d =
Sk (M) a,o,c, ) dk‘(q’ ab’ ac, bC, Q)k(q’ abcdq

Proof. The coefficient si(p;a, b, c,d) is given by

hisk(p; a,b,¢,d) =< V1 —2?u,(x;a,b, ¢,d), w(x,a,b, c,d)p (x;a,b, ¢, d) > .
We use the g-integration by parts formula (1.6), the Rodrigues formula (1.10)

hksk(:u‘a a,b,c, d)

—1 k(k—1)

- [_q 5 ]qu < V1 —2z%u,(z;a,b,c, d),Dgw(aE,aqg,bqg,cqgadqg) >

1— q k(k—1)
=TT

5 < Dlguu(:c; a,b,c,d), Vi- x%u(x,aqg,bqg,cqg,dqg) >
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and by (2.1)

a"(¢7"; q)r(abedg" ™' @)k
d* (abv ac, bC; q)k

X < uu_k(w;aqg,bqg,cqg,dqg), V1= 2%w(z,aq?,bg?, cq?,dg?) > .

hkSk(,Lh a, b7 &) d) =

Apply the formula (2.3) with its parameters specialized as follows:

b

d—aq?, g— ¢ "5/d, f—q"2/d, h— ¢"#/bd, r — ¢""/cd, a — dqg?.

This give

s
/ sWr(aq % /d s q % q" 1 /bd, " " Jed, aq? € ag? e ¢, beg”)
0

L—pt§ 00 /g g 1=Ht5 o—i6 /.
Xw(m;aqg,bqg,cqg,dqg)(q 26‘/,q - 'e /aQ)oo
(¢" 2 /d,q' 27 /d; q)os

2m (abedg®, ag' "t /d, ¢ Jad; q) o
~ (q,abg*, acq, adqk, begk, bdg*, cdq®, aq/d, ¢ =% ad; q) o
><5¢)4( adq®, abg®, acg®, g " *, abedg— 1 tHTE " q>
abedg? , adg®, abg®, acg® ’
27r(bcq1+k, aqlﬂﬂrk/d, qf,quk’ abcdq“Jrk*l; q)oo
(q,q,abgk, acgk, begk, bdg*, cdq®, qa/d, adg*—1, begh; q) oo

x5 q,qb/d,qc/d, q" " /ad, beg" ¢ a
PP beg'F >k fad, qb/d, qc/d |7

do

On the other hand

abedq?® , adgk, abgk, acq®
qf,quk7 abcdq”ﬂg*l
=2 ¢1 ( abedgt 14,4 (32)
(abedg"t*, g P )

- (abedg®, ¢; q) o

adqg”, abq®, acg®, g *tF abedg'—HtE
504 14,9

where we have used the q-Gauss sum ([6], [1.8) to evaluate the sum (3.2). Apply the
nonterminating form of the g-Saalschutz ([6], (2.10.11))with its parameters specialized as
follows

a—q, b— beg", ¢ — ql_"/ad, e — q2_k/ad, f— bcq1+k,
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this give
q, begt, ¢+ Jad
3@2( 2— k/ad beg '+ q; 4

_ (adg"!,q,beq”, ¢+ Jad, abedg®; q) o
(¢'=*/ad, adg, abedgh+F=1, gF=H beq+F; q)oo

S adqg”®, abedghtF—1, gh—r -
3%2 adq®, abedg® ’

(adg"~', beg, "1, abedg" ;s ) oo

(adgk, beg! T, gh=#, abedgh TR =1 q) oo

By the g-Gauss sum ([6],I1.8) we have

o (7 qb/d, qc/d, q** /ad, begt
beq Tk, g2k Jad, qb/d,qc/d’q’q

B q,beq, ¢+ /ad

—3 902 bcq1+k 2— k/ad’q’q
(1 =bed®)(A = adg* )
(1 — abedgttR=1) (1 — gh—H)

