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In this paper, we shall firstly illustrate why we should introduce set-valued stochastic integrals, and then
we shall discuss some properties of set-valued stochastic processes and the relation between a set-valued
stochastic process and its selection set. After recalling the Aumann type definition of stochastic integral,
we shall introduce a new definition of Lebesgue integral of a set-valued stochastic process with respect
to the time 7. Finally we shall prove the presentation theorem of set-valued stochastic integral and dis-
cuss further properties that will be useful to study set-valued stochastic differential equations with their

applications.
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1. Introduction

It is well-known that classical stochastic differen-
tial equations have widely been used in optimal con-
trol problems', mathematical finance 23 and so on.
Since the dynamical systems concerning practical
uses are complex, the dynamical systems having ve-
locities are usually not determined uniquely by the
state of the systems. The investigations of this kind
systems led to replacement of the differential equa-
tion X%(t) = f(z,x(¢)) with the differential inclusion
x(t) € F(t,x(t)), where F is a set-valued function.
This kind of situation appears in studying the evo-
Iution of macro-systems in economic, social or bi-
ological sciences, where very often it is difficult to
determine velocities uniquely.

On the other hand, we have to consider the sys-
tems in which there are random disturbances in

the real world. In this case, some stochastic op-
timal control problems can be described by set-
valued stochastic differential inclusions. Indeed, as-
sume that f = {(fi(z,p))ies : (z,p) € R x U}, g =
{(g:/(z,p))ser : (z,p) € R¢ x U} are d-dimensional
measurable and adapted stochastic processes de-
pending on parameters z € RY, p € U, where U is
a fixed set and [ is the set of time, for examples,
I=1[0,T] or I =[0,0), then the control equation is

X =§+/Olfs(xs,us)der/Olgs(x.y,vs)st, (1.1)

for any ¢ € I a.e., where B = (B;),¢; is a Brownian
motion. The stochastic process ((u)ier,  (Vi)rer)
is called a strategy or a control taking values in
U. If ¢, U, 'V are given sets of constraints and
strategies respectively, we shall look for the triples
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(x"V u,v) such that X" = (x;"");¢; is the solution
of (I1.1), and (x*",u,v) € €x U x V. If for any
fixed t € I, z € R4, put F(z) = {fi(z,u;) : u € U};
G(z) = {g:(z,v:) : v € V}. Then to look for the so-
lutions of (1.1) becomes to determine the solution
set of the following set-valued stochastic differential
inclusion:

dxt € F,(x,)dl‘ + G,(x,)dBt, X0 = €7 (12)

or stochastic integral form

1
.XZ_.XS ECI(/ FT(XT)dZ—FGT(XT)dBT), S,t EI
N

(1.2)
The purpose of stochastic optimal control is to min-
imize the expectation value of a given function c :
CxUxV — R, where ¢ characterizes the cost of
the loss or the errors related to the choice of a given
control strategy and ¢(u,v) = E[c(x*",u,v)] is called
the cost of control.

In (1.2), there are two parts: one is the part
F,(x;)dt which is related to the integral of a set-
valued stochastic process with respect to time ¢, i.e.
Jo Fs(x;)ds, and the other is the part G, (x;)dB; which
is related to the Ito integral of a set-valued stochastic
process with respect to B;. How to define these two
integrals suitably is the first problem in the theory of
set-valued stochastic analysis. What properties do
they have? These problems are what we shall con-
sider.

There are many good works in this area. In 1994,
Ahmed * introduced set-valued differential inclu-
sion with the special case that the second part G of
(1.2) is a real-valued function. Kisielewicz >~ 10 dis-
cussed set-valued stochastic integral and solutions
problems of general stochastic differential inclusion
(1.2). In 1998, Aubin and Prato ! obtained a viabil-
ity theorem for stochastic differential inclusion, and
Motyl !2 discussed stability problem for stochastic
inclusion. We also would like to show our thanks
to Polish mathematicians for their telling us the nice
summary in this area 13-4,

However, there are only a few papers to dis-
cuss stochastic integrals of set-valued stochastic pro-
cess. Kim '3 used the definition of stochastic inte-
gral of set-valued stochastic process introduced by
Kisielewicz ® and discussed its properties. We called
it Aumann type integral since the idea came from

