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Abstract. In this paper, textural features of natural image are researched from the perspective of
highly nonlinear approximation theory, in view of the characteristic that a contour of natural image
is composed of piecewise regular geometrical curves of the image plane. According to nonlinear
approximation theory and multi-scale geometric analysis method, a dictionary based on Contourlet
basis function is also proposed in this paper. This dictionary approximates texture area of image by
using Orthogonal Matching Pursuit (OMP) method. Experimental results show that Peak Signal to
Noise Ratio (PSNR) and Sparsity Ratio (SR) of nonlinear approximated images can be improved
effectively by using the proposed dictionary.

Introduction

In the fields of signal and image processing, pattern recognition and computer vision, highly
nonlinear sparse representation of image is a basic and core problem. As an important research
content of image processing, image approximation is attracting the attention of many researchers
and has obtained significant achievements in recent years.

For traditional image sparse representation, most dictionaries are based on Wavelet basis
function, and the quality of sparse representation is determined by characteristics of Wavelet.
During sparse representation, Wavelet basis function can deal with "point singularity” function
effectively [1] [2]. However, it can not obtain optimal nonlinear approximation for the function
which is "line singularity”. A Wavelet dictionary is the linear combination of functions which are
selected from a set of Wavelet basis functions according to certain rules, and used to represent and
approximate a signal. Therefore, the Wavelet dictionary can not represent images optimally. In order
to describe direction information of two-dimensional function with "line singularity”, many
multi-scale geometric analysis methods are proposed. Such as Ridgelet transform [2] [3] and
Curvelet transform [4] which are proposed by D.L.Donoho, Bandelet transform [5] proposed by
E.LePennec and S.Mallat, Contourlets transform [6] and improved Contourlets transform [7]
proposed by M.N.Do and M.Vetterli. These new methods have better nonlinear approximation
ability than Wavelet in theory. However, a basis function dictionary which is composed of Wavelet
and Ridgelet [8] can only deal with "point singularity” and "straight line singularity™ effectively but
not good at curve singularity of the natural image. As for the construction of dictionary, K-SVD is a
popular method [9] which is based on machine learning. It can keep the completeness of sets and
search the appropriate dictionary and representing method at the same time. However, its major
disadvantage is that this method should adjust the classifications of samples and calculate the
adjusted center of cluster continually. When the data is large enough, the time consumption is also
large. Therefore, K-SVD can not obtain the optimal approximation effect for the complex natural
images.

The characteristics of Contourlet transform are not only multi-resolution and time-frequency
locality of time and frequency domains like Wavelet, but also strong directionality and anisotropy.
Contourlet transform combines straight line features of multi-scale Ridgelet and point features of
Wavelet, and also takes full advantage of multi-scale analysis to obtain sparse representation of
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smooth and edge areas. It can get better effect when dealing with the edge areas and keep detail
information of the image.

From the perspective of highly nonlinear approximation theory, a suitable Contourlet
overcomplete dictionary aiming at high-dimensional functions with a variety of features is
constructed according to the characteristics of Contourlet basis function in this paper. Meanwhile,
combined with the Orthogonal Matching Pursuit (OMP) [10] sparse representation algorithm, a new
model of complex natural image sparse representation is established. Comparing with multi-scale
Ridgelet dictionary [11] and Wavelet dictionary [12] [13], the proposed dictionary has better
representation in the aspect of curve singularity, and can improve Peak Signal to Noise Ratio
(PSNR) and Sparsity Ratio (SR) of image significantly. Moreover, it has little limit and can
represent the most of natural images.

Contourlet Transform and Basis Function

As shown in Figure 1 (a), it is the process of two-dimensional Wavelet approximating curve
singular of a two-dimensional signal. The support area of two-dimensional Wavelet is a square. The
higher the resolution is, the smaller the square is. At the same time, the number of Wavelet nonzero
coefficients becomes exponential growth and has the performance that it can not represents the
original two-dimensional signal “sparsely”.

