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Abstract. Constructing integrable systems is a significant direction in soliton theory. In this paper, a
new system of nonlinear differential-difference equations with variable coefficients is derived by
introducing some derivable functions to the corresponding discrete spectral problems. In order to
give some special cases of the derived differential-difference equations, three reductions are obtained
which include Hirota’s lattice equations as special cases. The processes of constructing such a system
of variable-coefficient differential-difference equations and obtaining its reductions provide with a
necessary help for the beginners.

Introduction

Soliton equations are a kind of special nonlinear partial differential equations, one important property
of such type of equations is the existence of so-called soliton solutions (stable waves) which spread in
time without changing their size or shape and interact with each other in a particle-like way [1]. There
is a close relation between the existence of soliton solutions and the integrability of equations, the
known research results show that all the integrable systems exist soliton solutions [2, 3]. With the
development of soliton theory, constructing integrable systems becomes a significant direction in
nonlinear science [4-14]. What is integrable? there is still not a unified concept. Several
integrabilities have been defined, such as Lax integrability, Liouville integrability and Painlevé
integrability. Generally speaking, one should indicate the system is integrable in what sense.

Since the variable-coefficient systems could describe more realistic physical phenomena than their
constant-coefficient counterparts when the inhomogeneities of media and nonuniformities of
coundaries are taken into account [15, 16], we shall construct in the present paper a system of
nonlinear differential-difference equations with variable coefficients.

Derivation
Firstly, following the steps in [17] we consider the discrete spectral problems

_ _ 1
Drna = (1_TnSn) 1(2 + RnSn)qol,n + (1_TnSn) l(Qn +;Sn)¢2,n ' (1)

_ 4,1
Do ni1 = (1_TnSn) 1(Rn + ZTn)wl,n + (1_TnSn) 1(;+TnQn)¢2,n ' (2)

with ¢, and ¢, satisfying the evolution equations

0
_gol,n = Amqol,n + Bn(pz,n ' (3)
ot
0
E¢2,n = Cn¢l,n + Dn(pz,n . (4)
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. . . . . o
Introducing shift operator E defined by E(p, )=, ,,,and using the relation %(Egom)zE(%)
for i=1,2, we have

%(Egoln) :[(1_Tnsn);l(z + RnSn) + (1_Tnsn)7l(z + RnSn)t + (]'_-I—nsn)A(Z + Rnsn)ph
HL-T,8,) (@ +78.)C i, +1A-T,8,) (24 RSB, +(A-T,8,)A(Q, +8,)

HL-T,S)H(Q +2R) +(-T,8)(Q +25)D ] ©)

B 0, =[0-T8,) 2+ RSIAL +A-T8,) 'R, + 718,10,

HE-T,8,) (@ +25)AL +A-T,8) *C+QTB, I (6)
%(E(ﬁz,n) = [(1—TnSn);1(Rn +2T,) + (1—TnSn)71(Rn +2T,), + (l—TnSn)fl(Rn +T)A,

HL-T,8) C+QTIC I, +I0-T,S ) E +QT)+ A-T.8) Q)

HL-T,S) (@ +2R) +A-T,8)(Q +25)D ] ™

E(%q)Zn) = [(1_Tnsn)’1(z + Rnsn)Cn+1 + (1_Tnsn)fl(Rn n ZTn)Dm_l](Dlyn

_ 1 4,1
+[(1_Tnsn) l(Qn +;Sn)Cn+l + (l_TnSn) 1(;+ QnTn)Dn+1](/)2,n : (8)

Further taking

A =a®()+2a? (1), B, =b(t) +%bn“> (t), C, =c? () +xcP(t), D, =d (1) +%d§1’ ®, 9)
then using Eq. (9) to collect the coefficients of z with same order in Egs. (6-9) yields

2> AP () =0, aPMOT, =cO (1), (10)

27 dP (S, =b (1), A,d7 (1) =0, (11)

Zl br(10) (t) = ar(11+)1(t)Qn 1 brEO) (t)Tn = Crgjfl(t)Qn 1 (12)

27 (1S, =b Y (MR, ¢ () =dY (DR, (13)
from which we have

al’(t)=a(t), ¢’ =aMT,, , b’ ®)=d®)S,., (14)

d (M) =d(®), bPM=a®Q,, c’t)=d®R,. (15)

If we select

drﬁii = a(l) (t)TnQn+l7 a‘r(li)l = d ) (t)Sn Rn+1 ! (16)
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the following system of nonlinear differential-difference equations with variable coefficients can be
obtained

R, =(@-R,Q)dM®T, —a®)T, ], (17)
S, = (=S, T)[a)Q, . —d(1Q], (18)
Q. =(1-R.Q)aMS, -d(®)S, ], (19)
T, =@-S,TIA®R,., —d(®)R,]. (20)

In particularly, when setting

R,=0, T, =1, Q =a(®)s,, S,=1-a(t)e,, alt)=d(1), (21)
Egs. (17-20) can be reduced as a generalized Hirota’s lattice equations with variable coefficients:
a'(t)
—a(t —a)-—2 22
ﬁn,t a( )(an—l an) a(t) n? ( )
2 a'(t)
an,t =a (t)an (ﬂn _ﬂml) _%an ' (23)

which including the known Hirota’s lattice equations [17]:

:Bn,t =0~ 0y, (24)
A = Q, (ﬂn _ﬂn+1) ' (25)
as special case as long as letting a(t) =1.
If setting
ﬁn = _Xn,t y Oy = gl ' (26)
from Egs. (22) and (23) we have
X1~ X, Xn =X a/ t
Bre ==X = AO)(E "~ ) +£xn,t, (27)
X, —X X, —X a' t X, —X
Ony = (Xn,l - Xn+1,t)e " = g (tyem (_Xn,t + Xn+1,t) _ﬁe " (28)

which can be reduced as

Xoq +a(t)(e 7 —e ) 4 am X, =0, (24)

a(t)

Xnt_xn+1t+3ai:0' (25)
’ oat(t)+a()

Integrating Eq. (25) with respect to t one, we have

1
VRN RS 0) G
Xn Xn+1 - IOg a(t) ’ (26)
then substituting Eq. (26) into Eq. (24) yields
a0, _o. 27)

Xyy +— =X, =
n,tt a(t) n,t
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Solving Eq. (27), we obtain a special solution of Egs. (24) and (25):

1
X, =co+clj'%dt. (28)
Conclusion

By introducing some derivable functions to the corresponding discrete spectral problems, a system of
nonlinear differential-difference equations with variable coefficients is derive. To the best of our
knowledge, this system of differential-difference equations has not been reported in literature.
Besides, three reductions of the derived system of differential-difference equations are obtained
which include Hirota’s lattice equations as special cases. How to employ the method used in this
paper to construct some other nonlinear differential-difference equations with variable coefficients is
worthy of study. This is our tasks in the future.
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