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Abstract

Deformations of the 3-differential of 3-differential graded algebras are controlled by
the (3, N) Maurer-Cartan equation. We find explicit formulae for the coefficients
appearing in that equation, introduce new geometric examples of N-differential graded
algebras, and use these results to study N Lie algebroids.

1 Introduction

In this work we study deformations of the N-differential of a N-differential graded algebra.
According to Kapranov [18] and Mayer [24, 25] a N-complex over a field k is a Z-graded
k-vector space V = P, o Vi, together with a degree one linear map d : V' — V such that
dN = 0. Remarkably, there are at least two generalizations of the notion of differential
graded algebras to the context of N-complexes. A choice, introduced first by Kerner in
[20, 21] and further studied by Dubois-Violette [13, 14] and Kapranov [18], is to fix a
primitive N-th root of unity ¢ and define a g-differential graded algebra A to be a Z-
graded associative algebra together with a linear operator d : A — A of degree one such
that d(ab) = d(a)b + ¢%ad(b) and d¥ = 0. There are several interesting examples and
constructions of g-differential graded algebras [1, 2, 6, 8, 9, 15, 16, 19, 21].

We work within the framework of N-differential graded algebras (N-dga) introduced
in [4]. This notion does not depend on the choice of a N-th primitive root of unity, and
thus it is better adapted for differential geometric applications. A N-differential graded
algebra A consist of a Z-graded associative algebra A = @, Ay together with a degree
one linear map d : A — A such that d" = 0 and d(ab) = d(a)b+ (—1)%d(b) for a,b € A.
The main question regarding this definition is whether there are interesting examples of
N-differential graded algebras. Much work still needs to be done, but already a variety of
examples has been constructed in [4, 5]. These examples may be classified as follows:
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e Deformations of 2-dga into N-dga. This is the simplest and most direct way to
construct N-differential graded algebras. Take a differential graded algebra A with
differential d and consider the deformed derivation d + ¢ where e : A — A is a
degree one derivation. It is possible to write down explicitly the equations that
determine under which conditions d + e is a N-differential, and thus turns A into
a N-differential graded algebra. In other words one can explicitly write down the
condition (d + €)™ = 0.

e N flat connections. Let E be a vector bundle over a manifold M provided with a flat
connection Jg. Differential forms on M with values in End(E) form a differential
graded algebra. An End(FE)-valued one form T determines a deformation of this
algebra into a N-differential graded algebra with differential of the form 0g + [T, ]
if and only if T is a N-flat connection, i.e., the curvature of 1" is N-nilpotent.

e Differential forms of depth N > 3. Attached to each affine manifold M there is a
(dim(M)(N — 1) + 1)-differential graded algebra Qn (M), called the algebra of diffe-
rential forms of depth NV on M, constructed as the usual differential forms allowing
higher order differentials, i.e., for affine coordinates x; on M, there are higher order
differentials d/x; for 1 < j<N-1

e Deformations of N-differential graded algebras into M-differential graded algebras.
If we are given a N-differential graded algebra A with differential d, one can study
under which condition a deformed derivation d+ e, where e is a degree one derivation
of A, turns A into a M-differential graded algebra, i.e., one can determine conditions
ensuring that (d +e)™ = 0. In [4] we showed that e must satisfy a system of non-
linear equations, which we called the (N, M) Maurer-Cartan equation.

e Algebras AY. These are not so much examples of N-differential graded algebras but
rather a homotopy generalization of such notion. AY algebras are studied in [7].

This paper has three main goals. The first one is to introduce new geometric examples of
N-differential graded algebras. We first review the constructions of N-differential graded
algebras outlined above and then proceed to consider the new examples:

e Differential forms on finitely generated simplicial sets. We construct a contravariant
functor Qn : set®” — Nidga from the category of simplicial sets generated in
finite dimensions to N%dga, the category of nilpotent differential graded algebras,
i.e., N-differential graded algebras for some N > 1. For a simplicial set s we let Qx(s)
be the algebra of algebraic differential forms of depth N on the algebro-geometric
realization of s. For each integer K we define functor Sing<y : Top — set®” | thus
we obtain contravariant functors 2y o Sing<g : Top — N dga assigning to each
topological space X a nil-differential graded algebra.

e Difference forms on finitely generated simplicial sets. We construct a contravariant
functor Dy defined on set®”” with values in a category whose objects are graded
algebras which are also N-complexes for some IV, with the N-differential satisfying a
twisted Leibnitz rule. For a simplicial set s we let Dy (s) be the algebra of difference
forms of depth N on the integral lattice in the algebro-geometric realization of s.
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Again, for each integer K > 0 we obtain a functor Dy o Sing<x defined on Top
assigning to each topological space X a twisted nil-differential graded algebra.

Our second goal is to study the construction of N-differential graded algebras as defor-
mations of 3-differential graded algebras. Although in [4] a general theory solving this sort
of problem was proposed, our aim here is to provided a solution as explicit as possible.
We consider exact and infinitesimal deformations of 3-differentials in Section 3.

Our final goal in this work is to find applications of N-differential graded algebras
to Lie algebroids. In Section 4 we review the concept of Lie algebroids introduced by
Pradines [27], which generalizes both Lie algebras and tangent bundles of manifolds. A
Lie algebroid F may be defined as a vector bundle together with a degree one differential
d on I'(/\ E*). We generalize this notion to the world of N-complexes, that is we introduce
the concept of N Lie algebroids and construct several examples of such objects.

2 Examples of N-differential graded algebras

In this section we give a brief summary of the known examples of N-dgas and introduce
new examples of N-dgas of geometric nature.

Definition 1. Let N > 1 be an integer. A N-complex is a pair (A,d), where A is a
Z-graded vector space and d : A — A is a degree one linear map such that d¥ = 0.

