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Abstract. In this paper, we consider the quasilinear Schr ¢ dinger equation with critical growth
—Au — AUAU® +V (X)u = |u|22 Cus g(x,u), xel".Weemploy the perturbation approach developed

by Xiangging Liu [9] and the generalized linking approach and obtain the infinitely many
geometrically distinct solutions.

Introduction and Preliminaries
In this paper, we study the following quasilinear Schr 6 dinger equation with critical growth
—Au — AUAU® +V (X)u :|u|22 u+g(xu), xedV, (1.2

where 1>0,2" :%(N >3),geC("x0,0) and VeC(",00), whose weak variational

formulation is to look for ue H*(0 )N L*(C ") such that
L VUV pdx + 2/1J.] L(UVuVe+ |Vu|2 Ug)dx + j[ V (X)ugdx —L . |u|22  Ugdx —'[D Lg(x,u)pdx =0

forall pe H'QMYNL"OY).
When A =1, the following quasilinear Schr 6 dinger equation
—Au+V (X)u—-AUu=g(x,u), xed", (1.2)
has been studied recently by several authors, see [2,3,6] and the refferences therein. Solutions of
equation (1.2) are standing waves the following quasilinear Schr ¢ dinger equation of the form

iy + Ay =V (Qy + kA @y e (v v +9(x ) =0, xel™, (L3)
whereV (x)is a given potential, k is a real constant, « and g are real functions. The quasilinear
Schr 6 dinger equations (1.3) are derived as models of several physical phenomena, such as see[8,

11]. It begins with [10] for the studies on mathematics. Several methods can be used to solve the
equation (1.2) , such as, the existence of a positive ground state solution has been studied in [14] by
using a constrained minimization argument; the problem is transformed to a semilinear one in [1, 2]
by a change of variables; Nehari method is used to get the existence results of ground state solutions
in [12]. In [4], by a dual approach (precisely, a change of variables), an existence theorem for
infinitely many periodic orbits of solutions for the equation (1.2) was obtained.

In this paper, our aim is to search the existence of infinitely many pairs of geometrically distinct
solutions for problem (1.1) via the perturbation approach due to [9].

We need the following several notations. LetH' (0 M) == {u cel’O"):Vuel’ (D N)} with the inner

product (u,v), . :I[N (Vuvv+uv)dx and the norm |ulf’, =.|']N (Vul* +|uf)dx . Let the following
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assumption (V) hold:
V) VeC@",0),0<V, = inf V(x) and V (x,,---, Xy )is 1-periodic inx,i=1---,N.
xell
SetE =H'(U")NW"* ([ ") with the norm |u]_ =|u
Banach space. The following embeddings are continuous: E — L* (0 "), s €[2,22"] ,where we denote
by ||,the norm of L*(0 ™). The following embeddings are compact: E — L°(0 "), s €[2,227).
Moreover, we need the following assumptions:
(9,) LetgeC( N x0,0), g(X, -, Xy,S) bel-periodicinx ,1<i<N, g(x,s) isodd ins.
(g,) there exists4 < p < 22"such that |g(x,t)| < C(1+|t|p'l) forall (x,t)e 0™ x0 .
(9;) 9(x,t) =o(t) uniformly inxas [t| > 0and tg(x,t)>0forall (x,t)e " x[ .

(9,) ‘Jim G(t)i’t) = +oouniformly inx 0 ™ , where G(x,t) = j;g(x,s)ds.

H! +||U

Vv1,‘,(LN).Then E isaseparable reflexive

(95) tg(x,t)—4G(x,t) > stg(x,st) —4G(x,st), V(x,t) el " x[1, Vse[0,1].
The equation (1.1) is the Euler-Lagrange equation of the energy functional

Jw=21,

2 1 2 1
vuf xS [ LV (out 2207 [Vu )k - [

For < (0,1], letJ,(u) :%QL L(vu[* +u*)dx+ 3 (u) . Similar to Lemma 2.1 in [5] we can

u|22* dx—fL _G(x,u)dx.

proof that J and J,, e C*(E,[1) .

Let = denote the action of Z" on H*(0 V) given by (k *u)(x):=u(x—k),k € Z" . Set
O(u):={k=*u:kezZ"}.0O(u)is called the orbit of u with respect to the action of Z" .Under the
assuming conditions, if uis a solution of (1.1), thenso isk *uforallk e Z" . If
u, e H@ " )YNW** (O ") is a critical point of a functional F and F isZ" -invariant, i.e.
F(k*u)=F(u)forallk e ZMandallue H*(C ™)NW**(0 "), thenO(u,) is called a critical orbit of F .
Two solutions u,,u, of (1.1) are said to be geometrically distinct if O(u,) = O(u,).

