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Abstract.

The concept that strict binary relation on free monoids is introduced, some
characterizations for strict binary relations is given, the ordering properties of the
set of all strict binary relations as well as some subsets of it are exhibited.
Moreover, it is proved that the independent languages of co-compatible

quasi-strict relations are codes.
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Introduction

This paper will introduce the concept of quasi-strict relations, some order
relations and codes, and discuss the relationship between independent language of
quasi-strict relations and code. At last prove a nonempty co-compatible

quasi-strict relation independent sets are code.
I. Basic notions and notation

Let X be an alphabet and let X be the free monoid generated by X .

Any element of X" is called a word over X and any subset A of X" is

X" =X"

called a language over X . Let — 1}, where 1 is the empty word.

We let lg(w) denote the length of the word W For any ABc X ,
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o AB={ablac AbeB} A non-empty language AS X is called a
code if aa,---a,=bb,---b,,a,b, e Ai=12,---nj=12,--m ,
implies M =M and 3 =b, for =120 A code Ais said to be a

orefix (suffix) code it ANVAX =@ ANX A=g,

A binary relation P on X isasubsetof X x X

A binary relation P defined on a set A called a partial order relation if for
alla, b,and cin A, we have that:

(M aPa (reflexivity);

(i) ifa”’ band b athen a=b (antisymmetry);

(iii) ifa® band b c then a® c (transitivity).

The set Ais called a partially ordered set, poset for short, denoted

by(A’ p).

Wecall # a quasi-strict binary relation on X if for all & be X ,

i@ EP g LaA)ep

iy (@0) € 0 404 19(2) =19(0) 1 jies @ =D
Itis clear that # is reflexive.

We call # a strict binary relation on X " if for all &P € X"
i@ ep g La)ep
(iy (@:0) € 2 impiies 19(0) 2 19(2)
(iiiy @ D) € P 404 19(2) =19(D) j5jies @ =D

Itis clear that © is reflexive, antisymmetric and transitive.

@ . 1ot .
We let # denote the relation pUp (,0 is the Inverse relation ofp),

obviously it is reflexive and symmetric.
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Let A be any subset of a set A, with a partial ordering < on AZ An
element M is said to be a maximal element in A if for every aeAi’

M < @ jmplies@ < M The minimal elements of A is defined correspondingly.
A non-empty subset D of X*is said to be dependent with respect to a

binary relation P defined on X" or simply p-dependent if there exist two

upv

distinct words Y and V in D such that . As an exception, let ) pe

P -dependent for every P A set HcX is said to be # -independent

whenever H is not 7 -dependent. The family of all P -dependent

('0 -independent) subsets of X*is calleda -dependence (p -independence) in

* H
X" and denoted by D/’ ( HP, respectively). Every word #Llisin '~ for

every © .

P

A p-dependence relation o ;oq by oc s a binary relation defined on

P p
X such that Y€V if and only if Y2V or VAU | The symbol UV means

UPV angVPU.

Let M pe a p-independent subset of S . Then M is called a
maximal p-independent .. o« S i M U{X} ;; p-dependent .

a"XES\M )

I1. Some order relations and codes
We define now the following strict binary relations on X

07" ={(uux)|ue X’ xe X"}
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i P ={(u,xu)|ue X", xe X*}.

(iii)’od ={(u.y)l Y =X nd Y = WU gor some X1 W e X*}.

(iv)pc={(u,y)|y=UX=X xe X'}

u for some
(v Pe={(UY) Uity Uy Y= Yilh Yol Yol Yoy o come
>0 g U ¥ €X}
wiy P =1 Y) [u=y or lg(u) <lg(y)}

(Vii)pb:{(u,y)|y:ux ory =wu for some x,w e X*}.
wiiy 2 = LU Y) [y € Xux7}

(ix) o ={(u,y)|u=uu, andy e u1X*u2}'

In general Pe & Pa & Pp <P Pe=Pugng PSP <Py is

easy to see that the class of all prefix codes, all hypercodes, all infix codes, all

bifix codes, all outfix codes and the class of all suffix codes over X are

exactly the class of all independent sets of Po , Pe , P , 'Db, Po and Ps

respectively. Obviously, the strict binary

relationspp,'os,pe,pd,p“,pb,pi,poand pcarepartialorderson X"

