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Abstract

In this present paper we have argued the
acceptance double sampling plan when
the fraction of defective items is a fuzzy
number. we have shown that the
operating characteristic (oc) curves of
the plan is like a band having a high and
low bounds whose width depends on the
ambiguity proportion parameter in the lot
when that sample size and acceptance
numbers is fixed. Finally we completed
discuss opinion by a numerical example.

Keywords: Statistical quality control,
acceptance double sampling, fuzzy
number.

1. Introduction

Sampling for acceptance or rejecting a
lot is an important field in statistical
quality control. Acceptance double
sampling plan is one of the sampling
methods for acceptance or rejection
which is along with classical attribute
quality characteristic.

In different acceptance sampling plans
the fraction of defective items, is
considered as a precise value, but
sometimes we are not able to obtain
exact numerical value, and there also
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exist some uncertainty in the value of
p obtained from experiment, personal

judgment or estimation. However the
quality characteristic in a lot is not often
exact and certain. The theory of fuzzy
sets in widely used in solving problems
in which parameter or quantities can’t be
expressed precisely. The theory is a
powerful and well-known tool to
formulate and analyze the uncertainty
resulting from ambiguity and personal
judgment. In dealing with the above
problem we tried to restore the
uncertainty existing in the problem by
defining the imprecise parameter as a
fuzzy number, and achieve a result with
a higher certainty. With this definition,
the number of defective items in the
sample has a fuzzy binomial probability
distribution. Classical acceptance
sampling plans have been studied by
many researchers. They are thoroughly
elaborated by Schilling (1982). Single
sampling by attributes with relaxed
requirements were discussed by Ohta
and Ichihashi (1988) kanagawa and Ohta
(1990), Tamaki, Kanagawa and Ohta
(1991),and Grzegorzewski(1998,2001b).
Grzegrozewski ~ (2000b,2002)  also
considered sampling plan by variables
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with fuzzy requirements. Sampling plan
by attributes for vague data were
considered by Hrniewicz (1992, 1994).
We provide some definition and
preliminaries of fuzzy sets theory and
fuzzy probability in section 2. In section
3 the fuzzy probability of acceptance of
the lot, was considered broadly, and its
values in special case was computed. In
section 4, we deal with oc band of such a
plan, with a example. Finally fuzzy
average sample number is introduced in
section 5.

2. Preliminaries

Let X = {xl,...,xn} be a finite set P be
probability function defined on all
subsets of X with
P{x}) =k; 1<i<n ,0<k; <1l alliand

n

Zki =1 . X together with P is a
i=1

discrete (finite) probability function. If A

be subset of X, we have

P(A) =Y P{x}).
XA

In practice all the k;value must be
known exactly. Many times these values
are estimated, or they are provided by
experts. We now assume that some of
these k; values are uncertain and we will
model this uncertainty using fuzzy
number.

Definitionl: the fuzzy subset N of real
line IR, with the membership function
Uy - IR—[0]1] is a fuzzy number if

and only if (a)ﬁis normal (b)Nis
fuzzy convex (c) s is upper semi

continuous (d) supp ( N ) is bounded.
Definition2: A triangular fuzzy number

N is fuzzy number that membership
function defined by three number

a; <a, <ay; where the base of the

triangle is the interval [a;, as] and vertex
is at x=a,.

Definition3: Due to the uncertainty in
thek; ’s values

we substitutelzi, a fuzzy number, for
each k; and assume that 0<|Zi<1 all i.

Then X together with the IZ, value is a
discrete fuzzy probability distribution.
We write P for fuzzy Pand we
have P({x}) =k. Let A={x,...x}
be subset of X. Then define:

B I
P(A)[a]={zkils} 1)
i=1
ForOgagl, where stands for the

_ n
statement “ k; e k;[a] 1<i<n , >k, =1”
i=1
this is our restricted fuzzy arithmetic.
The fuzzy mean is defined by its
a —cuts:

K
mal= xkls}
i=1

where, S is as before.

Definition4: In m independent Bernolli
experiment let us assume thatp,
probability of a “success” in each
experiment is not known precisely and
needs to be estimated, or obtained from
expert opinion.

So that pvalue is uncertain and we
substitute p for p and q for q so that
there isa p e p[l] and a g € q[1] with
p+q=1.