A sequence{u }c Eiscalled a P. S. sequence of J if {J(u_)}isboundedandJ(u,) -0 inE". We

say that J satisfies the P. S. condition if every P. S. sequence possesses a convergent subsequence.

The main result of this paper is the following.

Theorem 1.1 Suppose that (V) and (g,) - (gs) are satisfied. Then the equation (1.1) admits
infinitely many pairs +u of geometrically distinct solutions.

Remark 1.1 For the case of non-critical growth, notice that (g.) is weaker than the following (g;)".
Hence, our Theorem 1.1, at the case A =1, improves Theorem1.1 in[4], and our method is different

. g(xt

from[4]. (g;) g(t3 )
Throughout the paper, C, c, C, and c, express distinct constants.

IS non-increasing on (—oo, 0) and non-decreasing on (0, ) .

The proof of the main result

To begin with, we define, for each fixed 8 € (0,1], M = M () ={u € E\{0}: <J9'(u),u> =0}. For

anyu € E\{O}andt >0,seth(t):=J,(tu).
We divide the proof of Theorem 1.1 into the following Lemmas.
Lemma 2.1 For eachu € E \{0},there exists an unique t, > 0 such thath(t,) = maxh(s),

$>0
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h'(t)>0for O<t<t,and h'(t) <0 for t, <t. Moreover,tue M ifand only if t=t,.
Proof. For any e >0, by (g,)and(g,), there existsC,_ > 0such that
lg(xu)| <elul+C, Jul" |G u)| < efuf +C, |ul”, V(x,u) el x[1. (2.1)
Hence h has a positive maximum and there exist a t, > 0 such thath'(t,) =0andh’(t) >0for0 <t <t,.
We claim that h'(t) =0 for allt >t,. Indeed, if the conclusion is false, then, from the above
arguments, there exists a t, <t, <+oo such that h'(t,) =0 and h(t,) > h(t,) . But(g;) implies that

1 . 1
ht,) > ZtuzJ'L N [ u|22 dx +L ) {Zg(x,tuu)tuu —G(X,tuu)}dx =h(t,).

This is a contradiction. This claim is proved.

u

2 2 1 2
vu" +V (x)u de+2Ntu ILN
The second conclusion is an immediate consequence of the fact that h'(t) :t1<Jg' (tu),tu>. This

completes the proof of Lemma 2.1.
Lemma 2.2 (1)There exists a p > 0such thatc(8) = in& J,(u) = insf J,(u)>0and there exists a

constant &, > Osuch that|u|_ > &,for allue M ,where S :={ueE:|u. = p}.
(2)There exists a positive number ¢, independent of &such that c(8) > 9, .

Proof. Forany p >0, if ue E with|u|_ < p, then L ) u2||Vu|2 dx < p* .Hence for small p >0 and

< \{TO by (V),(9,),(9,) and the Sobolev inequality, one has

J, () Zg'[ﬂN (|Vu|4 +u4)dx+%LN 1+ 2/1u2)|Vu|2 dx+%LNV(x)u2dx
1
22
Whenever |Ju|_ < . Forany ueM , Lemma 2.1 implies that J, (u) = max J, (tu) . Take a s >0 with

LN |u|22* dx—L L (eu?+C Ju

’ 0
[ )dx =l +Coluly = C@ul
sueS,. ThenJ,(u)>J,(su) > inSf J,(v)>C(8)p" >0 and hence c(0) = Ln& J,(u)= jnsf J,(v)>0.

Moreover, for each ue M , by(g,), one has c(6) £C3(||u||‘; +||u||2E). Hence there exists a constant
8, > 0such that |jul. > 5, forallueM .

1
Further, forany p >0, if ue E witha(u) =|u|,. + (J‘D Lu? |Vu|2 dx)* < p, then J'D Ju? |Vu|2 dx < p*.
Hence for small p, >0and ¢ < \{TO by (V),(9,),(g,) and the Sobolev inequality, one has

Jy(U)=C(|u

2H1 +J'LN u2|Vu|2 dx) whenever a(u)< p,. For anyueM ,Lemma 2.1 implies that

J,(u) = max J,(tu). Take as > O0witha(su) = p,. ThenJ,(u) = J,(su) z%p;‘ =0, >0, hence

c(0) = o, . This completes the proof of Lemma 2.2.
Lemma 2.3 J, is coercive onM ,i.e. J,(u) > +o0as [|u]. > o,ueM.
Proof. Arguing by contradiction, suppose there exists a sequence{u,} < M , such that||un||E —
and J,(u,) <d for some d <0. By (g;)and(V), one has

d> Jg(un)—%<\]9'(un),un> Z%min{l,vo}jr (v, +|un|2)dx+%_|'HN |un|22* dx .