Aumann integral of a set-valued random variable '°.
We may consider the concept of Ito integral of a set-
valued stochastic process by another way, because
the Ito integral of a set-valued stochastic process
with respect to a Browniwn motion in R? should be
a set-valued stochastic processes in R? rather than in
L?[Q,R?). So is the set-valued Lebesgue integral.
Jung and Kim!7 gave a new definition with basic
space being R by taking fixed time ¢. It is a quite
nice work. But we still think that this new defini-
tion is necessary to correct again since it may be
more suitable to treat a set-valued stochastic pro-
cess as a whole. Li and Ren'® introduced a new
way to define the Ito integral of set-valued stochas-
tic processes and discussed their properties. In this
paper, we should consider the Lebesgue integral of
set-valued stochastic processes and their properties.

We organize our paper as following: in section
2, we shall introduce some necessary notations, def-
initions and results about set-valued stochastic pro-
cesses. In section 3, we shall give a new definition
of Lebesgue integral of a set-valued process with re-
spect to the time #. We shall also discuss some prop-
erties of set-valued stochastic integral, especially
the presentation theorem of set-valued stochastic
Lebesgue integral.

2. Representation theorems of set-valued L’-
bounded progressively measurable processes

Throughout this paper, assume that R is the set of all
real numbers, I = [0,7], N is the set of all natural
numbers, R? is the d-dimensional Euclidean space
with usual norm || - ||, B(E) is the Borel field of the
space E, (Q,A,u) is a complete atomless probabil-
ity space, the o-field filtration {A, : t € I} satisfies
the usual conditions (i.e. complete, non-decreasing
and right continuous). Let LP[Q, A, u;RY] be the
set of R?-valued .A;-measurable random variables &
with the expectation E[||&||?] < e (p > 1). When A,
is replaced by A, LP[Q, A, u;RY] can be written as
LP[Q,RY

Let f = {f(t),A, : t €I} be a R*-valued adap-
tive stochastic process. It is said that f is pro-
gressively measurable if for any ¢ € I, the mapping
(s,®) — f(s,0) from [0,¢] x Q to RY is B([0,7]) x
A;-measurable. If denote

{ACIxQ:Vte,LAN([0,¢] x Q) € B([0,]) x A, },
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as C, then f is progressively measurable if and only
if f is C-measurable. Each right continuous (left
continuous) adaptive process is progressively mea-
surable.

Assume that L7 (R?) denotes the set of RY-valued
stochastic processes f = {f(t),A; : t € I} such that
f satisfying (a) f is progressive; and (b)

1A= [( [ hrtepas)] <o @)

Let f,f' € LP(RY), f = f" if and only if |||f —
f'lll, =0. Then (L2 (R?),]]|-|||,) is complete.

Now we review notation and concepts of set-
valued stochastic processes.

Assume that K(R?) is the family of all nonempty,
closed subsets of R with usual norm | - ||, and
K (R?) (resp. Ki(RY), Ky(R?)) is the family of all
nonempty closed convex (resp. compact, compact
convex) subsets of RY.

For any x € R?, A is a nonempty subset of R?,
define the distance of x and A

d(x.A) = inf ]|

The Hausdorff metric on K(R?) is defined as:

dy(A,B) = max{supd(a,B),supd(b,A)} (2.2)
acA beB

for A,B € K(R?). Note that the Hausdorff met-
ric between two closed sets A,B may take infinite
when they are unbounded. But it is known ( The-
orem 1.1.2 ') that the family of all bounded ele-
ments in K(R?) is a complete separable space with
respect to the Hausdorff metric dy, and K;(RY) and
K. (R?) are its closed subsets. For B € K(R?), de-

fine [|Bl|x = du({0},B) = sup,cp||al|.

For a set-valued random variable F,'° 20 define
the set

SP={f e LP[Q,R]: f(®) € F(®) a.e.(u)}.

where LP[Q,R?] is the set of all R%-valued random
variables f such that || ||, = [E(||f]|?)]'/? < o, and
constant p > 1. The expectation of F is defined as

E[F)={E[f]: f €S}}.

