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Abstract 

In the different subsets of 4-parameters space 
4{( , , , ) | ( , , , ) }k r c k r c Rα αΩ = ∈ ,  we obtain the exact traveling wave 

solutions of a class nonlinear partial differential equations which are closely 

related to the periodic wave solutions of  (3+1)-dimensional nonlinear evolution 

equations, generated by the Jaulent-Miodek hierarchy. These wave  solutions are 

verified by numerical simulation. 

Keywords: Nonlinear (3 + 1)-dimensional equation, Traveling wave solution, 

Unbounded wave solutions. 

Introduction   

The third of  (3+1) -dimensional nonlinear models generated by the 

Jaulent-Miodek hierarchy [1], which is  

3 1 1 11 3 1( 2 ) ( )
4 4 4t xx x x yy x x y x zzw w w w w w wα− − −= − − ∂ + ∂ + ∂ ,                          

(1.1) 

where α  is a constant, 1
x
−∂  is the inverse of x∂  with 1 1 1x x x x

− −∂ ∂ = ∂ ∂ = , and 
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 1 ( )
x

x f t dt−

−∞
∂ = ∫ .                                                       (1.2) 

 Using the potential  

( , , , ) ( , , , )xw x y z t u x y z t= ,                            (1.3) 

to remove the integral term in  (1.1), the system (1.1) becomes  

21 3 3 3 0
4 2 16 4xt xxxx x xx yy xx y zzu u u u u u u uα+ − + + − = .                (1.4) 

The system  (1.1) is a completely integrable evolution equations. There are 

many methods to be used in travel wave solutions of nonlinear evolution 

equations, such as the inverse scattering method, the B acklund transformation 

method, algebraic-geometric method, the Darboux transformation method, 

multiple exp-function method [4], the Hirota bilinear method [2,3,8], and dynamical 

systems method . By applying the dynamical systems method[5,6,7], some new 

exact solutions of (1.1) are obtained[7]. Since the structure of traveling wave 

solutions of (1.4) plays a large role in investigating the wave solutions of  (1.1), we 

will study the solutions of traveling wave equations of  (1.4) by the method of 

dynamical systems. 

Let   

( , , , ) ( ) ( )u x y z t kx ry mz ct x= Ψ + + − = Ψ ,                    (1.5) 

where c  is propagating wave velocity. Without loss of generality, let always 

assume that ( , , , , ) 0r k m c α ≠ .let 0k ≠ , 1m = , substituting (1.5) into the 

equation (1.4), we have [7] 

d y
d
ϕ
ξ
= , 

2 32dy a b
d

ϕ ϕ ϕ
ξ
= + + ,                                                (1.6) 

where uξ ϕ= ,  
2

4
(3 16 16 )

4
r kca

k
a− −

= − , 2
3

2
rb
k

= − . 

The system (1.6) has the first integrate 
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2 2 3 4( , ) 9 9 6 9 .H y y a bϕ ϕ ϕ ϕ= − + −                           (1.7) 

Multiple kink solutions, multiple singular kink solutions and multiple soliton 

solutions were formally derived [1] and the exact traveling wave solutions of (1.1) 

have been obtained [7].To our knowledge the study for the exact traveling wave 

solutions of (1.4) in different subsets of 4-parameters space of the system (1.7), 

has not been considered yet. By using the method of the dynamical systems, we 

shall generally investigate wave solutions of (1.4) in this paper. It is easy to see 

that if we know a parametric representation of ( )ϕ ξ , then we have the solutions 

( ) ( ) ( ),d uϕ ξξξξ   = Ψ =∫                                            (1.8) 

of (1.4). This paper is organized as follows. In section 2, in parametric space 
4{( , , , ) | ( , , , ) }k r c k r c Rα αΩ = ∈ , using the information of the phase 

portraits in[7], we analyze all the possible travel wave solutions of the system (1.4), 

which correspond to periodic travel wave solutions of the system (1.1). Some 

explicit parametric representations of traveling wave solutions of (1.4) are 

obtained. The final section includes brief summary, future plans and potential 

fields of applications. 

Exact traveling wave Solutions of the system 

Lemma 1 When conditions ( )AI  or ( )AII  hold, we can obtain some 

representative smooth exact periodic wave solutions of the system (1.6) as follows 

(see Fig1(1,2,3)): 

(1) In Fig2(6,7,8)[7], (1.6) has an exact periodic wave solution 
2

2 1
1 1 2 2

( ) ( , )( ) ,
1 ( , )

c

c c

m m sn gm
sn g

ωξϕ ξ
β ωξ
−

= +
−

                                (2.1) 

Where 
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1 2 3 40m m m m< < < < , 2 3 2

3 1

( )c
m m
m m

β −
=

−
, 2 1 4 3( )( )

2
m m m m

ω
− −

= , 

3 2 4 1

4 2 3 1

( )( )
( )( )c
m m m mg
m m m m

− −
=

− −
. 

(2) In Fig2(2,3,4) [7], (1.6) has a periodic wave solutions 
2 2

1 4
2 4 2 2

( ) ( , )( ) ,
1 ( , )

l l

l l

m m sn gm
sn g
β ωξϕ ξ

β ωξ
−

= +
+

                           (2.2) 

where. 1 2 3 40m m m m< < < < ,  2 3 4

1 3

( )l
m m
m m

β −
=

−
, 

1 2 3 4

1 3 2 4

( )( )
( )( )l
m m m mg
m m m m

− −
=

− −
. 

(3) In Fig2(10,11,12) [7], (1.6) has an exact periodic wave solution 
2 2

2 3
3 2 2 2

( ) ( , )( ) ,
1 ( , )

r r

r r

m m sn gm
sn g
β ωξϕ ξ

β ωξ
−

= +
+

                            (2.3) 

where 1 2 3 40m m m m< < < < , 2 1 2

1 3

( )r
m m
m m

β −
=

−
, 

1 2 3 4

1 3 2 4

( )( )
( )( )r
m m m mg
m m m m

− −
=

− −
. 

Theorem 1 From lemma1, three exact unbounded traveling wave solutions 

(see Fig1(4,5,6)) of  (1.6) corresponding to the periodic wave solutions of (1.6) 

are obtained as follows: 
2

1
1 1 2 1 2 2

( , )( ) ( ) ,
1 ( , )

c

c c

sn gu m m m d
sn g
ω ξξξξ 

β ωξ
= + −

−∫                          (2.4) 

2
2

2 4 1 4 2 2

( , )( ) ( ) ,
1 ( , )

l
l

l l

sn gu m m m
sn g
ωξξξ  β

β ωξ
= + −

+∫                   (2.5) 
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2
2

3 2 2 3 2 2

( , )( ) ( ) .
1 ( , )

r
r

r r

sn gu m m m d
sn g
ωξξξ  β ξ

β ωξ
= + −

+∫                     (2.6) 

Proof: 

By lemma1and (1.3), theorem 1 are easily proved. 

Fig1:The unbounded wave solutions of the system (1.4) corresponding to the 

periodic wave solutions of the system (1.6). 

                     

(1) 1ϕ                                                       (2) 2ϕ  

                

(3) 3ϕ                                                              (4) 1u  
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(5) 2u                                                     (6) 6u  

Conclusions 

In this paper, we discover that integration of all periodic wave solutions  will be 

unbounded wave solutions. The unbounded wave solutions of  (1.4) is fluctuating 

downward or upward (see Fig1(4-6)), which is  polarization of motion.  Our 

results are very helpful to analyze the character of traveling wave solutions. 
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