Hence{]|un||H1}and{]|un||L22*(RN)}are bounded. By interpolation, {u }is bounded in L°(0"),2<s<22".
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Consequently, by (2.1), there exists a constantC, > 0such thatUr L G(x, un)dx‘ <C,, hence

J,(u)>— ||u ||W14 —C, which |mpI|es—||u |

.« <d+C <oo. Consequently {Ju,||_} is bounded, a

contradlctlon. This ompletes the proof of lemma2.3.
Lemma 2.4 Let D c E \{0} be a compact subset. Then there exists a R > 0such thatJ, <0 on

(0 "D)\ B, (0) ,where B, (0) = {u eE:ju,|. < R} .

Proof. Arguing by a contradiction, suppose that there exist equences{u.}— Dand {t.} <[ " such
that J,(t,u,)>0 and t, -+ as n—>o .By the compactness of D , we may assume that
J (t

1 B 29" ..
)<C £22-2) [ dx— —e0, a contradiction.

u, >ueDand |u,[. <C. Hence 0< PTH t;

n

This completes the proof of Lemma 2.4.
Let S be the unit sphere in E . Define a mappingm =m(#):S — M and a functional

Y=¥():S >0 bym(u)=tuand¥(u)=J,(m(u)), where t,is as in Lemma 2.1. By Lemma 2.1,

2.2 and 2.4, similar to Lemmas 3.6-3.8 in [4],we can prove the following Lemmas 2.5-2.7.
Lemma 2. 5 The mapping m is a homeomorphism between S and M , and the inverse of m is given

Lemma 2.6 (1)‘PeC1(S,D )and for eachueS, one has(¥’'(u),z) = |m(u)|. (3", (m(u)),z) for
allzeT,(S), whereT, (S) is the tangent space of S at pointu .
(2) If{u,}is a Palais-Smale sequence of ¥, then{m(u,)} is a Palais-Smale sequence of J, . If

by m™(u) = 7

u}< M is a bounded Palais-Smale sequence of J,, then{m™(u_)}is a Palais-Smale sequence
n 4 n

of V.
(3)uis a critical point of ¥ if and only if m(u) is a nontrivial critical point of J,. Moreover, the

corresponding values of ¥ and J, coincide and irgf Y= irh}f J,. (4)1If J,iseven, thensois V.

Lemma 2.7 The mapping m defined in Lemma 2.5 is Lipschitz continuous.
Lemma 2.8 c, (0) is a critical value of ¥ .

Proof. If ¢, (0)is not a critical value of ¥, then foranyw e S, one has W (w) = ¢, (9) or ¥'(w) =0.
Hence there exists 5 > 0 such that N {WE S:|¥(wW)—c (0)|< 8, ¥'(W)|.- <5} .
Otherwise, there exists a sequence{w,} = S such that W(w,) — ¢, (¢) and |¥'(w,)[.. — 0. Set
u,=m(w,). Then, {u.}=M is a(PS), ,, sequence of J,. By Lemma 2.3 the sequence{u,}is
bounded in E . Hence, up to a subsequence, one has u, —** >u inW**(J ") and H(J"). Notice

(O") for allse[2,227) and u, (x) > u(x) ae xell".By

loc

that 22" < N4N2 , one has u, —»uinl;

weakly convergence, one has ID Jvufdx> ZL _Vu_ - Vudx —J'D Jvul dx = JD Jvul dx+0,@
and o, (1)=(J;(u,)-J;(u).u, —u)

>CO||u, —u||3vl‘zl +C|u, —u||2H1 +22 . ( |u|2).Vu -V(u, —u)dx

2 90,90l [ 0,

—L Jaxu)—g(xu)]- (u, —u)dx

whereo, (1) » 0asn — o. Hence, by H¢ Ider inequality and the boundedness of{u, }inE, one
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has
Co|u, —u||\i,1,4 +C|u, —u||i|1 <0,(1)+C,|ju, —ul,» + L (g(x,u)|+]g(xu))-|u, —ujdx.  (2.2)
Foranye >0, by(9g,),(g,) and the boundedness of {u, }inE, there exist constantsC > 0 and

C, > Osuch that L au)|+|g(xu) |u, —uldx < &C|u, —u|_ +C, |u, —ul,, - (2.3)
Combining (2.2) and (2.3) we know that for any & > 0, there exist positive constants C and C, such that
COu, —u[} .. +C|u, —ul},. <0,@)+£C|u, —ul, +C, Ju, —ul,, - (2.4)