Now let I5(r) be the fuzzy probability
of r successes in m independent trials of

the experiment. Under our restricted
fuzzy algebra we obtain

PNle]={CLp" q""Is} @)
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ForOiaél, where now S is the

statement,
“peplal, qeqfal, p+q=1".
IfP(r)[a] =[P, (@), P, ()] then

P. (@)=min{C,, p" q""|s}and

P, (@)=max{C, p"q""|s} and if
IS[a, b]be the fuzzy probability of
Xsuccesses so that fuzzy a< x <b, then

P([a,bDla]={D>_ Cx p*q™*|s}(4)
if P([a,b]) e =[R(fa.b]) el P([a.b]) e

then:

b
R([a,b])[e] =miny > "Cx p* g™ |s }

and -
b
Ry([a.b])] =max{2c:n P q" s }}

Where S is the same with past case.
Examplel. Suppose that m=3 and
pand qare uncertain we use

p =(0.3,0.4,0.5) for p and

q =(0.5,0.6,0.7) forg. Now we will
calculate the fuzzy  probabilities
P()and P(A) that A={0,1}. If
pepla] then q=1-peq[a].
Equations of definition 4 become:

P, (@) =min{8p(1— p)* | s}and

P, (@) = max{3p(1— p)* | s} since

a(3p(1_ p)2)<0 on 5[0]
op
obtain:

we

P[] =[3p,(a)(- p,(@))?,

3p, (@)1 py(a))’]
where
ple]=[p,(@), p,()]=[0.3+0.1,0.5-0.1¢]

under a =0 we gain

P (1)[0] =[0.375,0.441] and

P(A)a] =[P, (@),P, ()] that

Py (@) = min{(1- p)* +3p(1- p)? | s}
and

Py, (@) = max{(l- p)* +3p(- p)* | s}
since

o(-p)* +3p-p)?) .
P <0 on p[0]

we get

P(A[e] =0~ p,(@))} +3p,(c) - P (@)Y,
(- py(@))’ +3p (@)@ p,(2))*]underr=0
we will have P (A)[«] =[0.5,0.784] .

3. Acceptance double sampling plan
with fuzzy parameter

In this section, first we introduce the
double sampling plan for classical
attributes characteristics. Suppose that
we want to inspect a lot with a size of N.
First we choose and inspect a random
sample of size n;, and then the number of
nonconforming items (d;) will be count
down. If the number of observed
nonconforming items is less or equal to
acceptance number of first sample, that
is ¢4, then the lot will be accepted. And if
d, is greater than to acceptance number
of two samples, that is c,, then the lot
will be rejected, otherwise we choose
second random sample of size n,, then
the number of nonconforming items (dy)
will be count down. In this stage from
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the defective items in each two samples,
(d; + d,), we use for resulting about lot.

If d;+d; is less or equals to acceptance
number of two samples, then the lot will
be accepted, otherwise the lot rejected. If
the size of lot was very large, the random
variables d; and d, have binomial
distribution with parameters (ny, p) and
(nz, p), in which p indicates the fraction
of the lot’s nonconforming items. So if
we represent probability of acceptance
on combined samples with p,, and also
the probability of the lot’s acceptance in
first and second samples respectively

p., p. then

Pa=Patpy )

That p;indicates the probability of
observation of d, <c, defective items in
first random sample. thus

G
pa=D Cupd-p)*™ (6)

d;=0

And p;' according to the independence

of two random variables and their
distribution will calculate with this
formula:

pa =P(d; +d,<c, ¢, <d; <c,) (7)

Suppose that we want to inspect a lot
with the size of N, which the proportion
of damaged items or the probability of
defectiveness of each of its number is not
known precisely and is uncertain value.
So we represent this parameter with a
fuzzy number P which is:

p=(a,a,a;),pepll,qeql],p+q=1

A double sampling plan with a fuzzy
parameter is defined by the first sample
size nj, acceptance number of first
sample c;, second sample size n,, and
acceptance number of two samples c,.

If the number of  observed
nonconforming items on first sample (d,)
is less or equal to acceptance number of
first sample, then the lot will be
accepted, and if d; is greater than to
acceptance number of two sample, then
the lot will be rejected, otherwise we
choose second random sample of size n,,
then the number of nonconforming items
(d2) will be count down. In this case
from the total defective items in each
two sample (d;+d,), we for resulting
about lot. If d;+d, is less or equal to
acceptance number of two samples, then
the lot be accepted, otherwise the lot
rejected, If the size of lot was very great,
the random variables d; and d, have
fuzzy binomial probability distribution
with parameters  (n;, p),(n,, p), in
which p indicates the fuzzy proportion

of the defective items. According to this
case if we show the fuzzy probability of
the lot’s acceptance in combined samples

with P, and also the fuzzy probability of
the lot’s acceptance in first and second
samples respectively P, p.' then