Set-Valued Stochastic Lebesgue Integral and Representation Theorems

It is called the Aumann integral introduced by
Aumann'® in 1965 . A set-valued random vari-
able F: Q — K(RY) is called integrable if Sk
is non-empty. F is called integrable bounded if
Jo |IF (@)|[xdp < o. Let LP[Q, A, K(R?)] (resp.
LP[Q,A, ;K (RY)], LP[Q,A,u; Ki(RY)]) denote
the family of K(R?)-valued (resp. K.(R?), Ki.(R?)-
valued) L”-bounded random variables F such that
|F(o)||k € LP[Q,R]. Concerning more definitions
and results of set-valued random variables, readers
could refer to the book '° or the excellent paper.2°

F ={F(t):t €1} is called a set-valued stochas-
tic process if F : I x Q — K(R?) is a set-valued func-
tion such that for any fixed ¢ € I, F(t,-) is a set-
valued random variable.

A set-valued process F = {F(t) : t € I} is called
adapted with respect to the filtration {A, : t € I}, if
F(t) is measurable with respect to A, for eachz € I,
and denoted by {F(t),A; :t € I}. F is called mea-
surable if F is I x Q measurable, i.e. {(f,0) €IxQ:
F(t,0)NA#0} € B(I) x A for A € B(RY).
Definition 2.1 A set-valued stochastic process F' =
{F(t) : t € I} is called to be progressively mea-
surable, if it is C-measurable, i.e. for any A €
B(RY),{(s,0) €I xQ: F(s,0)NA#0} € C.

If F is progressively measurable then F is
adapted and measurable.

Definition 2.2 A progressively measurable set-
valued stochastic process F = {F(t),A; :t € I} is
called L”-bounded, if the real stochastic process
{||F(?)||,As : t €I} € LP(R).

Definition 2.3 A R?valued process {f(t),A, :
t €1} € LP(RY) is called an LP-selection of F =
{F(t),A; :t € I} if f(t,0) € F(t,0) a.e.(t,0) €
I xQ.

Let S?({F(-)}) or SP(F) denote the family of all
LP(R%)-selections of F = {F (1), A, :t €1} ,i.e.

SP(F) = {{£(n)} € LP(R) : f(1,0) € F(1,0),
ae. (t,0) €I x Q}.

Please note the difference between S”({F(-)})
and Sg(t) (A¢), the later means the selection set in

LP[Q, A;, 1, R?) of the set-valued random variable
F(t),tel.

Theorem 2.4!8:21  If SP(F) # 0, then SP(F) is a
closed set of (L7(R?),|||-l],)-
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It is natural to ask under what conditions
SP(F) # 0 and whether the set-valued stochastic pro-
cess can be represented by a sequence in S”(F). The
next theorem will answer these questions.
Theorem 2.5'% 2! Assume that F = {F(t):t €1}
is an LP-bounded progressively measurable process.
Then there exists a sequence of progressively mea-
surable stochastic process f, : I x Q — R4, n>11in
SP(F) such that for any (,0) € I x Q,

F(t,o) =cl{fu(t,0):n>1}.  (2.3)

Furthermore, if F is an £LP-bounded closed convex
progressively measurable set-valued stochastic pro-
cess and satisfies

(Cy) for any @ € Q, t — F(t,®) is lower semi-
continuous (l.s.c.),
then there exists a sequence of Caratheodory se-
lections f, : I X Q, n > 1 of F such that for any
(t,m) € I x Q, (2.3) exists.
Remark 2.6 For the definition of l.s.c. of a set-
valued function, readers may refer to 2 or 2!). A
set-valued stochastic process is said to be trajec-
tory lower semi-continuous (l.s.c.) if it satisfies
(Cy). Similarly, we may also have trajectory upper
semi-continuous (u.s.c.), trajectory continuous, tra-
jectory upper semi-continuous with respect to Haus-
dorff metric dy (h.u.s.c.), trajectory lower semi-
continuous with respect to dy (h.l.s.c.) and trajec-
tory continuous with respect to dy.
Theorem 2.7 Assume that F = {F(t) : t € I} is
an L?-bounded progressively measurable set-valued
stochastic process. Let f;, : [ x Q — RY. n>1 be
a sequence of progressively measurable stochastic
processes in S”(F) such that for any (f,®) € I x Q,

