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Abstract. The purpose of this paper is to present an iterative algorithm for system of generalized
mixed equilibrium problems in Banach space. We prove convergence theorems of the iterative
algorithm for finding a common element of the fixed point set of relatively nonexpansive mappings
and the solution set of system of generalized mixed equilibrium problems in Banach space under
some suitable conditions. Our results extend and improve previous result of [1-3].

Introduction and Preliminaries

Let E be a Banach space whose norm is denoted by|||| .Let C be a nonempty closed subset of
E.Let F,G:CxC — Rbe two nonlinear bifunctions. Let J be the normalized duality mapping
Jx = {x* ekE” :<x, x*> = ||x||Hx*

3

x||=”x* },er, where E* denotes the dual space of E and
<-,-> is the generalized duality pairing between E and E°. It is also known that if E is

uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.
We know the following[4]: If E is uniformly convex, then it is reflexive; If E is uniformly

smooth if and only if E* is uniformly convex; If E* is uniformly convex, then J is uniformly
norm-to-norm continuous on each bounded subset of E. If E is a smooth , strictly convex and
reflexive Banach space and C is a nonempty closed convex subset of E. we denote by ¢ the

function defined by ¢(x,y) = ||x||2 - 2<x, Jy> +||y ’ , forall x,yekFE. (1.1)
Following Alber [5], the generalized projection]],.: E — C is a map that assigns to an arbitrary

point xe E the minimum point of the functional ¢(x,y), that is, [I.x=X, where X is the
solution to the minimization problem ¢(x,x)=inf . ¢(y,x). (1.2)
Existence and uniqueness of the operator [[. follows from the properties of the functional

¢5(x, y) and strict monotonicity of the mapping J . It is obvious from the definition of function ¢

that (v~ [)" <6 (vox) < (I+[)", vereE. (1.3)
Define a function V:ExE" — R as follows:

V(x,x*) = ||x||2 —2<x,x*>+Hx* ’ ,V(x,x*) e ExE", (1.4)
then, it is obvious that V(x,x*) = ¢(x, J! (x* )) and V(x,J(y)) =¢(x,y).

If E is a Hilbert space, then ¢(x,y)=|x- y||2. If E is a reflexive, strictly convex and
smooth Banach space, then for allx,y € E, ¢(x, y) =0 ifand only if x=y. It is sufficient to show
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that if @(x,y)=0 then x=y.This implies that (x,Jy)= ||x||2 = ||Jy||2. From the definition of J,
one has Jx =Jy. Therefore, we have x = y (see [4] for more details).
The generalized mixed equilibrium problem (for short, denoted by GMEP) is to find xeC
such that F(x,y)+<y—x,Ax>20,VyeC, (1.5)
the solution set to GMEP(1.5) is denoted by GMEP(F, A).

In this paper, a system of generalized mixed equilibrium problems (for short, denoted by
SGMEP) is introduced, that is, find an x e C, such that

F(x,y)+<y—x,Ax>ZO,VyeC, L6
G(x,y)+<y—x,Bx>20,VyeC, (1.6)

The solution set to SGMEP(1.6) is denoted by SGMEP(F, G, A, B).

GMEP(1.5) also includes variational inclusion problems, variational inequality problems,
complementarity problems, and Nash equilibria problems as special cases. Nowadays, many authors
studied the mixed equilibrium problems and proposed different iterative algorithms, for details, see
references [1,6,7]. In this paper, we propose an iterative algorithm for finding a common element of
the fixed point set of relatively nonexpansive mappings in Banach space under some suitable
conditions. The result obtained here extend and improve the corresponding results of [1-3].

In order to obtain our main results, we need the following definitions and lemmas.

Definition 1.1 Let 4:C — E* be monotone mappings if <Ax — Ay, x— y> >0,Vx,yeE.
Definition 1.2[1] A point x e C is a fixed point of a mapping 7:C — Cif Tx=x. The set of
fixed points of T'is denoted by 7, , thatis, 7, = {x e Clrx = x}.

ix? >~ Fix
Definition 1.3[1] A point pin C is said to be an asymptotic fixed point of 7if C contains a

sequence {x,} which converges weakly to p such that lim,__|x, —7x, =0, the set of

n—»0

asymptotic fixed points of 7 is denoted by T i

Definition 1.4[1] A mapping 7 from C into itself is said to be relatively nonexpansive if
Ty =Ty and @(p,Tx)<g(p,x) forall xeC and PeT,,.

Lemma 1.1[7] Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of £ andlet xe E.Then

¢(y,l_[cx)+¢(l_[cx,x)£¢(y,x),VyeC. (1.7)

Lemma 1.2 Define 7. :E— C as follows:

Tr(x):{ze C,F(z,y)+<y—Z,Az>+l<y—z,Jz—Jx>2O.VyeC}. (1.8)
r
Then ¢(p.T,(2))+4(7,(2).2) < ¢(p.2).Vp e (1)), 2 €E (1.9)
Lemma 1.3[7] Let C be a nonempty closed convex subset of a smooth Banach space E, and
x € E .Then, x,=][],x ifand only if <xo—y,Jx—Jx0>20, VyeC. (1.10)

Lemma 1.4[8] Let E be a strictly convex and smooth real Banach space and let {xn} and
{y,} be two sequences of E. If #(x,,,)—>0, and either {x,} or {y,} is bounded. Then
x, -y [—0.