The "strip property™ of the geometric regularity is used as a support interval of the basis function,
in order to approximate singular curves by the minimum coefficients. Contourlet transform is one of
these multi-scale geometric analysis methods. The process of approximating a singular curve by
Contourlet is shown in Figure 1 (b).

(a) A curve represented by Wavelet transform (b) A curve represented by Contourlet transform
Fig.1. The approximation of singular curve
The filter bank structured by Contourlet transform is shown in Figure 2. When the low pass filter
and directional filter of this structure are orthogonal and completely reconstructed, its discrete
transform can achieve perfect reconstruction and has a redundancy less than 3/4.
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(a) Filter bank structured by Contourlet (b) Division of frequency domain of Contourlet

Fig.2. The principle of Contourlet transform.
Considering the acquisition of filter system function, the unit impulse signal is &(j,k) and the

system function is g( j,k). The unitimpulse response y(j,k) is:
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y(i.k)=6(i.k)*g(j.k)
- f:f:é(m n)g(m-j, n—k)dmdn’

and its Fourier transform result is:

Y(p.q)=G(p.q) .

1)

Where Y (p,q) and G(p,q) are Fourier transform of y(j,k) and g(j,k) respectively. It
is shown that the unit impulse response Y(p,q) IS as same as the system transfer function
G(p.q).Therefore, a two-dimensional Contourlet basis function g( j,k) can be calculated by the
inverse transformation of Y (p,q).

Establishment of Overcomplete Dictionary and OMP Algorithm

There are two main problems of image sparse representation based on over complete dictionary.
One is how to select the dictionary which can represent the characteristics of image the best. The
other one is how to choose the sparse representation algorithm which can represent the image
effective and fast.

Considering the signal in space R", the elements in the dictionary are served as columns of
matrix and form a matrix W whose size is nx p. Therefore, a signal x e R" can be expressed as
a linear combination of the elements in W . When n< p, the number of atoms which are used for

representing a signal is larger than the dimension of the signal. In this case, the number of columns
is greater than rows and the dictionary W is called as a “over-complete dictionary”.

Given an over-complete dictionary matrix D e R™ . Each column of it represents an atom of the
original signal. A given signal y can be expressed as a sparse linear combination of these atoms,

denoted by y=Dxor y = Dx,satisfyingJy—Dx[]_,.The over-completeness of dictionary reflects
in that the number of atoms is far greater than the length of signal vy, thatis n[] k.
Given a set D ={g,,k=1,2,...K}, and its elements are unit vectors of H=R" in whole

Hibert space, where K> N. The set D is called as an atomic library, which is also called as a
dictionary. For any signal f e H in this space, it is can be decomposed by selecting | atoms

adaptively in the library:
f=>cg,. (3)
rel
Where, |, is the subscript of g,, and |is sparsity degree. The optimal subset composed of |
atomsin D is:

B =span(g,,» €1,). (4)

The approximation error is defined as:

o, (f, D)=inf || f | (5)
f

OMP algorithm is proposed by Pati and Davis firstly [14]. Its decomposition steps are as follows:
(1) Calculating the inner product of the signal yand atoms of each column in dictionary. The

atom whose absolute value is maximum is selected as the best match atom of y in this iteration,
named as x . It satisfies |<y,x >|=sup,, ,|<Yy,x>|, where r, represents an index of
columns of the dictionary matrix. Therefore, y can be decomposed into the vertical projection of
x, and residual value, thatis y=<y,X,>X,+Rf.

(2) Decomposing the residual value by using the same step above. R f=<R, fX,,, >+R,f
can be obtained in step k, where x,,, satisfies [<R, f,x,,, >=sup,., , | R % |. Itis shown that
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the signal y is decomposed as y = Z;o <R fx_>R f+R,_ f after ksteps, where R,f=y.