If |u, —ul,, does not go to 0 asn — o, then, by Lemma 1.1 in [7], up to a subsequence, there

exists &, > 0 such that sup La( )|un —u[* dx > &, .Hence there exists y, (1 such that
y

yel N

2 2 . . .. .
IBl(yn)|Un —uf dx= max Bl(y)|un —u|" dx > &,. By the assumptions of periodicity, we can assume{y, }is

bounded in . Consequently, there exists a bounded domain Q < [J M such that
Uun —uf dx> IBI( )|un —u[* dx > &,, a contradiction. Hence |lu, —uf. —0asn — . Consequently,
Yn

by (2.7),u, > uinE, and hence uis a critical point of J,and J,(u) =c, (&) . Moreover, by Lemma
2.7 we know that ue M , and hence Lemma 2.5 impliesw:=m™(u) € K., () @ contradiction. This
shows N, =9 .Therefore, by Remark 11.3.12 in [13], there exists &, >0 such that for any
0< & <& <&,, there exists a continuous 1-parameter family of homeomorphisms 7(t,-) of S,
0<t<oo, with the properties: (1°) n(w,t)=w, if t=0, or¥'(w) =0, or |¥(w)—c,(0)|>&;
(2°) ¥(57(w, 1)) is non-increasing in t forany we S ; (3°) n(¥*@* 1) c ¢« ;
(4%) n(s)on(,t)=n(,s+t) foralls,t>0;  (5°) n(w,t)is odd inwfor t>0.

Moreover, by N, ; =@ we know that there exists 0 < &, < g, such that ' EZifij NK = .For each
we P« by the property (3°) of 77 we know that ¥ (7(w,1)) < ¢, (6) - &, . Let e =e(w) be the
infimum of the time for which ¥ (57(w,t)) <c, () —¢, . It is easy to see that e: ¥*?*% [0, +wx) is a

continuous mapping. Since ¥ is even, so is e. Define a mapping h: ¥*@*4 _ %4 py
h(w) :=n(w,e(w)).Thenhis odd and continuous. It follows from the mapping property of the genus

and the definition of ¢, (8) that k < y(W*®*2) < y(¥*@2) <k -1 a contradiction. This completes

the proof of Lemma 2.8.
Lemma 2.9 Let {6,}< (0,1] be such that §, —>0. Let u, €E be a critical point of J, with

Jy (u,) <c for some constant c independent of n . Then, up to a subsequence, we have
u —2 SsuinH'O "), u, Vu, — suvu in (O "),ue H'@")NL*@O ") is a critical point of
J and J(u)glirgligf Jy (U,).

Proof. As the proof of Lemma 2.3 we can prove that the sequences {|u,|..} {u,|,}
{IL ) un|2 |Vun|2 dx} {LN G(x,u,)dx} and {6, ||u,
and the interpolation, up to a subsequence, one has u, —**uinH'(1"),u, - u inL

loc

4
e

}are bounded. Hence, by the Sobolev embedding
@) for

se[2,227),u (x) > u(x)ae.xell ™. Up to a subsequence, lim JD Ju,—uf dx=0 vse[2,227).

By using Moser iteration we can prove u e L*(0 ") . Hence, by approximation we obtain
(J'(u),p)=0,VoeH' (O M)NL*("). This shows that u is a critical point of J .
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. a 22"
Moreover, one has  liminf J, (u,) ZZL“ u| dx
n—o0 n

2 1 2 1
vu| dx+ZLNV(x)|u| dX+(Z_

1
22’*)IL '

+_|-T ) [%ug(x, u) —G(x,u)]dx = J (u) —%(J '(u),u)=J(u).
This completes the proof.

Proof of Theorem 1.1 Take a sequence{,} — (0,1) with &, 4 0. Then for any fixedk ] , by
Lemma 2.9 we know that there exists a sequence{v, (n):n=1,2,---}of critical points for ¥ such
that W (v, (n)) =c, (6,) . Hence, for each nel]l , Lemma 2.6 implies that {u, (n):=m(v,(n))}is a
nontrivial critical point of J, and J, (u,(n))=c,(6,) . Notice that 6, <c,(d,)<c, (). Up to a
subsequence, we have, ash — o, v, (n) >V, U, (n) >u, =m(v, )inH'@ "), u,(n)Vu,(n) > u,Vu,
in 2O, enjLN (Vu ()] +u () )dx =0, 3, (u () > I(u)=¢ and u, e H'C )N O )
is a nontrivial critical point of J . By Lemma 2.6(3), v, is a critical point of V.

Now, set K :==U7, K., - Choose a subset F of K such that F =—F and each orbit O(u) K has a

unique representative in F . As proof of Lemma 2.11 in [15] we can prove that F is an infinite set.
Combining this with Lammas 2.6(3), we deduce Theorem 1.1.
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