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Abstract:

This paper presents a type-2 fuzzy rule based
expert system to handle uncertainty in complex
problems such as portfolio selection. In a type-2 fuzzy
expert system both antecedent and consequent have
type-2 membership function. This research uses
indirect approach fuzzy modeling, where the rules are
extracted automatically by implementing a clustering
approach. For this purpose, a new cluster analysis
approach based on Fuzzy C-Means (FCM) is
developed to generate primary membership of type-2
membership functions. A new cluster validity index
based on Xie-Beni validity index is presented. The
proposed type-2 fuzzy model is applied in stock
market factors (such as risk, return, dividend,...) as
the input variables. This model is tested on Tehran
Stock Exchange (TSE). Through the intensive
experimental tests, the model has successfully
selected the most efficient portfolio based on
individual investor. The results are very encouraging
and can be implemented in a real-time trading system
for stock.

Keywords: interval type-2 fuzzy set, fuzzy c-means
clustering, validity index

1. Introduction

The stock market is a complex and dynamic
system with noisy, non-stationary and chaotic data
series (Peters, 1994). Due to complication and
uncertainty of stock market, portfolio selection is one
of the most challenging problems. Along with the
development of artificial intelligence, especially
machine learning and data mining, more and more
researchers try to build automatic decision-making
systems to predict stock market (Kovalerchuk &
Vityaev, 2000). Among these approaches, soft
computing techniques such as fuzzy logic, neural
networks, and probabilistic reasoning draw most
attention because of their abilities to handle
uncertainty and noise in stock market (Vanstone &
Tan, 2003, 2005). Though soft computing can
somewhat reduce the impact of random factors, low-
level data are so uncertain that they even behave
purely randomly at some time (Peters, 1994). Human
understanding of stock market integrates into the
high-level representative model which reduces hidden
ambiguity of low level data. The elements of financial
market (such as risk, return, ...) fluctuate because of
the continues variety of strength between buying and
selling side.

Portfolio management is a particular aspect of
investment theory. There are a large number of ways
of investing in the stock exchange. Thanks to the
different techniques, it is possible to obtain the
estimated profit and risk of a certain action. The goal
of investment decision-maker is to select an optimal
portfolio that satisfies the investor’s objective. The
difficulty of this problem is deciding about selecting
which asset and its size in portfolio because of the
uncertainty of their returns.
Quantitative approaches to portfolio optimization rely
on how the return and risk of assets profitably are
defined and measure. Each specified model provides
the decision maker with a specific set of parameters.
Since, Experts do not agree on which return model is
most appropriate therefore they recommend different
optimal portfolio choices.
The Modern portfolio analysis started from pioneering
research work of Markowitz (1952). In modern
portfolio  selection theory, the well-known
Markowitz’s mean—variance approach requires
minimizing the risk of the selected (stock) asset
portfolio (measured by the variance of its return),
while guaranteeing a pre-established return rate and
the total use of the available starting capital.
After Markowitz work, scholar assumes returns of
individual securities as stochastic variables and many
researchers were focused on extending Markowitz’s
mean-variance models [13, 15, 36]. Moreover, the
financial market is affected by several non-
probabilistic factors such as vagueness and ambiguity
in information which is characterized by linguistic
descriptions such as high risk, low profit, high interest
rate etc. so, Some authors have used possibility
distributions to model the uncertainty on returns,
while other authors have studied the portfolio
selection problem using fuzzy formulations.
Tanaka and Guo replaced probability distributions of
returns of securities with possibility distributions in
their models. Carlsson introduced a possibilistic
approach for selecting portfolios with the highest
utility value under the assumption that the returns of
assets are trapezoidal fuzzy numbers. In this paper, we
develop an expert system for portfolio selection based
on investor’s propensity for risk.
The goal of this research is to develop a fuzzy
modeling mechanism which is capable of
implementing five objectives:
= generating a rule base automatically from numeric
data,
= finding the optimal number of rules and fuzzy sets,
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= optimizing the parameters of fuzzy membership
functions,
= Reducing the impact of vagueness and ambiguity
hidden in stock market situation
= Implementing the investor's personality for
increasing the robustness of the system
To achieve these objectives, this paper proposes a
fuzzy modeling paradigm by incorporating a modified
FCM clustering associated with a proposed cluster
validity measure, with considering interval type-2
fuzzy sets domain.
The rest of paper is organized as follows: Section 2
reviews the type-2 fuzzy sets and systems and their
associated terminologies. In Section 3 the design
approach of interval type-2 fuzzy logic system is
presented. Section 4 presents the proposed interval
type-2 fuzzy system for prediction of single stock
price of an automotive manufactory in Asia. Finally,
conclusions and comments on further research are
appeared in Section 5.