Clearly a N-complex is also a M-complex for M > N. N-complexes are also referred
to as N-differential graded vector spaces. A N-complex (A, d) such that d¥~! # 0 is said
to be a proper N-complex. Let (A,d) be a N-complex and (B,d) be a M-complex, a
morphism f : (A,d) — (B, d) is a linear map f : A — B such that df = fd. One of the
most interesting features of IN-complexes is that they carry cohomological information.
Let (A,d) be a N-complex, a € A is p-closed if d’(a) = 0, and is p-exact if there exists
b € A"=N+P guch that dVP(b) = a, for 1 < p < N. The cohomology groups of (A,d) are
the spaces

pH(A) = Ker{d : A" — AP}/ Im{d"N P : ATN+P — A"},
fori € Zandp=1,2,....N—1.

Definition 2. A N-differential graded algebra (IN-dga) over a field k, is a triple (A, m, d)
where m: AQ A— Aand d: A — A are linear maps such that:

1. dN =0, ie., (A,d) is a N-complex.
2. (A,m) is a graded associative algebra.
3. d satisfies the graded Leibnitz rule d(ab) = d(a)b + (—1)%ad(b).

The simplest way to obtain N-differential graded algebras is deforming differential
graded algebras. Let Der(A) be the Lie algebra of derivations on a graded algebra A.
Recall that a degree one derivation d on A, induces a degree one derivation, also denoted
by d, on End(A). Let A be a 2-dga and e € Der(A). It is shown in [4] that e defines
a deformation of A into a N-differential graded algebra if and only if (d + e) = 0, or
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equivalently, if and only if the curvature F, = d(e) + e? of e satisfies (Fe)% =0if N is

even, or (Fe)% (d+e€) =0if N is odd. For example, consider the trivial bundle M x R"
over M. A connection on M x R™ is a gl(n)-valued one form a on M, and its curvature
is F, = da + 3la,a]. Let Q(M, gl(n)) be the graded algebra of gl(n)-valued forms on M.

Thus the pair (2(M,gl(n)),d + [a, ]) defines a N-dga if and only if (Fa)% =0 for N
even, or (Fa)%(d +a) =0 for N odd.

Differential forms of depth N on simplicial sets

Fix an integer N > 3. We are going to construct the (n(N — 1) 4+ 1)-differential graded
algebra Qn(R™) of algebraic differential forms of depth N on R™. Let x,..., 2, be coor-
dinates on R™, and for 0 < i <mn and 0 < j < N, let d’x; be a variable of degree j. We
identify d’z; with ;.
Definition 3. The (n(N — 1) + 1)-differential graded algebra Qx(R™) is given by

o ONR") =R[dx;]/ (dx;d"z; | j,k > 1) as a graded algebras.

e The (n(N —1)+1)-differential d : Qn(R") — Qx(R") is given by d(d/z;) = &1 a;,

for 0 <j < N —2,and d(d¥~'z;) = 0.
One can show that d is (n(N — 1) + 1)-differential as follows:
1. It is easy to check that Qn(R) is a N-dga.

2. If Ais a N-dga and B is a P-dga, then A® B is a (N + P — 1)-dga.
3. Qn(R™) = Qn(R)®"

We often write Qn(x1,...,2,) instead of Qn(R™) to indicate that a choice of affine
coordinates (z1,...,z,) on R™ has been made.

Let A be the category such that its objects are non-negative integers; morphisms in
A(n,m) are order preserving maps f : {0,...,n} — {0,...,m}. The category of simplicial
sets Set®” is the category of contravariant functors A — Set. Explicitly, a simplicial set
s : A°? — Set is a functorial correspondence assigning:

e A set s, for each integer n > 0. Elements of s,, are called simplices of dimension n.
e A map s(f): sy, — s, for each f € A(n,m).

Let Aff be the category of affine varieties, and let A : A — Aff be the functor
sending n > 0, into A(xg, ...,zn) = Ap = {(x0, ..., ) € R" | 2o + ... + &, = 1}. A sends
[ € A(n,m) into A(f) : A(zo,...,xn) — A(Z0, ..., om) given by A(f)*(z;) = > pu=; %
for 0 < 5 < m. Forms of depth N on the cosimplicial affine variety A are defined by the
functor Qy : A’ — N¥dga sending n > 0 into

Qn(n) = On(zo, .oy xn)/ (o + ... + Ty — 1, dzg+ ... + dxy,) .

A map f € A(n,m) induces a morphisms Qn(f) : Qn(m) — Qun(n) given for 0 < j <m
by

On(f)(a;) = > a; and Qu(f)(dz;) = > da.
F@)=i 1@)=i
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Let set®” be the full subcategory of Set®” whose objects are simplicial sets generated
in finite dimensions, i.e., simplicial sets s for which there is an integer K such that for
each p € s, 1 > K, there exists ¢ € s;, j < K, with p = s(f)(¢) for some f € A(p,q). We
are ready to define the contravariant functor Qy : set®” — N¥dga announced in the
introduction. The nil-differential graded algebra Qy(s) = @;°, Q2 (s) associated with s
is given by

={ae H I @80 | aspy) = Qn(£)(ap) for p € sy and f € A(n,m)}.

n=0pEsn

A natural transformation [ : s — ¢ induces a map Qn (1) : Qn(t) — Qn(s) given by the
rule [Qn(1)(a)], = ayp for a € Qn(t) and p € sy,

For each integer K > 0 there is functor ( )< : Set®” — set®” sending a simplicial
set s, into the simplicial set s<x generated by simplices in s of dimension lesser or equal
to K. The singular functor Sing : Top — Set®” sends a topological space X into the
simplicial set Sing(X) such that

Sing,(X) ={f: A, — X | f is continous }.
Thus, for each pair of integers IV and K we have constructed a functor
Qno( )<k oSing:Top — Nidga

sending a topological space X into the nil-differential graded algebra Qy(Sing<k(X)).