F(t,0) = cl{ f,(t,0) : n > 1}

Then, for any f € SP(F) and € > 0, there exists a
measurable partition {A1,---,A,} of I x Q such that

n
1L = Y I filllp <&
i=1

Proof Assume that for any (r,0) € I x Q, f(t,0) €
F(t,®) with f € SP(F). Assume p € L'(R?) is a
positive stochastic process satisfying

epP

()M x k) < -
IxXQ

Let
B = {(t,

Denote

{(1,0) 2| f(1,0) = fult.@) [P< p(r, @)} \ (U By)

as B,, n > 2. Then {B;} is a countable measurable
partition of I x Q . Since f, fi € LP(R?), there exists
an integer n such that

T [ w17 agosi < 25,

i=n+1

®) :|| f(t,0) = fi(t,0) |"<p(t,®)}

and

g/2
Y [ e P anxw < L
i=n+1

Let A; =B U(UZ,.1Bi) and Aj =B, 2 < j<n,
then

I =Yl
(/ | f(s,0) — ZIAf,sm |? ds)
<X 1000 fls.0) 17 )

+ Z / | £(s,0) — fi(s,0) ||” d(Ax )

i=n+1

< [ psoatxm+ ¥ 2 [ (50|

i=n+1 B
+ 11 fi(s, @) [[7)d (A x )
< gP.

n
Ths || £ = ¥ Iufi [l <. ©
=

Theorem 2.8 Assume that F = {F(¢):t €1} isa
progressively measurable set-valued stochastic pro-
cess, then F is LP-bounded if and only if SP(F) is
bounded in LP(R?).

Proof Assume that F is LP-bounded, then F =
(Il A, : 1 € 1} € LP(R). We have [[|f]]], <
|||F|||, <ooforany f € SP(F),i.e. SP(F)is bounded
in LP(R?).

Now we consider opposite part. Assume that
SP(F) is bounded in LP(R?). Since F is a pro-
gressively measurable set-valued stochastic process,
there exists a sequence of progressively measurable
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selections f, € S”(F), n > 1 of F such that for any
(1,0) €I xQ,

F(t,0) =cl{f,(t,0) :n > 1},

by Theorem 2.7. Thus by using Lemma 1.3.12 ' (or
20y on product space I x Q, we have

T
B[ [ IFOkds] = sup E] " s)iras] <
0 fese(F

Thus F is LP-bounded. O

Theorem 2.9 Assume that F = {F(t) : t € I}
is a progressively measurable closed convex set-
valued stochastic process (i.e. forany t € [,® € Q,
F(t,0) € K.(R?)), and SP(F) # 0, then SP(F) is
convex.

Proof Let {fi(t):tel} e SP(F),i=1,2,a,b>0,
and a+b = 1. Since F (t,®) is convex, for any 7 € I,
(afi+bfr)(t,0) € F(t,0),a.e.. By Minkowski in-
equality on product space I X Q, we have that

llafi+bflllp
’ P
= [E( [ tano)ppiras))

<ale( [ 1neiras)]”
wolg([1n6ras))"”

< oo,
i.e. afi +bf, € SP(F), the proof is completed. O

Let L7 (K(R)) denote the set of all L”-bounded
progressively measurable K(R“)-valued stochastic
process. Similarly, we have notations L7 (K.(R¢)),
LP(Ki(R?)) and LP (K. (R?)).

Take F; = {F;(t) :t € I} € LP(K(RY)),
Since forany r € I,

i=1,2.

du (F1 (1, 0), F(1, ) 171 (2, 0) [k + [| 2 (2, 0) [

[o0)
)

<
<

the real-valued stochastic process {dy (Fi (1), Fa(t)) :
t € I} belongs to LP(R). Thus, define

A (Fi,Fy) = / 47 (F (5, 0), Fy(s, m))ds)]l/p.

