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Abstract 

In this paper, we establish a class of weakly singular integral inequality, which 
consists of iterated integral. Under several practical assumptions, the inequality 
is solved by adopting novel analysis techniques, such as: change of variable, 
amplification method, and inverse function. Explicit bounds for the unknown 
functions are given clearly. 
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kernel; Analysis technique; Estimation. 

1. Introduction 

In 1997 Medved [1] discuss nonlinear singular integral inequalities 
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and the estimates of solutions are given. 
In 2011, Abdeldaim et al. [2] studied a new integral inequality of Gronwall-
Bellman-Pachpatte type 
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In this paper, on the basis of [1-9], we discuss a nonlinear iterated integral 
inequality 
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2. Main result 

For convenience, we cite the following lemma and definition: 
Definition 1. (see [1])  

Let q >0 be a real number and 0 <T<∞. We say that a function w : RR →+  
satisfies a condition (q), if 
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where R(t) is a continuous, nonnegative function. 
Lemma 1.( see [1]) 
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Lemam 2. (see [3]) 
 Let 1>α  is a real numbers, n is a natural number, and nAAA ,,, 21   be 

nonnegative real numbers. Then 
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Theorem 1.   
Let ),3,2,1](21,0[ =∈ iiβ ,1w ,2w ,3w  satisfy the condition (4) with 
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and 1T  is the largest real number such that 
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and using the Holder inequality, we obtain from (3) that 
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Using (5) in Lemma 1 and (6) in Lemma 2 with ,2=n ,1q=α  from the above 
inequality we obtain that 

)(2[))(()([])([)()( 11

0

1111

0

111 1
1

1)1( susuwesfdsesttatu qqt

t

qsqqpt

t

spp −−− ∫∫ −+≤ β

             21

0

2221 ])([2 )1(1 pqs

t

ppq des∫ −− −+ tt tβ  

                   )(2[))(()([ 22

0

222 1
2 ττττ qqs

τ

qqq uuwge −−∫×  

32

0

3332 ])([2 )1(1 pq

t

ppq de∫ −− −+
t ξβ ξξt  

12132

0

333 1
3 ]]]]]))(()([ qqqqq

t

qqq dsdduwhe tξξξ
t ξ∫ −×                

)([))(()([2)( 1

0

11111
1

1
1

1 susuwesfeKta qt

t

qsqqtqq ∫ −−+≤  

)([))(()([2 2

0

22212
22

1 ττττ qs

τ

qqqsqq uuwgeeK ∫ −−+  

12132

0

3332 1
33 ]]]]]))(()([ qqqqq

t

qqqq dsdduwheeK tξξξ
t ξt ∫ −+ ,      (14) 

for all .It ∈  Using the condition (4) in Definition 1 and the inequality (6) in 
Lemma 2 with  ,2=n ,1q=α we obtain from (14) that 
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Let ,)()( 11 tqq etutv −= we have from (15) 
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Let )(1 tz  denote the function on the right-hand side of (16), which is a positive 
and nondecreasing function on I . From (16), we have 
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Differentiating )(1 tz  with respect to t , using (17) we have 
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since .1, 12321 ><< qqqqq  Using the inequality (6) in Lemma 2 with 

,2=n ,12 qq=α  we obtain that 
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From (18) and (20), we have 
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From (21) and (22), we have 
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for all .It ∈  From (23) we have 
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From (24) we have 
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In view of ,)()( 11 tqq etutv −=  we can obtain (7). 

3. Summary 

In this paper, we establish a class of new nonlinear weakly singular integral 
inequality, which consists of iterated integral, and weakly singular integral 
kernel be involved in each layer. Under several practical assumptions, the 
inequality is solved by adopting novel analysis techniques, such as: change of 
variable, amplification method, differential and integration, inverse function, and 
the dialectical relationship between constants and variables, and explicit bounds 
for the unknown functions are given clearly. 
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