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Abstract: In recent years, the research on partial differential equation attracts more
and more scholars’ attention; the quasilinear elliptic equation is an important part of
partial differential equation field, and the stability research on boundary values of
quasilinear elliptic equation can be established on the basis of existence and
uniqueness. Through appropriate research and discussion on existence and uniqueness
of boundary values of quasilinear elliptic equation, this paper carries out a research on
stability of boundary values of quasilinear elliptic equation under condition of region,
P value, and capacity, etc.
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With the progress of the era and social development, more and more scholars expand
the research on partial differential equation, especially research on quasilinear elliptic
equation. Because the quasilinear elliptic equation is an important part of partial
differential equation field, it is closely related with medical science, economics,
industry, biology, and engineering science, and it is often applied in information
science, physics, and other disciplines and fields. As for quasilinear elliptic equation,
the stability of boundary values is established on the existence and uniqueness of
boundary values, thus this paper carries out an appropriate research on stability of
quasilinear elliptic equation under the condition of region, and index P, etc.

I. Existence and uniqueness of boundary values of quasilinear elliptic equation

In order to carry out research and discussion on existence and uniqueness of boundary
values of quasilinear elliptic equation, we firstly make use of and have the aid of the
theorem of implicit function to discuss the following (1.1) equation set formulas for

the purpose of proving that the boundary values of quasilinear elliptic equation have
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continuous dependence and further proving the existence and uniqueness of boundary
values of quasilinear elliptic equation.

a™H W) D D) "+ o, (r (r)=0, r>0
u (r)o, r>0 (1.1)
u @ =a)0, O =0

According to the formula (1.1), it is able to obtain the equation

r

u (r):a—jH’l(j%)”'lj'(m u (o) ) ds (1.2), thus it is able to carry out the research
0 0

on existence and uniqueness via the equation in formula (1.2), wherein H (t) and f (x,

u) are set to meet following conditions:

1. 0, 0)x(0, ®)— (0, o) is continuous;
2. H'(t)is continuous and differentiable, and f is first-order continuous and partial;

3. H@O=H™0=0;
4. Upon u>0, f (x, u) has consistent local continuity;
5. H™(t)has local continuity;

6. H (t) belongs to strict increase;

7. In f (t, s), tis strictly monotonic decreasing for s.

Theorem 1: Given that the condition 1-5 are satisfied, it is able to obtain the local
solution in existence and uniqueness of equation (1.2) as u (r, a) and re[O, r,].

Through using the formula (2) as auxiliary function, it is able to obtain following

equation:
F(r, u>=u(r>—a+jH-1<j<%>"-lf (o, u (o ) do) ds
0 0

At this time, given that ro=0, up=a, and the point po (o, B), it is able to find that the
following results can be established.

1. F (r, u) is continuous within region U on one domain of the point po;

2. F (po) =0;

3. Within region U, F is first-order continuous and partial function;

4.Fy (0, o) =10
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According to the theorem of implicit function, it is able to find that the unique
definition can be determined in formula (2), that is, the implicit function contained in
the region of domain U (rp) in one region upon ry=0, thus we can find that the

solution of equation set (1) is positively local, that is to say, we can obtain as below:

u(r, @>eC 0, r)N|0, r,]: through calculation with Gronwall inequation, it is

able to obtain uy (r) =u; (r), r€[0, ro], thus we can find that the positive local solution
of formula (2) has existence and uniqueness.

Theorem 2: Given that the condition 1, 3, 4, 6, and 7 are satisfied, both o and B are
positive constant, and o>, it is able to obtain 0>u’,>u’g, u,>ug, r€[0, Rg], Re>Rs.

Because f (r, u) belongs to positive function, it is able to obtain:
HW, (0 ) ==[(D™f (o, u,) do(O,
r
0

Through condition 3 and 6, it is able to obtain u’, (r) <0, and also obtain u’g (r) <0.
11. Stability of boundary values of quasilinear elliptic equation
2.1 Stability of weak-solution boundary values within region of quasilinear elliptic
equation
Through discussion and research on the quasilinear elliptic equation
—A,u=a OO “u+ A o u+ £,00
AV =b OOV v Al M v+ £,00 1D

xeQ
, it is found that the following

boundary value demand shall be met: u=gk (x), v=hk (x), x€0Q (2); in formula (2),
given that k=1, 2, 3, ...... » QN (N>3) and given that it is a 0Q bounded region with
smooth boundary, the (u, v) in equation set in formula (1) belongs to Sobolev space,

where W!P (Q) xW % (Q) and 2<p<q<N; the p, q conjugate number of the function f;

._ P ,_ ¢
: : p’'= . q'=
(X) EL” (Q), f, (X) €LY (Q) are expressed as p-1 d —Lrespectively; as

for a (X), b (X) €L (Q), 1<u<v<p, the positive constant shall meet the condition of

a+l p+1_,
p a ; A belongs to a positive parameter.