N
PROPOSITIONL. Let X be an alphabetand let ¥ Y € X

lg(y) > 19(x) .Then the following are equivalent:
()Y =UX=XUgorsome Ue X7
(i) Y = ¥X.

n T
i X=W" Y=W"" \where" 2Lr20,04 Wisqa primitive

word over X .
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(iv){X' y} is not a code.
PROPOSITION2. If X contains more than one element, then there is
no strict binary relation P defined on X*such that the class of all

independent sets is exactly the class of all codes over X .

PROOF: Let X =180, }ypere@ # b, Suppose # is a strict binary
relation such that the class of all independent sets is exactly the class of all
codes. Since every prefix code and every suffix code is a code, we can
conclude that PSPy on X" and PSPs on X 1t follows that for

+ —_—
al WVeEX , (uv)ep implies that V=UX  and V= YU gor

X, yeX 1.  A={ab’ba,abb’a} ;

some not a code,
2 2

because 80" -ba=ab-b"a  However A is an independent set with respect

to# , a contradiction!

PROPOSITIONS. If A is a code over X | then A is an independent

set with respect to Pc.

PROOF: Let A be a code. The case when A contains only one word is
trivial. Now let UV € Asuch that v)ep, ,U#V Then by definition
V=UX=XU for some X€ X" we have YV =U(XU)=(UX)u=VU ;e
contradicts the fact that A isacode. Hence A isan independent set with respect

toPe

An independent set with respect to Pa may not be a code. For example let

A ={ab? ba,ab,b’a}

X ={a, b}. Then is an independent set with respect

to P4 put A is not a code.
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p.-independent p-independent .,

Remark that any code is . If every

is a code, then'oC <p .

I11. Co-compatible binary relations on X

Let © bea binary relation on X*and Iet[p] =@ , i.e.[p] is the

complement of 7~ ['0] is always a symmetric relation . If Aisa non-empty set

x[p]y

of X~ ,then A is P -independent if and only if for

eVeryx,yeA,x;«t y

A binary relation P is said to be compatible if

(|) (X1 y) € p and YAS] X* |mp|y (XZ’ yZ) and (ZX’ Zy) € p .

(iiy P Xe) gng (1Y) €0 (XY X% Y,) € p

imply
It is well known that if # is a reflexive and transitive binary relation,

then (i) is equivalent to (ii).

A binary relation P is said to be co-compatible if and only if ['O]is

P

compatible. The strict binary relations” P, Ps and Pe are co-compatible

while P4 is not.
PROPOSITIONA4. Let # be a reflexive relation that is co-compatible. Then
everyp -independent set is a code.

PROOF: Since ¥ is a reflexive binary relation by assumption, we have
X X * + .
[ﬂ] for all X€ X Now let Ac X be a P -independent set. Then

2 i
AAT AL e P _independent sets, since £ is co-compatible.
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X,Y; €A

Suppose A is not a code. Then there exist such

that %2 X =YY Yo gor some M™N2L gng X F Y we have

then XX o Xy YVa¥Yo oo Yn = Yi¥Yo - Y X X5 - Xy,
And Zl:XZ...melyZ...yniyzn.ynxlxzn.xm:Zz Where

2,2, € A" X [,0] Y1 Z [/0] Z,

Hence and and

Z z X X
therefore X 1['0] iz, holds. This is a contradiction, since I:ﬂ] for

anxe X’

Summary

Code is the most basic tool of information processing,coding theory is the
core of formal linguistics, and is often regarded as a separate branch of theoretical
computer  science and  combinatorial mathematics. Prefix  code(especially
Hoffman code and ASCII code) is the most widely used code.The judge and
generation of codeis the key problemof coding theory. Notice that
some code (such as the prefix, suffix code, super code and infix code etc.)can be
defined as a independent language of some relation on free monoids. Introduce a
new question: what relation on free monoids that the independent language of it is
a code? This paper discusses some properties of independent setand the

code, and this problem is solved at last .
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