Difference forms of depth N on simplicial sets

Next we construct difference forms of higher depth on finitely generated simplicial sets.
Difference forms on discrete affine space were introduced by Zeilberger in [28]. We proceed
to construct a discrete analogue of the functors from topological spaces to nil-differential
graded algebras introduced above. First, we construct Dy (Z") the algebra of difference
forms of depth N on Z". Let F(Z",R) be the algebra concentrated in degree zero of R-
valued functions on the lattice Z". Introduce variables 6’m; of degree j for 1 <14 < n and
1 < j < N. The graded algebra of difference forms of depth N on Z" is given by

Dn(Z") = F(Z",R) @ R[%m;]/ <5jmi5kmi |,k > 1> .
A form w € Dn(Z"™) can be written as w = > _; wrdmy where I : {1,..,n} — N is any
map and dm; = [[}~; d'@m;. The degree of dmy is |I| = >, I(i). The finite difference
A;i(g) of g € F(Z",R) along the i-direction is given by

Ai(g)(m) = g(m + ;) — g(m),

where the vectors e; are the canonical generators of Z™ and m € Z". The difference
operator ¢ is defined for 1 < j < N — 2 by the rules

ZA (sz, 6sz) = 6j+1ml' and 5(5N_1ml) =0.
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It is not difficult to check that if w =), wrdmy, then éw =~ ;(dw) ydm where

(5w)J — Z (_1)|J<1\Ain_ei + Z (_1)\J<i‘wJ_ei_

J(i)=1 J(i)>2

From the later formula we see that (dw); is a linear combination of (differences of) func-
tions wx with |K| < |J|. This fact implies that ¢ is nilpotent, indeed, one can check that
§MN=D+1 — 0 All together we have proved the following result.

Theorem 1. Dy(Z") is a graded algebra and the difference operator 6 gives Dy (Z™) the
structure of a (n(N — 1) + 1)-complex.

One can check that 0 satisfies a twisted Leibnitz rule, so Dy (Z") is actually pretty
close of being a N-dga. Let Z™! C Z"*! consists of tuples (mo,...,m,) such that
mo + ... + my, = 1. Consider the functor Dy defined on A° sending n > 0 into

Dy(n) = F(Z"',R) ® <5jmi5kmi, Smo + oo + 5mn> .

A map f € A(n,k) induces a morphisms Dy(f) : Dy(k) — Dny(n) given for g €
F(ZF*',R) and 0 < j < k by

DN(F)(@)(mo,osmn) =g | D Moy Y mi | and Dy(f)(6my) = > ms.
F@)=0 Fl)=k fi)=j

We extend Dy to the functor defined on set®” sending a finitely generated simplicial set
s into Dn(s) = @;2, Diy(s) where

Diy(s) = {a e [T I Dv®) | asiryw) = D (f)(ap) for p € s and f € A(n,k)}.

n=0pEsn

A natural transformation [ : s — ¢ induces a map Qn(l) : Qn(t) — Qn(s) by the
rule [Dn(1)(a)]p, = ajp) for a € Dy(t) and p € s,,. Thus for given integers N and K we
have constructed a functor Dy o( )<k oSing on Top sending a topological space X into a
sort of nil-differential graded algebra satisfying a twisted Leibnitz rule Dy (Sing<x (X)) .
It would be interesting to compute the cohomology groups of the algebra of difference
forms of higher depth on known simplicial sets. Even in the case of forms of depth 2 these
groups have seldom been studied.

3 On the (3,N) curvature

Recall that a discrete quantum mechanical system is given by the following data:

1. A directed graph with set of vertices V' and set of directed edges E. The Hilbert
space of the system is H = C".

2. A map w: F — R assigning a weight to each edge.
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3. Operators U, : H — H for n € N given by (Unf)(y) = >_ ey wn(y, ) f(z) where
the discretized kernel wy,(y, z) is given by

wn(y,x) = Z Hw(e).
YEPn (x,y) €€Y

P,(x,y) denotes the set of paths in I' from = to y of length n, i.e., sequences
(e1,-++ ,en) of edges such that s(e;) = z, t(e;) = s(ej41), for i = 1,...,n — 1 and

tlen) = v.
Let us introduce some notation. For s = (sq,...,s,) € N" we set I(s) = n and
ls|] = > ;8. Forl < i < n weset sc; = (s1,...,5i-1); also we set s5, = s<1 = 0.
N() is equal to ngLo:oz) N where by convention N(® = {(}. Let A be a 3-dga and e be a

degree one derivation on A. For s € N we let e(®) = (1) ... ¢(n) where e) = d!(e) if
1>1,e =eande? = 1. For N € N, we set Ey = {SEN(OO) | s # 0 and |s| +1(s) < N}
and for s € Ey we let N(s) € Z be given by N(s) = N — |s| — I(s).

The following data defines a discrete quantum mechanical system:

1. The set of vertices is N(°°),

2. There is a unique directed edge from s to t if and only if ¢t € {(0,s),s, (s + )},
where e; € N!®) are the canonical vectors.

3. Edges are weighted according to the table:

source | target weight

s (0, s) 1

s s (_1)\8|+l(8)

s [ (ste) | (ylatt

Pn (0, s) consists of paths v = (e, ...,en), such that s(e;) = 0, t(ex) = s and s(ej4q) =
t(e;). The weight w(y) of a path v € Py (0, s) is given by w(vy) = sz\il w(e;). The following
result, proved in [4], tell us when d + e defines a deformation of a 3-dga into a N-dga.

Theorem 2. d + e defines a deformation of the 3-dga A into a N-dga if and only if the
(3, N) Maurer-Cartan equation holds ¢, + c1d + cod? = 0, where for 0 < k < 2 we set

ck = Z c(s,N)e'®  and c(s,N) = Z w(7).
s€EEN YEPN(0,s)
N(s)=k
;<3

Exact deformations

Let us first consider the deformation of a 3-dga into a 3-dga. According to Theorem 2 the
derivation d + e defines a 3-dga if and only if ¢, + ¢1d + cod? = 0 where

ck = Z ¢(s,3)e®  and ¢(s,3) = Z w(7).
s€ B3 v€P3(0,s)
N(s)=k
;<3
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Let us compute the coeflicients ¢;. We have that

E3 ={0,(0),(1),(2),(0,0),(1,0),(0,1),(0,0,0)} .

