2014 International Conference on Computer Science and Electronic Technology (ICCSET 2014)

Turing-Computability of Solution of Hirota Equation

Dianchen Lu*?and Liming Fu®"
'Faculty of Science, Jiangsu University, Zhenjiang Jiangsu, 212013,P.R.China
®Email: dclu@uijs.edu.cn, PEmail: 670862997 @qg.com

Keywords: Hirota equation, Solution operation, Turing computability, TTE theory, Duhamel
principle,

Abstract. In this paper, we mainly discuss the Turing-computable of the Solution operation of
Hirota Equation. Firstly, we prove the existence and uniqueness of the solution operator of
equation by principle of contraction mapping, and acclaim that its local solution is
Turing-Computable in use of TTE theory. By computable functions constructing, we extend the
solution from the internal to the entire space. Then the solution of this equation is
Turing-computable. The result enlarges the application in computing differential equations on
digital computers.

1. Introduction

Differential equation is an important mathematical model of real problems, but not all have good
properties of solutions of differential equations. In reality, we are concerned about how the solution
of this equation is calculated. As a result, the computability of solutions for operator becomes a key
issue in the study. K.Weihrauch and N.Zhong[1-2] have studied the computability of the solution
operator of the wave equation and KDV equation. Dianchen Lu and others have studied the
computability of the nonlinear Kawahara equation[3]. In this paper, we will study the initial
problem of Hirota equation:

du+iad’u + potu+ po, (U u) +iyfufu=0, xteR, (1)
u(x,0) =u,(x), xeR
wherea , S (u,y) are real (complex) constants andaf #0,uis complex valued function. Hirota

Equation (1) is a typical model in mathematical physics, which encompasses the well-know
nonlinear Schrodinger equation. Hasegawa and Kodama [4-5] proposed (1) as a model for
propagation of pulse in optical fiber.

The Cauchy problem of (1) changes as follows if #=0,

6tu+ia8§u+ﬁ8iu+iy|u|zu:0,x,teR, @)
u(x,0) =u,(x), xeR

The structure of the article is that: In Part 2, we mainly introduce some basic definitions and
lemmas a, which are relevant to the proof of Part3; In Part 3, we prove the main theorem of the
paper mainly.

2. Preliminaries

Lemmal®™ (type conversion) Let 0, c>2”—>X, be a representation of the
set X; , ficX x-xX,—>X, , define L(x,X_)(x)="Ff(x,-x), then if f
is(8,,+ 6. 5,)-computable if and only if L is(&,, - 5,_.[8, — &,])-computable .

Lemma 2 Lety:cY > M and »:cY — M’ are two representations, v, is admissible
representastion of N .Then we have the following propositions:
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1) If fi=M—>M"is (y,7') -computable, then f":cNxM'xM —>M" is (vy,7.7.7) -

computable.
We define a function g':c NxM — M’ as following:

9'(0,x)=f(x),9'(n+1Lx)= f'(n,g'(n,x),x),
Where xeM , neN then g'is (vy,7,7')- computable.
2) Assume that h:=M — M is (y,7)- computable and define a function
HicNxM —>M: H(0,x)=xH(n+Lx)=hoH(n,x)=h"(x).
So, the function H is (vy,7,7)- computable.
Definition 1® Forvs,b e R, the Bourgain space X, is the complete space about Schwartz space

or

LZ

S(R?) with the following norm: ||u||x H > Fu

ol =[(e) (- pe ract) P

where<-> =(L1+]e]), Jull,, = ||G| X

Xs,b

Lemma 3 If 32—%%<b<l,b‘>%.Then

12
u Xs‘b' (3)

3

Juata], ,, sl luel,,
» . 11
Let weCS(R) with w=1 on 5 and suppy c[-11] . We denote
w () =y (57" (e)) for some non-zero s e R.

Lemma 490 sz—%,%<b<b'<1,0<5£1.Then

1
s el <Co* ol @
Iy ®F], <Co”[F, . ©
1
v, 0] St-2)F (0)dr - =co? IF, .. (6)
t | Ib
v,Of St-nF()dz|  <cs? |F|, | ")
LH; “

Lemma 5 If sz—%,%<b<b'<l,0<6s1.Then

ol <o,

(8)

3. Main Result

From the problem (2), we establish a nonlinear map K, : H®* — C(R; H S(R)), which translate the
initial data u, tothe solution u.The map K; is the solution operator of the problem (2).