~ (beg*,q' " /ad; Q)oo]
(begh, ¢t Jad; q) o™

so that

Sk (Ha a, ba c, d)
B ¢"(beg”, ¢+ Jad; ) s
d*(ab, ac, be, abedgh=1; q)x(q, g, abedq? , begk, ¢ =F [ad; q) s
" (", abedg"; q)
(1 — g #H)(1 — abedg+F)

qk;

d¥(ab, ac, be, abedqh—1; q)1 (g, ¢, abedg?; q) s
y (¢*, abedg"; q) oo - (beg”,q'# /ad; Q)oo]
(1 — abedghth=1)(1 — g=1+tk) (beg®, ¢t =% /ad; q) o

+

_ ¢" (1 — abedg® 1) (g, abedg; q) oo
~ dk(q,ab, ac, bc; Q) (q, abedgh1; q) oo (1 — abedghth=—1)(1 — g—rtk)’

The following result is obvious. |

Theorem 7. We have

1 — abcdqy€ 1)
;a,b,c,d)
uy (50,0, c, de q,ab ac, be; Q) (g, abedgh =1 ¢) o

« (q #, abedq"; q) oo
(1 — abedghtth—1)(1 — g—H+k)

pr(x;a,b,¢,d).
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To derive the sampling theorem associated to the Askey-Wilson function, we start by
defining a notion of the g-band-limitedness.

Definition 8. We say that a function f(u) is g-band-limited to (—1,1) if it can be written

in the form

1
fl) = / 9 (9) un(cos 8, a, b, e, dyw (x: a, b, , ) da,
1

where
g€ L?((-1,1),w (x;a,b,c,d) dz) .
Now we state the sampling theorem.

Theorem 9. Let f be a g-bandlimited function. Then f has the sampling expansion
Fw) =5 () f(n),
n=0

where

n+1

I R R Y AT )
(4, P%0"; @)oo (1 = p2gHF7) (1 — g Htm) 7

and

p =/ q tabed. (3.4)

Proof. The function f is g-bandlimited, then
1
£ = [ 9(0) unleosb,a.b,c.dyw (s:0.b.c0d) d (3.5)
-1
where
g€ L*((-1,1),w (2;a,b,c,d) dz) .
Since {py, (z,a,b,c,d)} 7, is a complete orthogonal set in a weighted

n=0

L ((=1,1) ,w (z;a,b, ¢, d) dx) ,

we have
g(x) = Zf]npn (x,a,b,c,d), (3.6)
n=0
where

1
Gn = hnl/ g (x)pp (x,a,b,¢,d) w (x;a,b,c,d) dr. (3.7)



A Whittaker-Shannon-Kotel’'nikov sampling theorem related to the Askey-Wilson functions 385

Subsisting (3.6) into (3.7)
Zgn/ Pn (z,a,b,c,d) uy(cos b, a,b, c,d)w (x;a,b, c,d) d. (3.8)

But in view of (1.8), equation (3.8) becomes

=St

|
4 Finite continuous Askey-Wilson transform
Let f be a function on (—1, 1) such that
1
Fapedlf)(n) = /1 f(x)uu(cosb;a,b,c,d)w(x,a,b,c, d)dx, (4.1)

is well-defined for all ;1 € C. Then F, . q4(f) is called the finite continuous Askey-Wilson
transform.

Proposition 10. For f € Hy, we have

fa,b,C,d(L(a’byad)f)(ﬂ) = AFap,ed(f)(1)-

Consider the family of operator see ([7], 19.5.1 )

o (Q7 TQ; q)oo " (62i¢7 672@; Q)oo
Self)eos0) = 2= | e i) gio—0), it gy (O P)49:

€(0,1).