Let us first compute ¢g. There are four vectors s in E3 such that N(s) = 0, these are
(2),(1,0), (0,1) and (0,0,0). The only path from @ to (2) of length 3 is

0 —(0) — 1) — ()

of weight 1. Since e(?) = d?(e), then we have that ¢((2),3) = d?(e). The unique path from
0 to (1,0) of length 3 is

0 — (0) — (0,0) — (1,0)

of weight 1. Since e(19) = d(e)e we have that ¢((1,0),3) = d(e)e. There are two paths
from () to (0,1) of length 3, namely

) — (0) — (0,0) — (0,1)

f — (0) — (1) — (0,1)

of weight —1 and 1, respectively. Thus ¢((1,0),3) = 0 since the sum of the weights
vanishes. The unique path from 0 to (0,0,0) of length 3 is

) — (0) — (0,0) — (0,0,0)
of weight 1. Since (090 = ¢3 then ¢((0,0,0),3) = €. Thus we have shown that
co = d?(e) + d(e)e + €.

We proceed to compute ¢;. The vectors in E3 such that N(s) = 1 are (1) and (0,0).
Paths from 0 to (1) of length 3 are

0 — 10— (0) — (1)
0
0
of weight 1, —1 and 1, respectively. Since () = d(e), then ¢((1),3) = d(e). Paths from ()
to (0,0) of length 3 are
0 — (0) — (0) — (0,0)
00— 00— (O) — (0,0)
) — (0) — (0,0) — (0,0).

00) — 2

The corresponding weights are, respectively, —1, 1 and 1. We have that el
thus ¢((0,0),3) = €? and ¢; = d(e) + €.
Finally we compute co. (0) is the only vector in Ej5 such that N(s) = 2. The paths

from 0 to (0) of length 3 are

D —0—0— (0)
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0 —0— (0) — (0)
f — (0) — (0) — (0).

The corresponding weights are, respectively, 1, —1 and 1. Since e(®) = ¢, then we have
that ¢y = ¢((0),3) = e. Altogether we have proven the following result.

Theorem 3. d + e defines a deformation of the 3-dga A into a 3-dga if and only if
(d®(e) +d(e)e + €3) + (d(e) + €*)d + ed® = 0.

Consider now deformations of a 3-dga into a 4-dga. Again by Theorem 2 we must have
co + c1d + cad? = 0. We proceed to compute the coefficients ¢,. We have that

Ey ={0,(0),(1),(2),(0,0), (1,0),(0,1),(2,0), (0,2), (1, 1),
(0,0,0),(1,0,0), (0,1,0), (0,0, 1), (0,0,0,0)}.

(0) is the only vector in E4 such that N(s) = 3. Paths of length 4 from () to (0) are of
the form ) — -+ — ) — (0) — --- — (0) with weight (—1)7, where i + j = 3, thus we have
—_—  —

i .
J
that c3=(1—1+1—1)e =0.
We compute cy. Vectors in Ey with N(s) = ( ,0) and (1). Paths from 0 to (0,0) of

¥

length 2 are of the form () — — () — (0) y — (0) — (0,0) — o (0,0) of weight
i k
ZHjJrk:Q(—l)j = 2, thus ¢((0,0),4)e®0) = Paths from () to (1) of length 2 are of the
fom) —»---—0—(0)—--—(0) — () -+ — (1) with weight >-, . ;_o(=1)) =2,
i ; k

thus ¢((1),4)et) = 2d(e) and ¢; = 2(e? + d(e)).

Let us now compute ¢;. Vectors in E4 with N(s) = 1 are (0,0,0), (1,0), (0,1) and (2).
Paths from ) to (0,0,0) are of 5 types. Paths of the form

@—>-- —>(2)—>(0)—>---—>(0)—>(0,0)—>---—>(0,0)H(0,0,0)H---H(0,0,0)

k l

j
with weight Y2, 54y (=1)7(=1)!, so that ¢((0,0,0),4)e@%0) = (1 —1+1—1)e* = 0.
Paths of the form

Q== () = 2 () = () == () = (01) = - = (0,1)

i j k !

with weight

Z (-1Y(-1)f=1-141-1=0.

itjrk4=1

Path of the form

(0—>--‘-—>@—>(0)—>---—>(O)—>(0,0)—>~~-—>(0,0)—>(0,1)—>--~—>(0,1)
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of weight Zi+j+k+l:1(_1)j(_1)(_1)l so that
c((0,1),4)e®) = (1=14+1-1)+ (1 =141 —1))ed(e) = 0.

Paths of the form

l

Q== (0) = = (0) = (0,0) =+ = (0,0) = (1,0) =+ (1,0)

of weight 2, i x 11 (—=1)7(=1)L, thus ¢((1,0),4)e? = (1 =1+ 1 —1)d(e)e = 0. There
are also paths of the form

R R e U R e O R It
J

k l

i

of weight Zi+j+k+l:1(_1)j(_1)l’ so we have ¢((2),4)e®® = (1 —1+1—1)d?*(e) = 0. We

have shown that
e1 = ¢((0,0,0),4)e®09 4 o((0,1),4)e®) + ¢((1,0), 4)e1?) +¢((2), 4)e? = 0.
Let us compute ¢y. There are several types of paths in this case. Path
®» — (0) — (0,0) — (0,0,0) — (0,0,0,0)
of weight 1, thus ¢,((0,0, 0,0),4)a®00.0) = g%  Paths
® — (0) — (0,0) — (0,0,0) — (0,0, 1)
0 —(0) — (1) —(0,1) —(0,0,1)
) — (0) — (0,0) — (0,1) — (0,0, 1)
of weight 1, thus we have that ¢((0,0,1),4)e(®"0D = ¢2d(e). Paths