2. Background:

2.1. Interval Type-2 Fuzzy Sets

To-date, because of reducing the computational
complexity of using a general Type-2 fuzzy set in a
Type-2 fuzzy logic system, most researchers
implement an IT2 FS. The result is an IT2 FLS. In
This paper, very simple introduction into IT-2 fuzzy
modeling given for someone who is new to the field
of an IT2 FLS to get into it very quickly as follow
(Mendel & john 2002):

Definition 1. A type-2 fuzzy set, A denoted, is
characterized by a type-2 membership
function, ;,_(x,u) xeX as 41 (X = X', u)

#;()() ij/]{] erexeXand yeyJ co1],1-€.
A={{(xu), 5 (x u)vx e X, vu e 3, < [0,1]} M
in which 0< 4 (x,u) <1, A can also be expressed as:

J, <[o0.] 2)

as

A= IxeX J.ue;lx 'UK(X’U)/(X’U)
Definition 2. When all secondary grades
4z (X,u) =1 then is an interval T2 FS (IT2 FS).
Definition 3. Uncertainty in the primary memberships

of an IT2 FS, A, consists of a bounded region that
we call the footprint of uncertainty (FOU). It is the
union of all primary memberships, i.e.,

FOU(A) = U, J, 3)
The upper membership function (UMF) and lower

membership function (LMF) of A are two T1 MFs
that bound the FOU define as:

1;(x) = FOU (A),Vx € X
#;(X) = FOU(A),vx e X

“)
(%)
Note that for an IT2FS, ], :[,u;(x), Az (X)), vxe X

UMF(A) UMF(A)

Embedded FS

_LMEA) -
FOUAY, \ FOLAY

Figl. Foot Print of Uncertainty for an interval type-2 fuzzy set (Mendel, 2002)

2.2. Interval Type-2 Fuzzy Logic Systems

A general T2-FLS as shown in fig.2 is very similar

to the T1-FLS. The major structural difference being
that the defuzzifier block of a T1-FLS is replaced by
the output processing block in a T2-FLS. That block
consists of  type-reduction followed by
defuzzification. Type-reduction maps a T2-FS into a
T1-FS, and then defuzzification, as usual, maps that
T1-FS into a crisp number.
The structure of the rules remains exactly the same in
the T2 case, but now some or all of the FSs involved
are T2. When all of the antecedent and consequent are
IT2 FSs, then we call the resulting FLS, an interval T2
FLS (IT2 FLS).

CRISE
OUTEUT

CHyse
NPT

o

Fig. 2. The structure of a type-2 fuzzy logic system (Mendel, 2007)

3. Designing interval type-2 fuzzy logic system

There are different kinds of expert system based on
functionality and structure of them but many early
researches pay much more attention to rule-base
reasoning. An Expert (Knowledge Based) System is a
problem solving and decision making system based
on knowledge of its task and logical rules or
procedures for using knowledge. Both the knowledge
and the logic can obtain in two manners so two kinds
of expert system exist: direct and indirect expert
systems. In direct approach, rules designed by
considering experience of specialists in the purposed
area. On the other hand, indirect approach designed
system without implemented expert opinion
straightly, but constructed with knowledge existence
about problem and based on knowledge rules design.