Theorem 1 VteR, when s>—% , the solution operator of the problem (2)
Ke:H*>CRH*(R)) is (8,..[ p— 3, ])-computable.
Proof We can get problem (2) equivalent integral equation by the Duhamel principle:
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U(x,t) =S (t)u, =i S(t—t)y[uf ul(t)dt’,
where S (t) = F'e"“*%)F,  F, represents fourier transform.

For u,eH® (s > —%j define operator

e(u,uo,t):%(t)(s(t)uo_ij;s(t_t')%(t-)ﬂuru(t-)dt-),

G(u,Uy)(t):=G(u,up,t).

According the lemma 3.2 in [1], it is easy way to prove the operator G is
([p—>3.].6.,p.6,)  -computable. By lemma 1, the  operator G s
([p = 6.].6..[p = 6.])-computable.

Define function v:S(R)xN — C(R;S(R)),

V(Uy,0)=G(0,uq) v (U, j+1) =G (v (uy, j).p).

By Lemma 2 v is(5,,vy.[p — &,])-computable.

Let w(xt)=u(xt,+t),te[0,T],t,>0.

If u(x,t,)=ep(x), then
{ata}+ia6ia)+ﬁ8ia)+iy|a)|2 w=0, X,teR, ©)

a(X,0) = p(X), xeR.

We assume that the initial value @eH®(R) is given by a SHS -name, i.e.,
P =< p,, P+~ >Which is obtained by 5_(p)=¢ and |p,—¢| <2"?. ForvkeN , there
exists computable n,satisfying|lo, —¢| . < 2N

We define functions B B
ol =G(0,p,), o ::G(a)rf,gon).

It is easy to prove @) > @, (j— o), there o, satisfies the following integral equation:

dw. . w P . 2
L [71 L+ “t+iylw | w =0, X,teR,
ot OX? p ox3 7| ”| " c
@, (X,0) = u,(x), xeR.

jow
I H H
{@p] . satisfying
In following, we prove {a’"j:}k _ fastly convergesto .
From (3)-(8), we obtain

Since limw’ = o, (j > o), We can select suitable integer n , j to contract a sequence

W _
a)nk a)nk

< 2% Then {a)rfkk}k . is computable sequence.
S €
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o, ~0f, =S (1) (0,00~ -y, O], S (L=, )7 (o] @=|a, |, )t \ )

<[ 08 (0,00 -0+ OIS (=017 of’ 0o, |0, )]
1, ,

<Cllo, 00~ +Co*" |7 Jof 0 |, |,
<Cllo,0-o+cle (o, +[o, [ )|o-a,],
<C, 2" +4CCl /|0 oo, |

Choosing sufficient small ¢ such that#b,_b<2,then

1-4CrC,6
o, —a)| <27t
Thus o} —o| —<|of-a,| +|o, -0 <2+ <2

1
s, s> s
2 2 2

Then we have proved {a)njkk}k . fastly convergesto wand o is computable.

We have known {o| = is computable sequence, if 5 (d)=wk(t) then
EHS {0y, G- ) = 0o(t) » e, (G0, --) is the 5Hs-name of w(t). Hence the solution @ of the
initial problem (9) is computable on te[0,T].

We define a (p,SHS,p,SHS)-computable map 1 :(ty, Uy, t) > u(t),tefty,t,+T]

where w(t, ) = u,, @(t)is the solution of the initial problem (2) on te[t,,t,+T].

Then we prove the solution u(n-T) is computable. The functionH : H (¢,n)=u(nT)

defined by

H (U5,0)=Uy, H (Up,n+1)=1(nT,H (up,n),(n+1)T).

It is easy to prove the function H is computable since H is derived by primitive recursion from
computable function 1.

In the end, we prove u(t) is computable. Let n-T <t<(n+1)-T, we firstly compute u(n-T),

then compute | (nT,u(nT),t), so u(t)=1(nT,u(nT),t) iscomputable.
In this way , we have get the computable solutionon teR. For VteR ,s> —%, the solution
operator K :H* —C(R;H*(R)) of Hirota equation(2) is (3,,[p — &, ]) -computable .

Similarly, we can prove the solution operator of Hirota equation is computable.
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