For solving SGMEP(1.6), letF:CxC — R be a bifunction and ¢:C — Rbe a convex and

lower semi-continuous function satisfying the following conditions:
(A1) F(x,x)=0,forall xeC;

(A2) F is monotone, i.e., F (x,y)+F(y,x)<0 forall x,yeC;
(A3) Foreach x,y,zeC, limsup, F(tz +(1—t)x,y) <F(x,p);
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(A4) For eachx e C, y > F(x,y)and y - G(x, y)are convex and lower semicontinuous.

2. Main Results

Theorem 2.1 Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E . Let F,G:CxC — R be two bifunctions satisfying
conditions (A1)-(A4), Let 4,B:C — E” be continuous and monotone mappings, and let 7T be a
relatively nonexpansive mapping from Cinto itself with I'=7,, ) SGMEP(F ,G, A,B) =, Let
{x,} be a sequence generated by x, =xeCand C,=C,

F(un,y)+<y—un,Aun>+rl<y—un,Jun —an> >0,VyeC,

n

1
G(yﬂ’y)+<y_yn’Byn>+s_<y_yn’Jyn _Jun>207vyeca
z, = J " (., +(1-7,) ), @.1)
wo=J" (aann +(1—an)JTzn),

C.= {Z eC, :¢(z, wn) < an¢(z,xn ) +(l—an )¢5(z,zn) < ¢(z, X, )},

X, =11l x,Vn20,x,€C.

ntl
Where r,,s,>0, 7,,a,€(0,1), limsup, , @, <1. Then the sequence {x,}generated by (2.1)
converges strongly to the point []; x,.
Proof we first show that {x,}is bounded. Let pel =T, NSGMEP(F,G,A4,B).
It follows from Lemma 1.1 and (1.9), that ¢(p,u,)<¢(p.x,).4(p.v,)<d(p.u,). (2.2)
In virtue of (1.4) and the definition of V', we have
(p.z,)=¢(p. 11T (m, %, +(1=1,)I,)) < #( 2. (m,x, +(1-1,) I, )
=V(p.nJx, +(1-1,) v, ) <n,8(p.x,)+(1-1,)¢(p.y,) < #(p.x,). (2.3)
It follows from (1.4), (2.3) and definition 1.4, we have
$(p.w,)=d(p.J " (e, +(1-,)JTz,)) =V (p.a,Jx, +(1-a, ) JTz,)
SanV(p,an)+(l—an)V(p,JTzn)San¢(p,xn)+(l—an)¢(p,zn)=¢(p,xn).
and also {x,} is well defined.

(2.4)

Hence, for Vn>0,weget peC,

+12

On the other hand, from Lemma 1.3 and x, =[I. x,,we have

<xn -z,Jx, —an> >0, <xn - p,Jx, —an> >0,Vp,zeC,. (2.5)
Noting that Lemma 1.3 implies that forall peI’c C, andn>1, we have
¢(xn7x0) = ¢(HC,, XO,XO) < ¢(p>x0)_¢(p7xn ) < ¢(p>x0)7 (26)

then, the sequence {¢(xn,x0)}is bounded. And it follows from (”xn”—”xo”)2 <¢(x,,x,) that

{x,} is bounded. Furthermore, it is easy to see that{y} {z,}, {w,}are all bounded. Since

x,=Ilo x, and x_,=[l. xe€C,cC, , we have ¢(x,.x)<d(x,.%), VneN.
2.7)

Thus {4(x,.x,)} is nondecreasing. Hence, the limit of {g(x,,x,)} exists. By the construction
of C

no

for any positive integer m > n,one has that C, cC and x, =[], x,€C,. And
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¢(xm"xn)=¢(xm’HCn xo)£¢(xmax0)_¢(ncn xoaxo)=¢(xm’xo)_¢(xn’xo)- (2.8)
Letting m,n—>c in (2.8), we get ¢(x,,x,)—>0. 1t follows from Lemma 14 that

[ ==,

— 0 (m,n—> ). Thatis, {x,} isa Cauchy sequence, thenlet lim,  x, =ueC.