) — (0) — (0,0) — (1,0) — (0,1, 0)

0 — (0) —> (0,0) — (0,0,0) —> (0,1,0)
of weight 0, thus ¢((0,1,0),4)e(%19) = 0ad(a)a = 0. Path

) — (0) — (0,0) — (0,0,0) — (1,0,0)
of weight 1, thus ¢((1,0,0),4)e(100) = d(e)e?. Path
) — (0) — (0,0) — (1,0) — (2,0)
of weight 1, so ¢((2,0),4)e(>9) = d%(e)e. Paths

) — (0) — (0,0) — (0,1) — (0,2)

) — (0) — (1) — (0,1) — (0,2)
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D — () — (1) — (2) — (0.2
of weight 1, so that ¢((0,2),4)e(%?) = ed?(e). There are also paths
0 — (0) — (0,0) — (1,0) — (1,1)
0 —(0) — (1) —(0,1) — (1,1)
of weight 2, so that ¢((1,1),4)e(!) = (d(e))?. We see that
co = e* + e*d(e) + d(e)e? + d*(e)e + ed?(e) + (d(e))?.
All together we have shown the following result.
Theorem 4. d + e defines a deformation of the 3-dga A into a 4-dga if and only if
(e* + e2d(e) + d(e)e? + d%(e)e + ed?(e) + (d(e))?) + 2(e* + d(e))d? = 0.
Infinitesimal deformations
Let t be a formal parameter such that t2 = 0.

Theorem 5. Let (A,d) be a N-dga and e a degree one derivation on A, then we have

N-1
(d+te)N =t S (=nr@ | gV (e)aN R
k=0 \p€Par(k,N—k+1)
where
N—k+1 N—k+1
Par(k,N—k+1)={p=(p1,- ,on-ks1) | D>, pi=k} andw(p)= > (i—1)p;.
i=1 i=1
Proof. From Theorem 2 we know that DV = ]kV:_Ol cid®. Since t? = 0, then

(te)®) = (te)®) ... (te)tu») = 1)) =
unless [(s) < 1. On the other hand we have that
Suppose that I(s) =1 and N(s) = N — |s| — I(s) = k, thus |s| = N — k — 1. The unique
vector s in Ey of length 1 such that |s|] = N —k —11is s = (N — k — 1). Therefore

cp = Z c(s, N)e™ = ¢((N =k — 1), N)e®™ = ¢((N — k — 1), N)d"F"(e).

seEEN
N(s)=k
s; <M

A path from @ to (N — k — 1) of length N must be of the form

Do =B — (0) = —(0) = (1) = -+ —(1) = - — (N—k—1)— -+ (N—k—1)

p1 D2 p3 PN—k+1
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with (p1 + 1)+ 1+ 1)+ -+ vk + 1) +py_ps1 = N, e, SN Fp; = k. The weight

of such path is

(=1)%P1 (=1)@= VP2 (—1)B=Dp2 () (N=kpn—si1 — (—1)*(®) thus we get that

(N-k=-1N) = 3 wm= S (-

vEPN(0,5) pE€Par(k,N—k+1)
|

Corollary 1. e defines an infinitesimal deformation of the N-dga (A,d) into the N-dga
(A,d + e) if and only if

N-1
> (—=1)w@) | gN=k=1e)dN k=1 = 0. (3.1)
k=0 \p€Par(k,N—k+1)

4 N Lie algebroids

In this section we introduce the notion of N Lie algebroids and construct examples of such
structures. We first review the notion of Lie algebroids, provide some examples, and write
the definition of Lie algebroids in a convenient way for our purposes.

Lie algebroids

We review basic ideas around the notion of Lie algebroids; the interested reader will
find much more information in [12, 23, 27]. The notion of Lie algebroids has gained much
attention in the last few years because of its interplay with various branches of mathematics
and theoretical physics, see [10, 11, 17]. We center our attention on the basic definitions
and constructions of Lie algebroids and its relation with graded manifolds and differential
graded algebras.

Definition 4. A Lie algebroid is a vector bundle 7 : E — M together with:
e A Lie bracket [ , ] on the space I'(E) of sections of E.

e A vector bundle map p : E — TM over the identity, called the anchor, such that
the induced map p : T'(F) — I'(T'M) is a Lie algebra morphism.

e The identity [v, fw] = f[v,w] + (p(v)f)w must hold for sections v,w of E and f a
smooth function on M.

Let (x!,...,2") be coordinates on a local chart U C M, and let {es | @ = 1,...,r}
be a basis of local sections of 7 : E|y — U. Local coordinates on E|y are given by

(z',y*). Locally the Lie bracket and the anchor are given by [eq,eglp = Cgﬁ e, and

plea) = P, a(zi’ respectively. The smooth functions C’gﬂ, pi, are the structural functions

of the Lie algebroid. The condition for p to be a Lie algebra homomorphism is written in
local coordinates as

0pt Y .
B i OPa _ i vy
e dzi PP ozi — P Cap:
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The other compatibility condition between p and [ , ] is given by
- ach
> (a5 sencn) o
CyCl(Oé,/B,’Y)

where the sum is over indices «, 3,7y such that the map 1,2,3 — «, 3,7 is a cyclic
permutation. The simplest examples of Lie algebroids are described below; the reader will
find further examples in the references listed at the beginning of this section.

Example. A finite dimensional Lie algebra g may be regarded as a vector bundle over a
single point. Sections are elements of g, the Lie bracket is that of g, and the anchor map
is identically zero. The structural functions Cgﬁ are the structural constants CZ[B of g and

Po = 0.

Example. The tangent bundle 7 : T'M — M with anchor the identity map Irp on T'B
and with the usual bracket on vector fields.