Meanwhile, given that L is a positive constant with appropriate size, its boundary
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function (gk (%), hk (x))must meet following conditions:

1

1 -,
(9,00 » h,OOeW P (@Q)xW @ (8Q), and [I(gk (x), hk ())ISL.W P ().
According to space embedding theorem, K is constant, thus ||ul|,<K||u||1, , as for any
uEWP (Q). According to same principle, it is able to obtain embedding WP () < L

(©), and then obtain the best constant K .

11p
T, and T, are set as the continuous mapping produced from W (aQ),

15, g

W () 1o W P (Q) and WY ? (Q) to make the boundary function g and h locate

on the trace and realize T1g|ao=g and T2:h|ae=h. Furthermore, there are 2 positive
constants My and M,; under the condition of (T1g, Tzh) EW! P (Q) xW" * (Q), and
IT1gll<Ma|lgll, |IT2h|[<M|lh||, with the help of mapping mode, it is able to obtain
u=y+T10k, v=z+Thy, thus it is able to transform formula (1) and (2) into
homogeneous boundary value problem, and then carry out definition solution for

variation structure on equation set and energy generic function of

W, P(Q) xW, Q) on the space, that is, meeting the critical point of formula (3)

shown as below:

I Cy, z):aTHI‘Vy+VTlgk‘pdx+
%“vz +Vh, | dx -

Afly+Tg "z +T,n, ) ax -

a+l
U

(a+1)jf1(x) (y+T,g,) dx—

Ia OOy +T,9, | dx —

’B+1Ib Oz +T,h, | dx —
L

(ﬂ+1)jf2(x) (z+T,h) dx

It is given that the function (y, z) of W, P(Q)xW,(Q)in Banach space has zero

v b

boundary value, and the norm of function is defined as |(y, 2)|= max{“y||L |z

. 1
with ) —[[|vulax) -
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Then, it is given that(g,, h,) , ke N is a sequence of function which belongs to

trace space; therefore, any for any function set in trace space: (¢, ¢)eW, "(Q)xW, *(Q),

it is able to obtain following functional sequence:
My, 20 (g @)=

J'|V (y+T1gk)|p'2V (y+T,g) Vdx +

I|V (z+T2hk)|q_2V (z+T,h) Vedx

NK(y’ Z) (¢7 ¢):
ja (x)|y+Tlgk|”72(y+Tlgk) gx +

jb (x)|z +T2hk|H(z +T,h) edx +
ﬂ,j|y+Tlgk|H|z +T2hk|ﬁ+l>< ()

(y+T,00 ¢dx+/1j|y+Tlgk|Mx
z+T,h | (z+Th ddx+
[F.00 gdx+[£,00 gax

Then, while the generic function 1 (y, z) belongs to W, P(Q) xW,;9(Q), all critical
points (y, z) shall meet M, (y, z2) (¢ @ —-N Ly, 2) (¢ @) =05); in the

formula (5), the leftend is setasJ, (y, z) (¢, @), and the set of function set (y, z)
set in formula (5) is Uy, and then the weak-solution set owned by quasilinear elliptic
equation set (1) and (2) is V, =U, +(T,g,,» T,h,) (6).

Through effective connection among formula (1), (2), (3), (4), (5), and (6) in above
3.1, itis able to obtain following theorem conclusions.
Theorem 1: Given that the sequence (gk, zx) of boundary function can have

convergence in trace space, while it is up to (go, ho) via strong convergence, the

sequence J, (y, z) (¢, ¢) produced on Br will have uniform convergence to
J.(y, 20 (¢ .
Theorem 2: In case of any (y, z) , (¢, @) eB,, there will be a uniform

convergence for functional sequence J, (y, z) (¢, @)on Br; while it is up to

113



J.(y, 20 (¢, @) via convergence, the following two points will exist: firstly, as
for each k=1, 2, 3, ..., the set Uy is compact at the significance of norm topology;

secondly, the sequence {(y,, z,,} which meets (y,, z)eU,, ke N iscompact,

that is to say, at the significance of strong topology, lim supUyx<Ug, which means

thatU, —» U, is satisfied.

2.2 Stability of quasilinear elliptic equation at p index

Given that Q belongs to bounded open set in R" (n>3) region and the boundary it has
belongs to consistent p thickness, it is able to obtain according to quasilinear elliptic
equation:

{—divAp(x, u, Duw=Ff (xX) , InQ

(1)
ueW, "(Q) Xp(xo
Given that Ap: QxRxR" — R" is a function belongs to Carathédory in (M;), as for

anyse R, £eR", aex€Q, it is required to meet A (X, s, §2a|§p, VEeR"

(2) and ‘Ap(x, S, 5)‘£b1(x)+b2(x)|s|q+|§|p'1 (3); upon & #¢&,, there will be
(AXs s & D=AXs sy &) ) (£ -6)0; the formula (3) and (4) can
change, and A, changes with the change of p.