Next, by the construction of C,,,, we know a,¢(z,x,)+(1-a,)¢(z,z,)<é(zx,), for each
a, €(0,1) one has¢(z,z,) < @(z,x,).Sincx,,, =11, x,€C,,,wehave ¢(x,,,z,)<d(x,.,.x,).
Noting lim,_,, ¢(x,.,,x,)=0 that lim _ ¢(x,,,z,)=0,by Lemma 1.4, we have
lim, , | ~0. 2.9)

It follows from (1.4), the definition of ¢ and definition 1.4, we have

é(x,,w,)= ¢5(xn,J’1 (aann +(1-a,)JTIz, )) = V(xn,aann +(1—an)JTzn)

X z

n+l n

<aV(x,,Jx,)+(1-a, )V (x,,JTz,) < a,é(x,.x,)+(1-a,) ¢(x,.2,) = (l—an)¢(xn,zn).(2.10)
So lim, |lx, —w,|[=0. From (2.1), we know

1,0 = I, | = |, — @, = (1=, ) ITz, | = |, (I, =, ) + (1= @, ) (., = Tz, )|
=|(1-a,)(x,, —ITz,)—a, (Jx, = Jx,., )| 2 (1=, ) |5, —ITz, | -, | Jx, = Jx, ., .

Hence (1=, )|, = ITz, | < (|5, = Iw, |+ @, | Jx, = T, . ])-
In view of the condition limsup, , «, <1, we have lim, _ |Jx,,, —JIz, || =0. (2.11)

Since J is uniformly norm-to-norm continuous on bounded set, we have
lim,_,, ||x,., —7z,||=0 .Since |z, -7z, < + Iz, z,-Tz,|=0.(2.12)

n—>0 X
=0.By the definition of and x, —»u(n—> ), we

Z, —X

,then lim

n+l n+l

n—»0

From (2.9) and (2.12) that lim

have Tu =u,which implies that u €T, .Next, let us prove u € SGMEP(F,G,A,B). From (2.3),
we know §(p.z,) <n,6(p.x,)+(1-7,)4(p.y,), Noting that

x,—1TIx,

n—o0

1
¢(un,xn) < ¢(p’xn)_¢(p’un) < ¢(p:xn)_¢(p’yn) < 1_77 ( X, ’ _”Zn”2 +2<p>JZn _an>)a
from (2.9), we have lim,_,, ¢(u,,x,)=0 ,meaning that
lim,  |u,—x,|=1lm, |y, —u,|=0.2.13)

From (2.13)and definition 1.1, we get F(y,u)+{u—y,Ay)<0, VyeC.
Letre(0,1],yeC,set y,=ty+(1-t)ueC, we get
0=F(yl,y,)+<y,—yt,Ayt>=F(y[,ly+(l—t)u)+<ty+(l—t)u—yt,Ay[>
SILF (3o y)+ (v =y0 Ay) ]+ (1=0)[F (yu) (=3, Ay, | S F (7, 0) + (9= Av,)
Let t—0,then y, —>u.Soweget F(u,y)+(y—u,Au)>0,Vye C Similarly, we can get that
G(u,y)+{y-u,Bu)>0 ,VyeC . That is, ue GMEPS(F,G,4,B) . Finally, we claim that
u =TI x,. From Lemma 1.3 and x, =I1.x,, we get (Jx,—Jx,,x,—2z)>0,VzeC,.Since I'=C,,
we have (Jx,—Jx,,x,—p)=>0,Vpel Whichimplies (Jx,—Ju,u—p)>0,Vperl.

By again Lemma 1.3, we can conclude that u =[] x,, which completes the proof.
Remark 2.1 Theorem 2.1 extend the corresponding results of [1-3].

(2.14)

472



References

[1] Kriengsak Wattanawitoon and Poom Kumam, Modified Proximal point algorithms for finding a
zero point of maximal monotone operators, generalized mixed equilibrium problems and variational
inequalities, journal of inequalities and applications.doi:10.1186/1029-242x-2012-118.

[2] S.S. Zhang, Generalized mixed equilibrium problem in Banach space,Applied Msthematics and
Mechanics. 2009, 30: 1105-1112.

[3] Kriengsak Wattanawitoon and Poom Kumam, The Modified Block Iterative Algorithms for
Asymptotically Relatively Nonexpansive Mappings and the System of Generalized Mixed
Equilibrium Problems,Hindawi Publishing Corporation Journal of Applied Mathematics.
doi:10.1155/2012/395760.

[4] W. Takahashi, Nonlinear Functional Analysis, Fixed Point Theory and Its Applications
Yokohama Publishers, Yokohama, Japan, 2000 .

[5] Y. I. Alber, Metric and generalized projection operators in Banach spaces:properties and
applications, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type.
1996, 178: 15-50.

[6] X.P. Ding, Auxiliary principle and algorithm for mixed equilibrium problems and bilevel mixed
equilibrium problems in Banach Spaces. Journal of Optimization Theory and Applications. 2010,
146: 347-357.

[7] Takahasi,W, Zembayashi,K: Strong and weak convergence theorems for equilibrium problems
and relatively nonexpansive mappings in Banach spaces,Nonlinear Anal. 2009, 70: 45-57.

[8] S. Kamimura, W. Takahashi, Strong convergence of a proximal-type algorithm in a Banach
space, SIAM J. Optim. 2002, 13 (3): 938-945.

473




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