Fi and F, are said to be equivalent, if for any t €
I, Ap(Fi,F) =0, denoted by Fi = F>. Then A,

is a metric on LP(K(RY)). 1In fact, for any F; €
LP(K(RY)),i = 1,2,3, by Minkowski inequality, we
have that

Ay(Fi, B)
[E / d(F (s
{ [(/ (dH (Fi (5, 0), Fs(s,0)) +

d”(F3(S’"’)sz(va)))pdSM }1/1’
< [E(/OTdZ(Fl(s’w%FS(S,O)))ds)} 1/P+

E(/OTdZ(Fg(s,(D),Fz(s,u)))dsﬂ1/p
= Ap(Fl ,F3) +Ap(F3,F2).

It is easy to prove that (L7 (K(R?)),A,) is com-
plete, L7(K.(R?)), LP(Ki(R?)) and L7 (K (R?))
are closed subsets of (LP(K(Rd ));Ap). Denote

/ IF(s) yl’ds

Definition 2.10 A non-empty set I C L7 (Rd) of
R?-valued progressively measurable stochastic pro-
cesses is called decomposable with respect to the
progressively measurable o-field C , if for any f, g €
Iany U € C, we have Iy f + Iycg € T

Firstly, we know that for any progressively mea-
surable stochastic process F € LP(K(R?)), SP(F) is
decomposable with respect to o-field €. Further-
more we have the following Theorem.
Theorem 2.11 Assume that I' C L7(R?) is a non-
empty closed set of R?-valued progressively measur-
able stochastic processes, then I' is decomposable
with respect to progressively measurable o-field € if
and only if there exists a progressively measurable
set-valued stochastic process F € LP(K(R?)) such
that "= SP(F). Furthermore, I is convex if and only
if F e LP(K.(RY)).
Proof If there exists a progressively measurable set-
valued stochastic process F € LP(K(R?)) such that
I' = SP(F), then I" is decomposable with respect to
o-field € since SP(F) is decomposable, i.e. for any
fi,fr€SP(F),U € Cwehave Iy fi+ 1y f» €T.

Now let I be a non-empty closed set of R?-
valued progressively measurable stochastic pro-
cesses in LP(R?), and I is decomposable with re-
spect to o-field C, then there exists a sequence of

). Fa(s,0))ds "

1IE[llp = Ap(F,{0}) =
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{f; i€ N} C LP(R?) such that for any t € I, ® €
Q,{fi(t,®) :i € N} is dense in R’.
For every i, let

o; = inf{||| fi g [ll,- ¢ €T},

then there exists a sequence {g;; : j > 1} C I, such
that

}E{;Wﬁ—giﬂHp = Q.
Define
F(t,0) =cl{g;j(t,m):i,j EN}, (t,0) €I xQ,
then F = {F(t):t € I} € LP(K(R?)).
Next we will prove I' = SP(F). For any f €
SP(F), € > 0, by Theorem 2.7, there exists a finite

C-measurable partition {Aj,---,A,} of I x Q and
{hl P 7hn} C {gl]} such that

n
I1f =Y Iad lllp<e.
k=1

Since Yy, I, € ' and I'is a closed set, f € I'. So
SP(F) CT.

Suppose that S”(F) & I'. Then there exist f € T,
A € C, and 8 > 0 such that

inf H f(t70)) —gij(f,(l)) HZ 5, V(I,O)) €A
l7|/
and (A x u)(A) > 0. Thus, there exists f; such that

)
B=An{(r,m) eI xQ:|| f(t,w) — fi(t,0) ||< §}
has a positive measure, and let
/ .
8;=1Isf +1a\pgij, JEN,
then {g"} C T with ||| fi — & ||| ,> & > 0. Since

1 fi(t,0) = gi(t, @) |
> [ f(t,0) = gij(t,0) || = || f(,0) - fi(t, 0) |

26
>77
-3
I fi—gis lp—o > I fi—gis llp — I fi— ) Il
2
> THE - ) >0

It contracts ||| f; — gij ||| p,— & when j — oo. Then
we have I' = SP(F).