Exterior differential algebra of Lie algebroids

Sections I'(A E) of a Lie algebroid E play the role of vector fields on a manifold and are
called E vector fields. Sections of the dual bundle 7 : E* — M are called E 1-forms.
Similarly sections I'(A E*) of A\ E* are called E forms. The degree of a E form in T(A\" E*)
is k. Let us state and sketch the proof of a result of fundamental importance for the rest
of this work.

Theorem 6. Let E be a vector bundle. E is a Lie algebroid if and only if T(\ E*) is a
differential graded algebra. A differential on )\ E* is the same as a degree one vector field
v on E[-1] such that v? = 0.

Above E[—1] denotes the graded manifold whose underlying space is E with fibers
placed in degree one. If E is a Lie algebroid one defines a differential

d:T(APE*) — D(AFTLE")
as follows:

d@(?)l, e ,ka) = Z(—l)iJrlp(’l)i)@(vl, ce ,@‘, ce ”Uk»Jrl)

)

+ Y (=)0 vl w1, B By V),

1<j
for vq,...,vk41 € T'(E). The axioms for a Lie algebroid imply that:
1. d> =0;
2. If fe C®(M) and v € T'(E), then (df,v) = p(v)f;

3. d is a derivation of degree 1, i.e., d(@ A{) =dO A ( + (—1)5«9 NC.
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Conversely, assume that d is a degree one derivation on I'(\ E*) satisfying d*> = 0.
Then F is a Lie algebroid with the structural maps p and [ , ] given by

plo)f = df(v)
B(lo,u]) = p)0(w) — p(w)0(v) — db(v, w)
for v,w € T(E), f € C®(M) and 6 € (A" E). In local coordinates d is determined by
da' = p!, e® and de? = Cage™ N e,

where {e® | @ =1,...,r} is the dual basis of {e, | @ =1,...,7}. It is not hard to see that
the conditions d?z! = 0 and d?e® = 0 are equivalent to the structural equations defining
a Lie algebroid. Let us compute the exterior algebra of a few Lie algebroids.

Example. To the trivial Lie algebroid structure on a vector bundle E corresponds to the
exterior algebra A E* with vanishing differential.

Example. Chevalley-Eilenberg differential on A g* arises from the Lie algebroid g — {e}
of Example 4. The Chevalley-Eilenberg differential d takes the form

d@(?)l, ce ,ka) = Z(—l)iﬂé?([vi,vj],vl, v ,’l/);‘7 v ,’6}, ce vk+1)7
1<j

for v; € g and 0 € A\ g*.

Example. The differential associated with the tangent bundle TM — M Lie algebroid
is de Rham differential.

N Lie algebroids

We are ready to introduce the main concept of this section. In the light of Theorem 6 it
is rather natural to define a N Lie algebroid as a vector bundle E together with a degree
one N-nilpotent vector field v on the graded manifold E[—1]. That definition, useful as
it might be, rules out some significant examples that we would not like to exclude, thus,
we prefer the more inclusive definition given below. Though not strictly necessary for our
definition of N Lie algebroids, the study of nilpotent vector fields on graded manifolds is
of independent interest, and we shall say a few words about them. Indeed our next result
gives an explicit formula for the N-th power of a graded vector field.

Let 2!, ..., 2™ be local coordinates on a graded manifold and 01, ..., O,, be the correspon-
ding vector fields. We recall that if x; is a variable of degree T;, then 0; is of degree —=;,
and dz; is of degree Z; + 1. Let al,...,a™ be functions of homogeneous degree depending

on x',...,z™. For L a linearly ordered set and f : L — [m] a map we define
F=> f(i)and 9r =[] 0s)-
1€l 1€L

Also we define the sign s(f) by the rule
ap = s(nal M. gl teml,

Let p : N — Zy be the map such that p(n) is 1 if n is even and —1 otherwise. Using
induction on N one can show that:
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Theorem 7.

N
[ N 7
(@' o)™ =>"s(f. )] Ol 1 al( ))aﬂa_w“w,
=1

where the sum runs over f : [N] — [m] and o : [N — 1] — [2, N + 1] such that (i) > 1.
The sign s(f,a) is given by

Z Z T + T f |- L)N[s+1,N=1] )-

s=1 s<j<a(s)

Corollary 2.

(@'o)N =" crdr,

I

8[(1)

=1%%

where I : [m] — N is such that 1 < |I|:=1(1)+ ...+ I(N) <N, o = [~

C[—Z S(f, ) Haf( -1 ))a())
=1

where the sum runs over maps o : [N — 1] — [2, N + 1] with (i) > @ fori € [N —1], and
f:[N] — [m] such that |{j € "' (N +1)U{N} | f(j) =i} = I(i), fori € [m]. The
sign S(f,«) is given by

S(f,a) = s(f, a)s(f|a—1(N+1)u{N}) .
Corollary 3. (a’0;)N =0 if and only if c; = 0 for I as above.

For example for N = 2 one gets

(a" 8 Zp Z;a;)a;a;0;0;5 + a;0;(a;)0;.

7]

For N = 3 we get that

(@0, = Zaz i(a;)0j(ak)0k + p(Tia;)a;a;0;0;(ay) Ok
.5,k
=+ p(fﬁk)aiaj&(ak)&ak + p(fjak)aiai(aj)aka-ak
+ Ziaj)a;a;0;(ay)0;0k + p(T;aK + Tia; + Tiag)aiaja0;0;0k.

For N = 4 the corresponding expression have 24 terms and we won’t spell it out.