Because of existing high degree of uncertainty in the
information used for building rules such as different
experts view points about purposed problem, we
implement fuzzy expert system for solving our
portfolio selection problem. So, we design an FLS
too. Our basic workspace rest on Stock Market
Exchange where investment parameters takes place
in an imprecise and/or uncertain economic
environment that early market condition changes
cannot be predicted accurately. Then for most
robustness we consider interval type-2 fuzzy expert
system that covers much many uncertainties in the
studying area. We have to develop an interval type-2
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fuzzy system for portfolio selection. Fuzzy modeling
can be identified as system description with fuzzy
quantities. Since there is no general method for fuzzy
logic set up and iterative procedure, to obtain the best
performance of a FLS, the different parts of the FLS
have to be identified. This stage of modeling is known
as identification. According to Zadeh’s definition,
given a class of models, system identification involves
finding a model which may be regarded as equivalent
to the objective system with respect to input-output
data. Identification of a fuzzy model is divided into
two sections (Sugeno & Yasukawa, 1993): Structure
Identification, and Parameter Identification. Structure
Identification can be divided into two types, called
type I and type II. Each type is divided into two
groups. The structure identification of type 1 divided
into subsystems:

= Input candidate: as we know there is infinite
number of possible inputs candidate for the
inputs to a system, which should restricted to
certain number. There isn’t general solution for
selecting finite number of inputs. So, we have
to use heuristic methods to solve it. For our
case i.e. portfolio selection variable can be
grouped as follows:

1. Linguistic variable that be apply for
answering questions that identify investor's
risk propensity.

2. crisp Variables as stock market parameters;

= Input variable: In this section we find a set of
input variables from the given input candidate
which affects the inputs. There are some
systematic models to solve this problem. These
models are based on preassigned input-output
variables. Sugeno and Yasukawa method used
for selecting input variables among candidate
variables.

* Input- output relations: In Input-output
relation identification, number of fuzzy rules
and how partitioning input space recognize.
This problem is a combinational one. We need
a heuristic method to find an optimal partition
together with a criterion. These problems are
solved by applying fuzzy clustering methods.
For our purpose we use modified FCM that can
be used by interval type-2 data.

3.1. Clustering the output space and determination
of the number of rules

Clustering [1, 2, 5], a major branch of data mining,
is used for discovering groups and identifying patterns
and distributions of a given set of data. The goal of
every clustering algorithm as an unsupervised
classification is grouping data elements according to
some (dis)similarity measures so that unobvious
relations and structures in the data can be revealed.
Since our data and centers of clusters are interval
type-2 fuzzy sets, we use a distance measure base on
indices, which is applicable for IT-2 sets. For
achieving this aim, we introduce a determination
index that can approximate each IT-2 fuzzy datum
with type-1 one. We design an index that approximate

each Interval type-2 fuzzy set by a type-1 one. The
purposed distance measure is based on comparing
each pair of fuzzy approximated variable by
considering distances between their means (M,,M j)

and standard deviations (X;,X;), separately. The

proposed algorithm is as follow:

Step1: store unlabeled interval type-2 fuzzy data:
% e X,i =12,..,n, X;is an IT-2 fuzzy number for
i=1,...,n.
Step2:choose
¢ : the number of cluster such that 1<c<n
m weightening exponential as fuzziness
measure, m>1
& : termination criterion , 0< & <1
initial fuzzy vector Vo,' 6\70, j=12,...,Cc

step 3 : approximate each X v with suggested indices

as:
X ~au; +(1-a)X, (6)
and
Vxau; +(1-a)Z; (7
Step 4: iterate : for t=1 to To calculate U, with v and s
iy = ! _®
2 242 | Tma
5 wdZ, +(1-w,)*d ]|
k=1 lW‘tZldliu +(1_W,u)2diiz
calculate M j»2 ; based on U, as:
Z":/‘iiji Zn:#.',“z.
Mi = IZln : (9) ZJ = i:In : (10)
2 WA

IF E :H(Ut_l)—(UJ‘ <¢ stop, Else Next (t).

To determine an appropriate number of clusters N

for a given data set, a cluster validity function needs
to be selected here. Cluster validation refers to the
problem whether a given fuzzy partition fits to the
data all. So it is used for evaluating the clustering
results by means of an objective function.