Suppose that I is convex, and I' = SP(F). Let
G = CoF, then SP(G) is a closed convex set in
LP(RY). Since SP(F) C SP(G), coSP(F) C SP(G).
Next we will prove coS”(F) D SP(G). By Theorem
2.5, there exists a sequence {f;} C SP(F) such that
F(t,0) = cl{f;(t,®),i > 1}, let

m m
W={g:g=) aif,0;€0",) o;=1,m>1}
i=1 i=1

then W is a subset of SP(G), and G(r,0) =
cl{g(t,m) : g € W}. For any f € S?(G), € > 0, by
Theorem 2.7, there exist a finite measurable parti-
tion {Ay,---,A,} of I x Q and stochastic processes
g1, - ,8n in W such that

n
I1f =Y s lllp<e.
k=1

Thus there exists an integer m, for 1 < k < n, we

m m
have g = Y o, f;, where o4; > 0 and ), oy, = 1.
i=1 i=1
Therefore

n n mn n
Y g= Y In(Yowf) =)
k=1 k=1 i=1 k=

1

m
Z (xk,-IAkﬁ-
i=1

n
Since Iy, f; € SP(F), Y. Is.gk is a convex combi-
k=1

nation of the elements in S”(F), which means f €
coSP(F). Thus, we have coS”(F) = SP(G). Hence,
F is convex. The opposite part is obvious, which
completes the proof of Theorem. .

3. The Lebesgue integral of set-valued stochastic
process.

Definition 3.1 Let a set-valued stochastic process
F={F(t):t €I} € LP(K(R?)), 1 < p < +oo. For
any @ € Q, r € I, define

(A) /(:F(s,m)ds - {/Otf(s,co)ds fe SP(F)} ,

where [j f(s,@)ds is the Lebesgue integral,
(A) [§F(s,0)ds is called the Aumann type
Lebesgue integral of set-valued stochastic process
F with respect to time 7. For any 0 < u <t < oo,

W [ "F(s,0)ds = (A) /O Ly (5)F (s, 0)ds.
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Remark 3.2 In the definition 3.1, the set of selec-
tions is SP(F), 1 < p < 4oo. As a matter of fact,
if we only consider the Lebesgue integral, we can
use S'(F). But we often consider the sum of inte-
gral a set-valued stochastic process with respect to
time ¢ and integral of a set-valued stochastic process
with respect to Brown motion, where we have to use
S2(F). Thus we here use SP(F) for more general
case.

Theorem 3.3 Let a set-valued stochastic pro-
cess F = {F(t) : t € I} € LP(K(R?)), then for
any t € I, (A) [3 F(s)ds is a non-empty subset of
LP[Q, A;,u;RY). Furthermore, if F € LP(K.(RY)),
then for any # € I, (A) [y F (s)ds is a non-empty con-
vex subset of LP[Q, A, u; RY].

Proof Since SP(F) is non-empty and by the
Jensen inequality of integral, it is easy to
know that (A) [ F(s)ds is a non-empty subset of
LP[Q, A, i3 RY). If F € LP(K.(R?)), then by The-
orem 2.9, S”(F) is a convex subset of L7 (R4). Thus
(A) [ F(s)ds is convex. O

Remark 3.4 For any ¢ > 0, it is natural to hope
that the result of integral is a set-valued stochas-
tic process taking values in K(R¢) rather than in
LP[Q, A, u;RY). So it is necessary to give a new defi-
nition. However, (A) 5 F (s)ds is not decomposable
in general. Hence, we firstly give the definition of
decomposable closure.

Definition 3.5 For any non-empty subset I" C LP[I x
Q,C, A xu;R?)], define the decomposable closure of
I" with respect to €

del’ ={g={g(t,m):t €1} : forany € > 0, there

exists a C-measurable finite partition

{A1,---, Ay} of IxQand fi,---,f, €T

such that [l — X2, I, filll, <& }.
Theorem 3.6 Let F = {F(t):t € I} € LP(K(R?)),
[(t) = (A) JoF(s)ds, then there exists a C-
measurable set-valued stochastic process L(F)
{L,(F):t €I} € LP(K(R?)) such that SP(L(F))
de{[’(t) : t € I}. Furthermore, if F € LP (K (R?
then {L,(F):t € I} € LP(K.(RY)).