Experimental Results

In the experiments, standard images and natural photos are nonlinear approximated by Wavelet
Basis Dictionary (WBD) and Contourlet Basis Dictionary (CBD) separately, and Sparsity Ratio (SR)
of each method are compared.

Approximation of “Cameraman” which is 256x256 is shown in Fig. 3. The original image as
shown in Figure 3 (a) is approximated using OMP algorithm, and the number of Iteration is
k=200. The size of dictionary is 256x1024 which means it contains 1024 atoms. The
approximation results by WBD and CBD are shown in Figure 3 (b) and (c). It is shown that the
sparse representation by WBD is not good enough and has lower PSNR, because Wavelet is not
good at two-dimensional image which has “line singularity”. While CBD can’t only deal with both
“point singularity” and “straight singularity”, but also represent “curve singularity” of image.
PSNR of CBD is also improved obviously. Local enlarged images are shown in Figure 3 (d) to (f).
It is obviously shown that the dictionary proposed in this paper has better approximation effect and

less noise than WBD.
Original Image: Wavelet Sparsily image Contourlet Sparsily Image

(b) Approxitio |ge b BD (©) approxition image byD
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Fig.3. Approximation results of Cameraman.
Sparsity Ratio (SR) is defined as SR = The total number of pixcls of the image

The total number of image coefficients

It has a certain corresponding relationship with threshold value (THR). That is the sum of all
pixels which represent coefficients of image is the total number of the pixels which are larger than
THR in the image processed by Wavelet or Contourlet Transform. For example, the relationship of a
256x 256 image is shown in Figure 4.
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Fig.4. The relationship between SR and THR.
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Moreover, CBD is robust for natural photos. Experimental result is shown in Figure 5. It is
shown that the dictionary proposed has better approximation result than WBD with the same THR.
While, by using the same CBD, the smaller the THR is, the fewer pixels are used for sparse
representation and the smaller the PSNR is. Therefore, the quality of approximated image is better.

Ongmnal Image Wawelet Sparsily Image Contowrlet Sparsity Image Contowrlet Sparsity Image

(b) WBD (THR=0.22) (c) CBD (THR=0.22)  (d) CBD (THR=0.235)

Orignal Image: Waelet Sparsity Image Contowrlet Sparsity Image Contourlet Sparsity Image

(d) Local image of (a)  (e) Local image of (b) (f) Local image of (c) (g) Local image of (d)
Fig.5. Approximation results of Beach.
PSNR with different THR of some images are shown in Table 1. It is shown that the proposed
dictionary has better PSNR obviously than WBD in a fixed THR.
Table 1. PSNR of approximated images.

Images Threshold PSNR of WBD PSNR of CBD
(THR)
Cameraman 0.22 39.9203 41.4108
0.235 37.9334 41.6363
0.25 34.6432 37.4152
Beach 0.22 37.8103 40.2479
0.235 36.8164 40.2234
0.25 32.7244 36.3537
Lena 0.22 38.8467 40.9560
0.235 37.5695 40.6638
0.25 33.9672 37.2062
Boat 0.22 37.4578 39.9585
0.235 36.3471 39.8979
0.25 32.4843 36.13258
Waterfall 0.22 38.6981 41.7236
0.235 37.7168 41.4988
0.25 34.0227 38.0511
Conclusion

Contourlet transform provides a flexible and multi-resolution orientation decomposition method
of the image. It allows different number of directions of decomposition on each scale, and the final
approximation result is similar to the basis structure of Contour segment. According to this
characteristic, a dictionary based on Contourlet basis function is proposed in this paper. This
dictionary can deal with not only "point singularity” and "straight singularity” but also *“curve
singularity” and has good approximation performance. Through the proposed dictionary combined

1317



with OMP algorithm, not only in the approximated image obtains better result of nonlinear
approximation and has greatly improved sparse representation capability than traditional methods.
Because of the advantages above, the proposed dictionary is advantageous to the practical
application and next research stage.
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