Meanwhile, given that Ai (x, u,, Vup=Ap,(x, u;, Vu,, the problem way of

Dirichlet shall be considered according to equation demand, and then it is able to
determine the stability of weak-solution p index on quasilinear elliptic equation set via
the equation in formula (5).

-divA(x, u, Dw=f (x) , inQ(5)
u, eW;(Q) ,Kp,(o

Some hypotheses can be made as for A(x, s, & and Q within the region. It is

given that (S1) is a sequence in (pi), and then we can set K(p,{w, p;, = p,; as for any

i=0, 1, 2, 3, ..., the condition of (Mj)(p=pi) shall be met in case
of A=A X, s, O.
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aexeQ, AX, s, & — A, s, & is uniform convergence made by R"on a

compact subset; besides, it is able to assume (S;) as below:

b0+ F Ol , PP e 17 g, -1
n (p,-D

However, (S3) Q° belongs to consistent p thickness.

Theorem: If (M), (S1), (S2), (S3) are established, ui eW; "(Q) is a weak solution

which belongs to formula (5), and then there will be t>po; in W, ‘(Q), u; is

transformed to via norm convergence uo; t tightly depends on n, po, a, B and co.
I11. Stability of opposite boundary values of quasilinear elliptic equation

The quasilinear elliptic equation is assumed as below:

p-2
—AU=2Q GOl u,xe, 3.1)
u=gk(x),xeo,k=0123,......
Upon p>2, k=0, 1, 2, 3, ...... , the weak solution set U, € EnL"(Q) obtained via

research and discussion on quasilinear elliptic equation (3.1) belongs to set
convergence and has certain continuous dependence on boundary value gk€W of

quasilinear elliptic equation; in case of 1<p<2, there exists the unique weak solution
U, e ENnL”(Q) as for quasilinear elliptic equation (3.1), thus there is certain point

convergence function as for stability of boundary values of quasilinear elliptic

equation.

While the set V, c E, is Von set sequence, under the condition of the upper limit
of k=1, 2, 3, ... and the condition that y€V, is a lower-limit point of strong
topological significance on Eq in the sequence {yk} of function yk€Vy (k=1, 2, 3, ...)

at any point of Vy, the limit on V| can be marked as lim supV=Vy. In other words,

the set Uy is located in Eo and it can be converged into the set Ug. Given that lim

supU, < U, is established, it is obvious that the set convergence is equal to point

convergence in Eo while Uy and Ug belong to single-point set.

Given that g« (k=1, 2, 3, ...) belongs to the sequence of a boundary function in W, as
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for any @€Ey, it is able to define the functional sequence owned in Eq as:

3,y =(ALy) $)—(B,(y) , ), and then the weak-solution set of quasilinear
elliptic equation can be expressed into U, ={y e E,: VgeE, J,(y)=0}. According

to relevant theorem, as for any k€N, the set Uy belongs to non-emptiness; then, as for

all existing k=1, 2, 3, ..., there will be constant r>0 not depending on k and there will

exist U, B (N cE,.

If J« (y) on functional sequence have uniform convergence in B (r) till Jo (y), the limit

set lim sup Uk owned by Uy in solution set sequence belongs to non-emptiness, and

such condition is weak closing condition, thus there exists lim supU, < U, under

weak topological significance of Eo.

Besides, through relevant theorem, it is able to find that there exists ux€E in at least
one solution after the quasilinear elliptic equation (3.1) is used for solution as for any
kEN, and the obtained solution set belongs to non-emptiness; if 1<p<2 appears, it

means that ux€E has certain unique existence, that is to say, Uk belongs to
single-point set. Meanwhile, there is constant R>0 and there exists u, < B (R), and

all existing k=1, 2, 3, ... can be met, thus it is able to find that Uy in solution set
sequence has weak compactness in E. However, if the trace function gx—go has
strong convergence in W, Jx (-) existing in functional sequence can have uniform
convergence in closed B (r)cEq till Jo(-). In case of p>2, according to relevant
theorem, it is able to find that there always exists the solution set of Ux—U, (k—o0)
under the condition of E weak topology and strong topology, that is to say, if the weak
solution set Uy in quasilinear elliptic equation (3.1) is proposed before set
convergence, it is able to enhance the stability of opposite boundary value gk€W of
quasilinear elliptic equation. In case of 1<p<2, the stability of quasilinear elliptic
equation is of point convergence significance.

IV. Conclusion

In a word, as the research and application on partial differential equation attract more

and more scholars’ attention in recent years, there are also high achievements on this
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aspect. On the basis of research and discussion on existence and uniqueness of
boundary values of quasilinear elliptic equation, this paper carries out a research and
discussion on stability of boundary values of quasilinear elliptic equation in terms of
region and P value, and proves that the boundary values of quasilinear elliptic
equation have continuous dependence at significance of weak and strong convergence,
thus ensuring the stability of boundary values of quasilinear elliptic equation.
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