Pa=PatPa  ®
Example2. Suppose that
p =(0.01,0.02,0.03) and
q =(0.97,0.98,0.99) and
n, =10,c, =0,

Cc, =1, then fuzzy probability of
acceptance of this lot is as follows:

Palal= Py (0l ={(-p)* |s}

n, =10,
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10
Sincem <0 on

ple] =[0.01+0.01,0.03-0.010] ,0<a<l,

weobtain

P[] =[(0.97+0.012)"°,(0.99-0.01)"]

undera =0
we gain P,[0] =[0.7374,0.9044]
By [a]=P(d; =Ld, +d, <D[a]=
{10p(1— p)** | s}since
0(10p(L- p)*)
op
Pa [] =[10(0.01+0.012) (0.99—0.01) ",

10(0.03—0.012)(0.97 +0.012)**]
under « =0 we obtain

P, [0] =[0.0869,0.1958]

>0 on pl[a] therefor

iy

. . .
09r combined sample )\\
[

F J

.
N W S
0.8 0.85 0.9 0.95 1
fuzzy probability of acceptance

o I
0.7 0.75

Figl: fuzzy probability of acceptance with
p =(0.01,0.02,0.03),

Finally wehave p,[a] = p.[a]+ P, [@]
=[(0.97 +0.012)"° +10(0.03—0.01x)
(0.97 +0.01)*,(0.99 - 0.01) "™
+10(0.01+ 0.012)(0.99 — 0.01cx)**]
then p,[0]=[0.9332,0.9913]

4. oc -band with fuzzy parameter

In assessing a sampling plan, one of the
important criteria is its operating
characteristic (oc) curve. This curve
indicates the probability of a lot
acceptance in terms of different values of
the fraction of defective items. A double
sampling plan has a main oc curve that
show the probability of acceptance on
combined samples. This plan also has
another oc curve that indicates the
probability of acceptance base on the
first sample.

In double sampling plan with fuzzy
parameter, main oc curve is as a band
with up and down bound. This band
indicates the fuzzy probability of lot’s
acceptance in terms of different values of
the fuzzy proportion of nonconforming
items.

The uncertainty degree of a proportion
parameter is one of the factors that
bandwidth depends on that. The less and
uncertainty value results in less
bandwidth, and if proportion parameter
gets a crisp value, lower and upper
bounds will become equal, which that oc
curve is in classic state. Knowing the
uncertainty  degree of  proportion
parameter (given a;, a,, az) and variation
of its position on horizontal axis, we
have different fuzzy number (P ) and

hence we will have different proportion
(p) which the oc bands are plotted in
terms of it. To achieve this aim we

consider the structure of P as follows:
p= (k, ar+k agt k),
pepllaedfl] p+g=1

Which with variation of k in the domain
of [0,1-a3], the main oc band, is plotted

according to the calculation of follow
fuzzy probability:

pla]=[py(a), p,(@)]
=k +a,0 ,a;+k—(a; —a,)]
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Ba = By + Pa
B = P (A1 =[P, (@), By, (@)]
Jd=11

P a, (@) =min{P(A,) s}

Poa, (@) =max{P(A,)|s}i=1,1
That the event A; is the event of
acceptance of a lot in terms sample ith,
and the oc band in term first sample is
plotted according to the calculation of
follow fuzzy probability:

Ba = P (Al =[P o, (@), P, (@)]
Pa, (@) =min{> Cipg™* |s}and
A

and

P, (@) = max{d Co g™ |5}
A

Example3.

suppose taht n, =10,¢, =1,
n,=5¢c¢,=2,a,=0.01a, =0.02
then we have

Plo] = (k+001,002+k —0012) 0<0.98

and if & =0 then fuzzy probability
of acceptance on first sample is :

Pa =R 04[] ={@- p)° +10p(— p)° s}
f.(p)=(- p)*° +10p(L— p)*°

According to that the f,(p) decreasing,
then:
Pa =[(0.98—k)™ +10(0.02+k)(0.98—k)°

,(1—K)"® +10k(1—-k)°]

and fuzzy probability of acceptance on
second sample is :

P =P(d, =2.d, =0)={45p*(L- p)* | s}
 f,(p) =45p* (- p)” 9)

Then with studying f,(p) function, we

will have the « —cut in the following
fashion:

[45¢ (1K) 45K +0.022(0.98-K)"]

17
!Od( -
S 15 (10)
[452(1-K)"0.1245
,E<k <0.123544
5” _ 15=
a [45k +0.02(0.98-k)*0.1245
0123544 <135
[45Kk +0.02%(0.98—k)"* 4% (1-K)™]
,3<k<o.98
15= =

Figure 2 represents that when the process
quality decrease from a very good state
to a moderate state, then the oc band will
be wider.