Definition 4. Assume X e X,i=12,..nis
interval  type-2 data
Vo 6\70,j =1,2,...,cis initial IT-2 fuzzy -cluster

unlabeled fuzzy and

centers with their corresponding mean (M) and
variance (X )and 1 <C <N, m>1, m Is a parameter
which determines the fuzziness of the resulting
clusters then state above we define distance measure
as:

dyy =d(M,M))=[M, =M |
dyp =d(=,Z) =2, -2
d2

)
(12)
(13)

M= 2
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Definition 5. The variance of an Gaussian interval
type-2 set with correspondingM,, M,, o define as

follow:
1m-m
m-m, -
O_( 1 Z)e 2 20 _ 14
B2 ot (Y (14
2z =M 2
20
4 2 2 (m;_mf)
. :ZUZ(mz*m])Jr\EG(ZOJerl M)+ _mem (15)
' m, —m ++27c 2
+X
z"modify =~ 2 - (16)

Definition 6. Based on distance definition, modified
Xie-Beni index for IT-2 fuzzy data can be defined as:

SK-GIE . i
V(elust) =T = M M - L )
! 2ty
Vi = j:lvee (clust;) =[v, (clust),v, (clust)] (18)
v, (clust) = Min(v,,, ) 19)
v, (clust) = Max(v,, ) (20)
Vo = v, (clust) + v, (clust) @1
2
Ociust = 4/ y modify (22)

For separation we should maximize the minimum
distance between cluster centers. So, we use:

Separation ~ min fuzyranking (@, VD) 23)

O clust (24)

xXi= —
- 2~ o
n(mm fuzzyranking {d (Vi > Vj )}

4. Implementation of the proposed model in
stock portfolio selection

In this section, we present an interval type-2 fuzzy
model for portfolio selection in Tehran exchange
stock market. We study on the 50 best companies of
stock market. Input variables of the system are
expected return, periodical rate of return, variance of
rate of return, dividend of each share, liquidity
coefficient of companies and variables that show
decision risk preference (10 linguistic variables). The
output of system is the percentage of each kind of
shares to be bought by investor considering the above
variables that can achieve the best performance
portfolio. The data is modeled into a Multi-Input-
Single-Output (MISO) system. The Output of the
rulebase of system is risk investor propensity. Here,
'risk propensity’ means the amount of risk an
individual would feel comfortable with when they
have invested their money. Two investors with the
same profile characteristics may make very different
financial choices. What's different about them is their
level of risk-aversion, not their innate characteristics.
By considering how people are unique, with different
backgrounds, experiences, and beliefs, an investor
who is Cautious by nature may feel comfortable with
either a low level, a medium level, or a high level of
risk. All these factors feed into the perception of risk.
A simple way to assess investor’s risk level will be

applied. Some questions based on investor personal
attitude used to handling risk and the total score is
used for determined investor risk-aversion. User
manifests his/her agreement with the criterion by
using linguistic variables.

The steps of developing of the MISO model are as
follows:

1. For variable selection, the Sugeno method
(Sugeno variable selection algorithm) is used.
For our interval type-2 system, we achieve 5
variables (expected return, periodical rate of
return, variance of rate of return, dividend of
each share, liquidity coefficient of companies)
as inputs to our system further more investor
linguistically answers to 10 questions are
inputs to our system too.

Modified FCM algorithm (section 3-1) is
implemented to cluster the questions which are
base of measuring investor’s risk propensity.
Then, a new cluster validity index ( a
modification version of Xie-Beni index )is used
to determinate the most suitable number of
rules (C); since we cluster the average of
answers given to each question then selecting
interval type-2 fuzzy data look a good choice.
To For reduce complexity, we estimate each
IT-2 fuzzy set with an index. The purposed
index is type-1 fuzzy set. The parameters of
Modified FCM algorithm are assumed as
follows: termination criterion & 102,
weighting exponent m= 1.3, Cj.x =4. The best
number of clusters based on this cluster validity
index is obtained by the minimum value of the
cluster validity index that is happened in
number 3, so our system contains 3 rules.

The output membership values are projected
onto the input spaces to generate the
membership values of inputs. We assume that
inputs and output membership functions are
Gaussian MF.

For generating interval type-2 fuzzy rule bases
that the antecedent and consequent sets are
interval type-2 sets, we use Gaussian Primary
MF with Uncertain Mean and fixed standard
deviation.

We have obtained 15 months stock information that
we use 12 month information data for generating
our rules and use 3 last period data for testing our
model. After clustering, we use the optimum
number of cluster 3. So, the number of rules is 3,
too.