We return to the problem of defining N Lie algebroids. We need some general remarks
on differential operators on associative algebras. Given an associative algebra A we let
DO(A) be the algebra of differential operators on A, i.e., the subalgebra of End(A) gene-
rated by A C End(A) and Der(A) C End(A), the space of derivations of A. Thus DO(A)
is generated as a vector space by operators of the form z1 oxy0---0x, € End(A) where
x; is in AU Der(A). Notice that DO(A) admits a natural filtration

0= DOS_l(A) - DOSQ(A) - DOSl(A) c...C DO<k(A) - C DO(A)
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where DO<j(A) € DO(A) is the subspace generated by operators z1ozg0 - -0z, where
at most k operators among the x; belong to Der(A). Thus DO(A) admits the following
decomposition as graded vector space

DO(A) = @ DOK(A) := D DO<1(A)/DO<i_1(A).
k=0 k=0

Clearly DOy(A) = A and if A is either commutative or graded commutative, then
DO;(A) = Der(A).

The projection map m; : DO(A) — DO (A) induces a non-associative product
©: DO (A) ® DOy (A) — DO1(A)

given by sot = m(sot) for s,t € DO;(A). In particular if A is commutative or graded
commutative we obtain a non-associative product

o: Der(A) @ Der(A) — Der(A).

To avoid unnecessary use of parenthesis we assume that in the iterated applications of ¢
we associate in the minimal form from right to left.

Definition 5. A N Lie algebroid is a vector bundle E together with a degree one derivation
d:T(\ E*) — T'(\ E*), such that the result of N o-compositions of d with itself vanishes,
ie,dodo---od=0.

The notions of Lie algebroids and 2 Lie algebroids agree; indeed it is easy to check that
dod = dod for any degree one derivation d : I'(\ E*) — T'(/\ E*). Let us now illustrate
with an example the difference between the condition dodo---od = 0 and the much
weaker condition dodo---od = 0. Let C[zy, ..., ;] be the free graded algebra generated by
graded variables z; for 1 < i < n. A derivation on C[zy, ..., x,] is a vector field 9 = ) a;0;
where a; € C[zy,...,z,]. The condition " = 0 is rather strong and restrictive, it might
be tackled with the methods provided above. In contrast, the condition d¢do--- 00 =0
is much simpler and indeed it is equivalent to the condition &V (x;)) =0for 1 <i<n.

Definition 6. A N Lie algebra is a vector space g together with a degree one derivation
d on /A g* such that the N-th o-composition of d with itself vanishes.

Our next result characterizes 3 Lie algebras in more familiar terms. For integers
ki, ko, ..., k; such that k1 + ko + - -+ k; = n, we let Sh(ky, ko, - ,k;) be the set of permu-
tations

o:{l,--- ,n} —{1,--- ,n}

such that o is increasing on the intervals [k; + 1,k;41] for 0 <i <[, kg = 1 and k41 = n.

Assume we are given a map [ , |: /\2 g—g.
Theorem 8. The pair (g,[ , ]) is a 3 Lie algebra if and only if for vi,ve,vs,v4 € g we
have

> sgn(0)llve) @) vo@ o] = Y. 5910 o) Va@)s [Vo(3)> Vo]

oceSh(2,1,1) ceSh(2,2)
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Proof. One can show that a degree one differential on A g* is necessarily the Chevalley-
Eilenberg operator

d@(?)l, ce ,Un+1) = Z(—l)i—’—j@([’l}i,’l}j],’l}l, v ,@‘, ce ,6j, ce Un—l—l) y

1<j
where [ |, ]: /\2 g — g is an antisymmetric operator. We remark that we are not
assuming, at this point, that the bracket [ , | satisfies any further identity. Jacobi

identity arises when the square of d is set to be equal to zero, but do not do that since we
want to investigate the weaker condition that the third o-power of d be equal to zero. For
0 e /\1 g* = g* the Chevalley-Eilenberg operator takes the simple form

dﬁ(vl, UQ) = —9([’01, UQ]).

Moreover a further application of d to df yields

PO(vi,v9,03) = Y sgn(@)0([[voq1), Vo)) vo3)):
ceSh(2,1)

From the last equation it is evident that Jacobi identity is equivalent to the condition
d?> = 0. We do not assume that Jacobi identity holds and proceed to compute the third
o-power of d. We obtain that

dododi(vi,va,v3,0) = > sgn(0)0([[[Ve(1)> Vo2)): Vo) Vaa))
oE€Sh(2,1,1)
= Y sgn(@)0([[vear)s Vo2)s o), Vo l)-
seSh(2,2)

Thus dodod = 0 if and only if the condition from the statement of the Theorem holds. W

Using local coordinates 01, ...,6™ on the graded manifold g[—1], it is not hard to show
that a vector field of degree one on g[—1] can be written as

1 0
— (" poepB_—_
0= 5Cq 00" 50

where the constants C 5 may be identified with the structural constants of [ , ]. The
square of the vector field 9 is given by

1 0 1 0
2 _ L v paps 9 ~ o pope Y
9 (200460 0 am) (20‘550 f 890>
_17 Jaﬁsa_l'V Jaﬁ‘s—a l'yaﬁotgf-?ii
N 4Ca507€‘9 070 00° 4CaﬂCMQ 070 207 " 200439 A 007 967

Using the antisymmetry properties of CZ 3 and the commutation rules for 8% one can write
together the first to terms. We find that

1 o papdpe 0
000 = 5C1 50707007 .
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The condition 9 ¢ 0 = 0 is equivalent to Jacobi identity. We assume that 0 ¢ 9 # 0 and
proceed to compute consider the condition 9 ¢ d < 0 = 0. We have that

0 0
_ A o papBpe
Do (90d) = < ¥ 0 9“89V> (20350759 0% = )

Using carefully the properties of C 5 and 6% we find that
Do(do0d) = C C;) 5C7.000"0°6° —— 0
Ap 007

0
o A e’
+ chcgﬂcwe 019207 o

1 Y o pA apnl g 9
+ OO 0500000

Therefore we have shown that

9
0‘ [yt A
9o (00d) = < Cx,Cl 408 — C}MCWC&) 010"0%0" o

Thus the condition 9 ¢ (0 ¢ d) = 0 is equivalent to the following equations for fixed o:

> ( CX,Cl5CT, — Cgucga%) 010"0%0° = 0
A, B,

Let us now go back to the case of Lie algebroids as opposed to Lie algebras. There
is a natural degree one vector field on the graded manifold 7_yjR", namely, de Rham
differential. We now investigate whether it is possible to deform, infinitesimally, de Rham

differential into a 3-differential. In local coordinates (z1,...,2p,01,...,0,) on Tj_;R",
with x; of degree zero and 0; of degree 1, de Rham operator takes the form
, 0
0= 9,0 pye

Let ¢ be a formal infinitesimal parameter such that t> = 0. We are going to show that
any set of functions ag, of degree zero on 7j_;jR" determine a deformation of de Rham
operator into a 3-¢ nilpotent operator given by

1 % o 0
0o = (6, + tay,) 0 AR
8ﬂ d
Theorem 9. 9,00, =t —— 00— and 0, ¢ (0y © 0) =
Ox® oxJ
Proof.
, , 0 0
2 ) 1 ) J Jé]
2 = (0, +ta,)08 (8 +ta)) 07—

8 ) 9 0 da’ 5,
_ ﬁ a nf J a nf Ié] a nf
= 8 a@ 0 e +t<a 0 >6 0 Dt D ( e 00 Eret
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Since t? = 0 the third term on the right hand side of the expression above vanishes. The
second term also vanishes because it is a contraction of even and odd indices. So we get
that

9u © On :tg%éeaeﬂ%.
The third power of J, is given by
2 ]
000 (O © D) = ta;%m 6° eﬁ% 0.
It also vanishes because it includes a contraction of even and odd indices. |
o’
The nilpotency condition for the operator d, ¢ d, is 8—332 020% =0for j=1,...,n. It

is not hard to find examples of matrices aé such that 9, ¢ 9, = 0, for example

T B} xT xT
.’L'Q fI,'2 fI,'3 fI,'2
a =
.’IJ3 fI,'3 fI,'2 fI,'4
ot ptal o2t a3

rlat ot x! r!
2?2 2?2t 2?22
a= A
R B e A
e S g

We now consider full deformations as opposed to infinitesimal ones. Let

) % « 0
Oy = (5a +aa) 0 py

be a vector field. We think of 0, as a deformation of de Rham differential with deformation
parameters al,.

Theorem 10.

dat da’ 9% )
_ 1 l a & ) &) YpopnB
00 (00 0a) = (8 +ab) {W 2 a1 070°07

Proof. Since

2 i i ai J J 6ﬂ
82 = [(5a+aa)0 aﬂ} (5ﬁ+aﬁ>e o

dd’. o

80, <& 80, = (5& + CLZO() 8;{5 HQQﬂ@,
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we get

0
l l
Ouo (Bu0da) = (o) +ab)07o70 29707

dal, 8a 9% B
_ 1 i B ypapb _Y
(57—'—@ ) {8561 oxt +aaaxlaxi 07670 oxJ’

. da
(0, +al)) ﬂeaeﬂal

Corollary 4. 0, ¢ (0, ¢ 0y) = 0 if for fixed indices a, 3, )\, j the following identity holds
dal od’ A 82aj
o+ d! o 0 g 679767 =
(8 +a5) { oat o + Yol

Corollary 5. Each matriz A = (A%,) € M,(R) such that A?> = 0 determines a 3 Lie

algebroid structure on TR™ with differential given by (8%, + Az )dz® 821

Our final result describes explicitly the conditions defining a 3 Lie algebroid. Let E be
a vector bundle over M. A vector field on E[—1] of degree one is given in local coordinates
by

9 ’Yozﬁa
Ozt 2Caﬁ99607

where pf, and C 5 are functions of the bosonic variables only.

Theorem 11. 9 (0¢0) = 0 if and only if for fired v and i the following identity holds:
[1 9 _oCY 1 6(07 CsL) oCy 1 acy,
e

Q= pl0%—

_l’_

1 . 3
— —_— — — Z _
2 027 \P8 oz 5P gar T3P g Cine — 3PhCro g

A~ vo

0 3/) 1 0 6/)
I Y - . « Y e
[pva < aﬂ>+2< o gt (PaCin) +pig 505~

8/)6 Ce +PaCa Cﬁ >:| 070707 = (.

< C’7 cg.Ch — CO‘ CaeCs )] 0v07010° = 0,

’Ya 7
Proof. We sketch the rather long proof. For 9 = pfﬁo‘

590‘9 867, we have
7

0 1 . 0C]
900 = (pﬁ a”” P Cﬁ7> 0°6" 682 + (—pg a;@ CV 505, MW%.

As in the previous theorem one finds that the condition 9 (0¢9d) = 0 is equivalent to the
following identities

[1 ;0 (ﬁ%) 1 ;0(Co5C5) 1,008, 1

ocy
L NTapfTop) T B Ap
3w T3P g Cur 3 PCve g

27525 \ P8 oy +

1 1
+ <§ CapCsuCho = 7C5.CaCy ﬂ evaaaueﬂ =0,
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and

8/)%7 1 1 9 i o ]8/)%7 € ]6pé €
P ?> * 5 (paw (pacy'y) + pﬁﬁcow - p’Yaxj CO'V +

| — |
he)
e
S
/N
NS
)

1 1 Ya B quyi_
+5 0 mcw}e 007 5 = 0.

Needless to say further research is necessary in order to have a better grasp of the
meaning and applications of the notion of N Lie algebroids. We expect that this approach

will

lead towards new forms of infinitesimal symmetries, and for that reason alone it

should find applications in various problems in mathematical physics. In our forthcoming
work [3] we are going to discuss some applications of N Lie algebroids in the context of
Batalin-Vilkovisky algebras and the master equation.

Acknowledgments. Thanks to Takashi Kimura, Juan Carlos Moreno and Jim Stasheff.
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