\ \\ fuzzy probability of
\ acceptance
on combined

fuzzy probability of
02k acceptance on first
samnle

I I I I I I L I T
0 005 01 015 02 025 03 035 04 045 05
k

Fig 2: oc band for a double sampling plan with

fuzzy parameter of N =10¢ =1, n,=5¢, =2

Using fuzzy arithmetic, and
simplification, p, and  tablel will
calculate.
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Tablel: fuzzy probability of acceptance with ¢;=1, n;=10, ¢,=2, n,=5

p Pa Pa Pa

[0,0.02] [0.9838,1] [0,0.0138] [0.9976,1]
[0.01,0.03] | [0.9655,0.9957] | [0.003,0.0273] | [0.9928,0.9987]
[0.02,0.04] | [0.9418,0.9838] | [0.0138,0.0423] | [0.9841,0.9976]
[0.03,0.05] | [0.9139,0.9655] | [0.0273,0.0577] | [0.9716,0.9928]
[0.04,0.06] | [0.8824,0.9418] | [0.0423,0.0725] | [0.9549,0.9841]
[0.05,0.07] | [0.8483,0.9139] | [0.0577,0.0858] | [0.9341,0.9716]
[0.06,0.08] | [0.8121,0.8824] | [0.0725,0.0974] | [0.9059,0. 9549]

5. Fuzzy average sample number
(FASN)

The main advantage of double sampling
plan is the reduced average sample size,
required to arrive to a good decision. In
this plan sample number (SN) can be n;

or ny+n,. Py is the fuzzy probability of

drawing a " first " sample only , which
occurs when arriving at a decision at the
first sample (with fuzzy probability

P(d,<c,ord, >¢c,)).  the  fuzzy

probability |5,, of having draw a second
sample, totaling a size of n;+n,, occurs
when we had an “inconclusive”
outcome from the first sample (with
fuzzy probability P(c, <d,<c,)).

The FASN is calculated following the
definitions fuzzy mean:

FASN = zgy[e]={n.p, +(n, +n,)py |}

(11)
Where, as before, S denotes the
statement
“piepleli=11,p +p, =1".

Hence we get

FASN={n, +n,p, [s}
Example4.

Let thatc, =0,c, =1,n, =10,

n, =10and a, =0.01,a, =0.02thenFASN

isasfollows

pla]=[k +0.01z,k +0.02 - 0.01«]

FASN = {10+100p (1-p) °| s} then « -
cut is:

Table2: FASN in terms of different P and «

OXk 0

0.01 0.02

0 [10,11.67] [10.91,12.28] [11.67,12.77]
0.25 [10,11.49] [11.12,12.14] [11.83,12.66]
0.5 | [10.48,11.3] [11.31,11.99] [11.99,12.54]
0.75 | [10.7,11.12] [11.49,11.83] [12.14,12.41]

1 [10.91,10.91] [11.67,11.67] [12.28,12.28]

7

Proceedings of the 11th Joint Conference on Information Sciences (2008)

Published by Atlantis Press

© the authors



[FASN*, FASN**]

,0<k <0.08
[FASN*13.874]

,0.08<k <0.09029
[FASN**13.874]

,0.09029<k <0.1
[FASN** FASN*]

,0.1§k <0.98

FASNa] =

where
FASN=10+100k +0.01) -k —0.01)°

andFASN*=(10+10Qk +0.02—0.01c)
(0.98—k—0.01)°)

Figure 3 shows FASN band for double
sampling plan. If the process quality is
very good or very bad, then the lot will
be accepted or rejected respectively by
the first sample. As a result, the size of
the plan sample will be of lower values,
and if the process quality is moderate,
then in most case, as to the decision on
accepting or rejecting the lot, a second
sample should be selected which will
lead to an increase in the size of the plan
sample.

Fig 3: fuzzy average sample number for a
double sampling plan with parameter fuzzy
of,¢;=0,c,=1, n =n,=10

6. Conclusion

In the present paper we have proposed a
method for designing acceptance double
sampling plans with fuzzy quality
characteristic. These plans are well
defined since if the fraction of defective
items is crisp they reduce to classical
plans. As it was shown that oc curves of
the plan is like a band having a high and
low bounds. In this plan if the process
quality is very good or very bad, then the
fuzzy average sample number will be of
lower values.
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