4.1. Proposed type-2 fuzzy model

We create an interval type-2 FLS based on type-1
FLS. Similar to the type-1 FLS the interval type-2
FLS uses singleton fuzzification; we have two options
for selecting t-norm: min and product t-norm.
Mamdani inference and centroid type-reduction are
implemented. It also uses the same number of fuzzy
sets and the same rules as the interval type-2 FLS.
The only difference now is that the antecedent and
consequent sets are interval type-2 which has a fixed
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standard deviation and uncertain means that takes on
values in an interval, i.e., (Mendel, 2000).In fig 3
Gaussian Interval type-2 rule base for measuring

investor risk propensity is shown.
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Fig. 3. Interval type-2 rule base of measuring investor risk propensity

As shown in fig.3, there are three inputs. Here, the
inference system is mamdani type. The output of our
FLS is risk propensity of investor. The advantage of
system is determination risk aversion by considering
the personality and action that be shown by investor
in different stock market situations. So, by
implementing this rulebase expert system each
investor has a unique portfolio.

The output of our rulebase is an interval type-2 fuzzy
set that must be type- reduced and then defuzzify. We
use centroid type reduction and centroid defuzzifier.
The result is a crisp number that is input to the
portfolio selection model. We wuse compromise
programming model in order to solve portfolio
selection model.

4.2. Fuzzy portfolio selection model

In this section, portfolio selection problem
formulated as an optimization problem with multiple
objectives. We assume that an investor allocates
his/her wealth among n assets offering random rates
of return. We introduce some notations as follows:

I; : The rate of expected return on the i -th asset,

X; : The proportion of total funds invested in the i -th asset,
di : The annual dividend on the i -th asset,

r,;*: The average 12-month performance of the i -th asset,

I, : Risk aversion of investor as an instrument for

measuring investor risk propensity level

In the proposed multi objective asset portfolio
selection problem, we consider the following
objectives and constraints.

4.2.1. Objectives
= Short term return

For n assets portfolio (X;,X,,...,X,) the expected

short term return of the portfolio is expressed as:

n
Z r?ox,

i=1

R(x) = (25)

I, can be determined by historical data.

= Annual dividend

The annual dividend of a portfolio is expressed as

DX =d/x (26)
i=1

= Risk

The semi-absolute deviation of return of the portfolio

X = (X, X,,..., X, ) below the expected return over the

pastperiodt,t=1,2,..., T can be expressed as:
Z( rI)XI +Z":(r| _rll)Xl
V,(X) =|min{0, Z(r“ )X} = > = @7

So, the expected semi-absolute deviation of return of

the portfolio x = (X, X,,..., X ) below the expected

return is given by:

—)X, +Z(r X,
15 voo-g B2

Use V(x) to measure the portfolio risk. After that we
define a utility function based on risk and return of the
portfolio and investor’s risk propensity measured by

rulebase expert system as follows:
U= R(X)—%V(X)

t

V(X)= (28)

29

We should maximize this utility function.

= Liquidity

Liquidity is the degree of probability of being able to
convert an investment into cash without any
significant loss in value. We design a reduced index
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by implemented heuristic information about

companies liquidity degree.

L) =D L G0)

i=1

Constraints

= Capital budget constraint on the assets:
n

D> ox =1 31)
i=1

Of all the assets in a given set, the investor would like
to pick up the ones that in his/her subjective estimate
are likely to yield the greatest “portfolio effect”. It is
not necessary that all the assets in the given set may
configure in the portfolio as well. Investors’ would
differ as regards the number of assets they can
effectively handle in a portfolio.
= No short selling of assets:
X, >0,Vi=1,..,n. (32)
4.2.2. The decision problem
The constrained multi-objective portfolio selection
problem is now formulated as:
Maximize 1

U =R(X) =V (X)

t

Maximize D(x) = Zn:di X;
i=1

i=1

Maximize E(L(X)) - E[i LiXi

)

Subject to

DX =

i=l

X; 20,Vi=1,.,n. (33)
4.2.3. Compromise programming model for

purposed portfolio selection

Within the field of multi-criteria decision making,
Compromise programming (CP) is as a technique
based on the selection of those efficient solutions
nearest to the ideal point, which is composed of the
optimum values of each individual objective function.
Zeleny states that alternatives that are closer to the
ideal are preferred to those that are farther from it
because being as close as possible to the perceived
ideal is the rationale of human choice. In the context
of this work, this leads us to the concept of closeness
between fuzzy numbers.

