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Abstract. In view of the Economic Class of two-dimensional partial differential equation, a two 
dimensional scale function was chosen and was applied to the wavelet collocation method. 
Simultaneously, the two dimensional scaling basis function was proved satisfy the interpolate 
property. And according to two dimensional multi-resolution analysis theory, the approximate 
formulas of solutions for the Economic Class of the two dimensional differential equations were 
given. The two dimensional partial differential equations were separated by the wavelet collocation 
method and the system of ordinary differential equations was built. At last, the system of partial 
differential equations was solved. The result was better than the traditional Galerkin method and with 
higher precision.  

2-D Shannon wavelet collocation method 

Supposed the monadic function ( )xφ to produce multi-resolution analysis, but the monadic 

function ( )yφ  produces another multi-resolution analysis, then 
1
jV and

2
jV  tensor product accumulates 

the space with the
21
jjj VVV ⊗=  Because the basis of 

1
jV  was ( ){ }2 j x kφ − − ,but the basis of 

2
jV  is 

( ){ }2 j y lφ − −
,so the basis of jV  was ( ) ( )2 2j jx k y lφ φ− −− ⋅ − .The bivar function ( )yxf ,  may be 

introduced the 

symbol ( ) ( ), , , 2 , 2j j
j k lf x y f x k y l− −= − − Recording ( ) ( ) ( ),x y x yφ φ φ= ⋅ so ( ){ }, , , ; ,j k l x y k l Zφ ∈  was 

the basic of jV Then { }jV  forms a multi-resolution analys was in ( )RRL ×2
.But ( ),x yφ  was the 

corresponding scale function, take the Shannon scale function as the example, 

namely
( ) ( ) ( ) sin sin, x yx y x y

x y
π πφ φ φ

π π
= ⋅ = ⋅

The Figure 1. was produced by the tensor product of the 
two-dimensional Shannon scale function.  

 
Fig1． 2-D Shannon scale function 
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1.1. The structure of basis function and its characteristic 
Considering the two-dimensional function ( )yxf , ,and taking the two-dimensional Shannon scale 

function to as the basis function, Because the  situation of evenly discrete was more convenient than 
the non- even discrete. Therefore according to the multi-resolution analysis theory to the 
function ( )yxf ,  in its definition domain[0 , ] [0 , ]l l×

( )0l >  to carry on the even discrete., and the 

unit grid size records for j

l
2

=∆  ( j was suitable integer),  

∆= mx m ， jm 210 ，，，=  
∆= ny n ，  jn 210 ，，，=  

Definition basis function was 
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Meanwhile  
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Theory 1.1.   The basis function was satisfied the following properties： 
1. Interpolation  ( )j i k ikw x x δ− =                    

2. Orthogonality   j i j k ikw x x w x x dx δ
+∞

−∞
− − = ∆∫ （ ） （ ）  

3. Regeneration  For any positive integer n  satisfing 
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Proof Here interpolation Clearly, we only proof orthogonality and Regeneration. The Fourier 
transform of basis function ( )ij xxw −  was 

 
Parseval identical equationconcludes  
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Using interpolation concludes dxxxwxxw kjij∫
+∞
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−− ）（）（

ikσ= ∆ Similarly, Parseval identical 

equation was concluded 
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Theory1.2.   the basis function ( )
11

,
,, nmnmj yxw  was satisfied the interpolation nature ,namely 

( )
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Proof           
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1.2. The discrete forms of two-dimensional partial differential equations 
The Economic Class of the two-dimensional partial differential equation 
   ( ) ( , )L u f x y=                                                                                                                              (1) 

2 2 2

2 22 ( , )u u u u uA B C D E Fu f x y
x x y y x y
∂ ∂ ∂ ∂ ∂

+ + + + + =
∂ ∂ ∂ ∂ ∂ ∂

 

Theory1.3   the approximate solution of ( ),u x y is ( ) ( ), ,j ju x y V x y∈ and may express is 
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                                                                                        (2)       

and ( ),ju x y  converges ( ),u x y . 
the theory 1.2. was spreaded in where has published in Harbin University of Science 

andTechnology journal which was published in 11th volume 1st issue the center article the 
two-dimensional situation promotion, its proof was omitted. Making use of formula (2) was used 
wavelet collocation method to obtain its discrete form to formula (1),namely 
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,2,,2,1,01
jk = jk 2,,2,1,02 = . 

If the system of equations were solved, then we may obtain the approximate solution of 
two-dimensional partial differential equation (1) may be obtained. 

1.3. Numerical computation of the example 
Considering the two-dimensional ellipse partial differential equation. 

( ) ( ) ( )
( )

, 0,1 0,1

0 ,

u f x y

u x y

−∆ = ∈Ω = ×


= ∈∂Ω

 

including ( ) ( ) ( )2, 8 sin 2 sin 2f x y x yπ π π= Its analytic solution was ( ) ( ) ( ), sin 2 sin 2u x y x yπ π=  
Its Figure of analytic solution was Fig2. 

 
Figure2                                                     Figure3 
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Figure2． analytic solution of wavelet collocation method when 6=j Figure3. was the numerical 
solution of wavelet collocation method when 6=j .Figure 3．the numerical solution of wavelet 

collocation method when 6=j Figure 4. was the numerical solution of traditional Galerkin method. 

 
Fig 4．the numerical solution of traditional Galerkin method 

Through the computed result chart, the two-dimensional wavelet collocation method obviously 
very well, Although it has the certain error with the analytic solution, the result is better than the 
traditional Galerkin method , moreover,it is more convenient and suitable. 

2. Conclusions 

Using the two-dimensional Shannon wavelet collocation method to discrete the Economic Class of 
two-dimensional partial differential equation, a group ordinary differential equation were succinctly 
obtained, thus will be reduced the difficulty to the partial differential equation.the result was better 
than the traditional Galerkin method .Obviously the resultwas satisfied. 
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