Proof For any ¢ € I, I'(¢) is a non-empty subset of
LP[Q, A;,ui; RY] from Theorem 3.3. For any x(t) €
I'(r), there exists f € SP(F) such that x(¢)(0) =

).
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fo f(s,@)ds, ¥V ® € Q. Let
M = de{l'(t):tel}
= %{g ={g(t):rel}:g(t)(w)=

A%@@wjevwﬁ,

then M is a closed convex subset of L”[I x Q,C, A X
u;RY] and it is decomposable with respect to C. By
Theorem 2.11, there exists a set-valued stochastic
process L(F) = {L,(F) : t € I} € LP(K(R?)) such
that SP(L(F)) =M.

If F € LP(K.(R?)), then I'(t) is convex by The-
orem 3.3. To finish the proof of Theorem, we only
need to prove that M = de{['(¢) : t € I} is convex
from Theorem 2.11.

For any ¢,y € M, any € > 0, there exists two
C- measurable partitions {A; : i = 1,2,...,n},{B; :
j=12,...m} of IxQ and {¢; : i = 1,2,...,n},
{yj:j=12,..,m}CcU:={g={g(t):t €l}:
§(1) = Jo f(s)ds. {f(-)} € $”(F)} such that

n
o — Y 1a,0illl, <,
i=1

m
v =Y I5,villl, <e.
j=1

For any a € [0, 1], we have that
[l + (1 @py—aY o~ 1—a) Y 1sw||
i=1 =1

<aflo-Fuoll, +a-alv- L],
<oet+(l-o)e=¢,

and

OCZIA 0+ ZIB,-‘IIJ‘

Z’ AiNB; (au; + (1 — o) yj).

HM:

Since SP(F) is convex, {af; + (1 —o)y; :i =
l,---,n;j=1,---,m} CU. This with {A;NB;:
i=1,---,n;j=1,---,m} being also a C-measurable
partition of / x Q implies i+ (1 — o)y € deU =M,
the proof is completed. O
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Remark 3.7 We can prove that the decomposable
closure of I'(t) = (A) [y F(s)ds is bounded in L7.
That is,

1% ) s, 0aslly
~ (e [ U [ s ogasia)
<[E / ZHIA / fis
<t (LIl /0 Jils,0)dsi))"d)’
<IE [ (L | Wit 0)lds)"ar)
<l [ B [ IFG.0)asyan
<t [ G [ IFolkasyai
s ds y Pdr]r
=8 [ 10l (1 o))
=5 [ ([ IF(s.0)Ixdsypan;

w)ds||)Pdi]r

where C is a constant and is not relative to 7.

Definition 3.8  The set-valued stochastic pro-
cess L(F) = {L,(F) : t € I} defined in Theorem
3.6 is called the Lebesgue integral of a set-valued
stochastic process F = {F, : t € I} € LE(K(RY))
with respect to the time ¢, and denoted as L,(F) =

(L) Jo F(s)ds

Now we state the representation theorem of

Lebesgue integral of the set-valued stochastic pro-
cess.
Theorem 3.9 Let F = {F, :t € I} € LP(K(R?)),
then there exists a sequence of R?-valued stochastic
processes {f' = {fi(t):t €1} :i>1} C SP(F) such
that

F(t,0) =cl{f(t,0):i>1}, ae. (t,0)clxQ,

and

LI(F):CI{/Otfi(S,O))dSZiZ 1}

ae.(t,0) €IxQ.

Proof Foranyt eI, {L,(F):tcI}c LP(K(RY))
from Theorem 3.6. By virtue of Theorem 2.5, there
exists a sequence of {0, = {0,(t):7€l}:n>1} C
SP(L(F)) such that

L(F)(®) :cl{q),,(t,co) ‘n> 1}, ae. (t,0) €1xQ.
Since
SP(L(F))

=de{l'(t):t €I}
=%{g={g() tel}: gt /f
{fOresr(r)}

:cl{h:{h() tel}:h(t

ZIAk/ Ji(s

{Ag:k=1.2,---,1} C C is a finite partition of
IxQand {{fi(:)}:k=1,--- 1} CSP(F),

121},

then for any n > 1, there exists {/}, : i > 1} such that
110 (2) =, (0)ll[, = O (i — o), and

~

(i.n)