4.2.4. Calculating fuzzy ideal and fuzzy anti-ideal
solutions

In order to calculate the ideal solution it is
necessary to obtain the individual optimum of each
objective. It is necessary to solve each fuzzy single
objective problems with constant constraints. We
calculate ideal and anti-ideal solution for each 3
problem, respectively (U*,D*,L") and (U,,D,,L,) that
anti-ideal solutions will be obtained by minimizing
the objective functions separately. After obtaining
fuzzy ideal and anti-ideal solutions next step is

minimization of y distance between the objective
vector and the ideal solution.
For designing the compromise model of our model we
should use the concept of individual regret. All of the
objective have attribute of the type ‘‘more is better’’
so we will define the individual regret of the
portfolio’s utility to the ideal utility as:
U -Up(X)

ran,
So the individual regret for second and third objective
function defines as:

d,(0= 34

0 D= De00) o5
ran,

d,00 ==L (36)
ran,

In order to obtain compromise programming objective
function we will aggregate and weight the individual
regrets using a weighted objective function. Then the
following problem can be formulated:

Min L = {iwjdj(x)}
j=1

s.t.
Zn: X =1 (37
i=1
X, >0,Vi=1,..,n. Compromise solution
corresponding with distance

minimizes the weighted sum of the individual regrets
from the ideal (U *, D*, L*) .

The Weighted system is based on the importance of
criterion and specified its primary value by expert.
The most importance causes the most weight. In the
table 1 shown the amount of purposed weight that is
used for optimization the compromise programming
model.

Objective function 1 Objective function 2

utility function dividend liquidity

Objective function 3

0.6 0.2 0.2

Table 1. Purposed weights apply for compromise programming model

This weight tune by running system several times and
this can be viewed as a good choice. Data of stock
market call from an excel sheet and by applying lingo
8 we solve portfolio selection problem. For an
investor that given the following answer to the
question as stated in table 2 the output of rulebase
system (investor's risk propensity) is 8.6(the range of
risk propensity of an individual investor is between 0
and 10). So this investor is a risky one. Optimum
portfolio is constructed in the manner the investor
achieve the best profit from investigation under
his/her risk prefers. The result of purposed model
brief in table 2 as follow:

Symbol X26 X7 Xp Xss

Ratio 1.96% 1.6% 85.97% 10.47%

Table 3. Results of designed compromised programming model
By comparing result with the information of these
stocks we can consider it’s a best one, because by
means of this model we select stocks with high profit
by consuming investor risk aversion level and high
liquidity ratio and appropriate dividend.
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1 2 8 4 5 6 7 8 9 10
Slightly Makes no Makes no Highly Highly Makes no Slightly Highly | Slightly | Highly
agree difference difference agree agree difference agree agree agree agree

Table 2. A case answers of an individual investor given to 10 questions

5. Conclusions and future works:

The focus of this paper was to develop an interval
type-2 fuzzy expert system for stock portfolio
selection of the 50 most appropriate companies from
the Tehran Stock Exchange (TSE).

After investigating the system domain, the inputs and
output of the system were determined. Then the stock
portfolio selection model was designed in a multiple-
input-single-output (MISO) system that has 3 inputs
and one output (investor risk propensity).

We have used indirect approach to fuzzy system
modeling by implementing the proposed -cluster
validity index for determining the number of rules in
fuzzy clustering approach. Then Sugeno and
Yasukawa method was used to selecting variables for
rule-base fuzzy logic systems. After that, the output
membership value was projected onto the input spaces
to generate the membership values of input variables,
and the membership functions of inputs and output
were tuned. Then, the type-2 Mamdani inference
system was implemented that the result is interval
type-2 fuzzy number. For generating interval type-2
fuzzy rule base the Gaussian Primary MF with
Uncertain Mean and fixed standard deviation was
used; then interval type-2 inference engine, product or
min t-norm optionally, sum s-norm and the centroid
Type Reduction was used after that -centroid
defuzzification was done to get the result. Finally, we
have implemented the proposed fuzzy model in stock
portfolio selection of the 50 most appropriate
companies from the Tehran Stock Exchange (TSE).
For validation of system we used last three month
data and compared its result with the result of the
proposed type-2 fuzzy model.

The proposed system shows its superiority with
respect to robustness, flexibility. The system may be
used by institutes to purpose optimum stock portfolio
by considering personality of their clients. Also it can
be used by individual investor for more profitable
trading in stock market.
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