The operators .S, have the semigroup property
Sy 0S¢ = Sy for rit,rt € (0,1).
We define the operator

(ab; q)oo
(ae®?, ae= be? be=0; q)

(arew, are” bret? bre=1, q) oo
(abr?; q) o

Xr = 0S;0

Proposition 11. If max(|al|,|b],|r]) < 1, we have

wy,(z,ar,bryer™t dr ) =y (uu(.y a, b, e, d)) (). (4.2)
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Proof. From Theorem 7, we have

k(1 — abedg®*—1)
T '; 7b7 d
Xr(up(5a,bye, de (q, ab ac, be; Q) (q, abedgh—1;

@)oo

(4" abedg? ) |
X (1 _ abcdq,uﬂrk*l)(l _ qilung)XT(pk(w a, b7 ¢, d))7

and by Theorem19.5.2, [7]

Xr(pr(;a,b,e,d))(z)

g (absq)k
=t
(abr?; q)

Simple manipulations will establish (4.2). [

pr(z;ar,br,c/r,d/r).

Proposition 12. The operator S, is symmetric in L*((0,7), (€2,e72?; ¢)s0)
/ S,(f)(cos 0)g(cos 0) (e, =2 q) o db
/ f(cos0)S,(g)(cos 0)(e*?, 2 ¢) . db.
Proof. For f,gin L?((0,7), (%,e72?; ¢)s0)
/ S,(f)(cos 0)g(cos 0) (e, =2 q) o db
/ / (e%?, 721 4) 0 (€29, 729 ¢) o f (cos @) g(cos 0)dpdh

T I e e e o G e e
|
Proposition 13. If max(|a|,|b],|r]) <1, we have
Farbrer—dr—t = Faped© Xrs
where
1

tXT = (Ceiea Ce_ig) dewa de_w; q)oo ° ST ©

(c/ret® c/re= d/rei? d/re="?;q)s
Put
®(x;a,b,c,d,e, f,9)
(abed, abed/ef, abed/eg, abed/gf; q)oo de? de " e, f, g
B (abed/e, abed/ f,abed/ g, abed/ef g; ) oo pYd < ad, be, bd, qefg/abcd
(e, f,g,abed, a’bed? Jef g, ab’cd? Jef g; @)oo
(ad, bd, cd,abcd/e,abed/ f,abed/ g, ef g/abed; @)oo
y (abcd?Jefg,de® de™; q) oo
(abcd?e? Jef g, abed?e= e fg; q) oo
S < abed/ef, abed/eg, abed/gf, abed?e® Jefg, abed?e™ Jefg
qabed/efg, qa’bed? /ef g, qab®cd® Jefg,ad/efg

)

+

QQQ)-
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As application we give the image of ®(x;a,b,c,d, e, f, g) under the finite continuous Askey-
Wilson transform.

Proposition 14.

®(z;a,b,c,d,e, f,9) (4.3)
B i 1 — abedg® 1 (abedg™, e, f,9;9)k
- — 1 —abedg= (q,ad, bd, cd, abed/e,abed/ f, abed/ g; @)
abed? .
X pr(x;a,b,c,d).
(2 (oo,

Proof. The result follow from the extension of the Baily formula ([10], (1.4)) with its
parameters specialized as follows :

a—abedg™t, b—ab, c—ac, d— g, e—e, [— f, —>aei6,h—>ae_w.
q 7 7 ) g7 7 g

Proposition 15. We have

]:a,b,c,d(q)(-; a, b) c, d7 €, f7 g)(:u’)
2m(g~*, abedg”; 9)oo
(q,q, ab,ac,ad, be, bd, cd; @)oo (1 — abedg™1)

).

qabed

X8W7(adeq71; qiluv a'deq'uilv €, f7 g4, W

Proof. The formula (3.1) imply

fa,b,c,d(q)(-; a, b7 ¢, d7 €, f7 g))(n)

(_1)nq—n(n—1)/2 . 1
i [ eGabede o (eabe duoabedds,
aov, ac, bc; Q)oo —1

and by Proposition 14, we have

Fa,b,c,d((b('; a, ba ¢, da €, f’ g))(n)
27 (abed; @)oo
(g, ab, ab, ac, ad, be, bd, cd; q) o
(evfug; Q)n (_1)nq—n(n—1)/2(ade)n
(@bedfe, abed] , abed]g: a)n ofg)"

The result follows from Theorem 9. [ |
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