’ t .
a(1) = IAM/ £ (5)ds,
k=1 "% JO

where {A,(f’") ck=12,---,l(i,n)} C C is a fi-
nite partition of Q and {{fk(l’")(t) ctel} k=
1,2,---,1(i,n)} C SP(F). Hence, there exists a
subsequence {ij : j > 1} of {1,2,---} such that
10, (2, ) — Ayt (£,0)||” — 0 a.e. (j — ). Thus, for
a.e. (t,w) € I x Q, we have that

L(F)(®) = cl{hf{(t w):anl}
w)ds:n,j>1,

C cl /fk”
l(’]a”)}

C L(F) (0))
This implies that for a.e. (r,®) € I x Q, we have

LF)(@) = e fi " (s,0)ds = nj = 1,
kzl,---,l(ij,n)}. 3.1)
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Since F € LP(K(R?)) and from Theorem 2.5,
there exists a sequence {E,(¢):t €1} € SP(F),d > 1
such that for any (1,m) € I x Q,

F(t,m) =cl{&;(t,) :d > 1}. (3.2)

We rewrite the countable set {{&;(t) : t €
AR (@)t el injod = Lk =1, (i)},
as {{f'(¢t):t €1} :i>1}. Then from (3.1) and (3.2),
{{fi(¢) :t €I} :i > 1} satisfies the Theorem. The
proof is completed. O

Example 3.10 Let f ={f,:t €1}, g={g :t €1}
be real valued stochastic processes satisfying that
forae. (f,0) €I xQ, f(r,m) < g(t,®), and f,g €
LP(R). Define F;(®) = [f;(®), g/ ()], then it is easy
to have that F = {F;, A, :t > 0} is a LP-bounded set-
valued stochastic process.

If h={h :t €I} € LP(R) satisfying f;(®) <
(@) < g/(o) fora.e. (t,0) € I x Q, then h € SP(F)
and SP(F) ={h={h :t €I} € LP(R) : fi() <
(@) < g/(o) fora.e.(t,m) € I x Q}. Thus, there
exists a sequence of real valued stochastic process
{hi={hi(t):t €1} :i>1} CSP(F) such that

F(t,0) =cl{h'(t,0):i>1}, ae. (t,0)€IxQ,
and

L,(F)

:Cl{/oth"(sﬁw)dsriz 1}

- {/Otf(f»w)d%/otg(t,w)ds}, ae. (t,0) €1xQ.

Theorem 3.11 Let set-valued stochastic processes
FO ={FO@), A 11t €I} € LP(K(RY)), i = 1,2,
then for any 7 € I,

t
(L) / cA(FD (s,0) + FO (s, 0))ds
0
! t
= a{(1) / FO (s)ds+ (L) / FO(s,@)ds}-
0 0
Proof It only needs to prove the equality

§(Le(FD +F@)))

—cl (SP (L(FM)) + 57 (L(F<2>))) .

Set-Valued Stochastic Lebesgue Integral and Representation Theorems

In fact,
4 (L(cl(F(” +F(2))))
—de{s={s() 1€ 1} :50)= [ fs)as,
O} e s (al(FD+ 7))}
=Gefg={gl) 11500 = [ F5)s,

Oy ee(sr(FW)+57(F)) |
—de{h={he) ;1 €1} :h(r) =gV (1) + ¢ (1)

— /0 " A (5)ds+ /O 1) (5)ds,

[0 esP(FW), {fD ()} € s7(FP)}
—c{defg={g" () :1e1}:gM(1) =

[ r0es 00y e et}

+de{g={g?():r e} :g® ) =

[ rPes A7)} € snr )

=l (L(FM)) + 57 (L(FP)). 0

4. Conclusions

In this paper, we firstly stated the necessities of
studying set-valued stochastic integrals. It may be
useful in the area of stochastic control and mathe-
matical finance. Secondly, we defined a new type
Lebesgue integral of a set-valued stochastic pro-
cess with respect to time ¢ based on the nice works
such as Kisielewicz ©, Kim >, M. Kisielewicz, M.
Michta and J. Motyl 13> '#. And then we discussed
some properties of set-valued Lebesgue integral, es-
pecially we proved the presentation theorem of set-
valued stochastic integral. Those results will be use-
ful to study set-valued stochastic differential equa-
tions and their applications.
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