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Abstract. The eigen-solutions of the crack tip fields for an anti-plane crack in functionally graded
piezoelectric materials (FGPMs) are studied. Different from previous analyses, all material
properties of the FGPM are assumed to be power-law function of y perpendicular to the crack. The
crack surfaces are electrically impermeable and loaded by anti-plane shear tractions and in-plane
electric displacements. The higher order crack tip fields of FGPMs are obtained by the
eigen-expansion method. The stress intensity factor and electric displacement intensity factor are
obtained explicitly.

Introduction

Piezoelectric materials have been widely used in modern technology due to their
electromechanical coupling behavior. To improve the reliability of the modern structures, the
concept of FGPMs has been introduced recently. Due to their brittleness, the fracture problems of
FGPMs has been attracted extensive attention in order to meet the demand of high strength and high
temperature applications. Ou [1] studied the internal crack problem located within one functionally
graded piezoelectric strip. The crack is normal to the edge of the strip and the material properties
vary along the direction of crack length. Kwon [2] analyzed the electrical nonlinear behavior of an
anti-plane shear crack in a functionally graded piezoelectric strip by using the strip saturation model
within the framework of linear electro-elasticity. Hsu [3] investigated the fracture behavior of an
arbitrarily oriented crack in a FGPM subjected to anti-plane mechanical and in-plane electric loads.
Zhang [4] studied the behavior of four parallel non-symmetric permeable cracks with different
lengths in a FGPM plane subjected to anti-plane shear stress loading by the Schmidt method. To our
knowledge, the electro-elastic behavior of a crack in FGPMs with power gradation has not been
studied in the open literatures. It is with this in mind that we report the present work. In the present
paper, we attempt to obtain the higher order mechanical and electric crack tip fields by eigen-
expansion method.

Basic equations

Consider a crack of length 2L in FGPM planes, as shown in Fig.1. The FGPM is poled in the z
direction and isotropic in the xoy plane. It is loaded by anti-plane shear tractions and in-plane
electric displacements, the crack is electrically impermeable and the crack surfaces are traction free.
We assume that the material properties are represented by the following case

Cu = Cupo (LAY, es =€ L+ AY)*, & =01+ 2Y)" 1)
where c,,is the shear modulus, e, is the piezoelectric coefficient, &, is the dielectric parameter
at y=0.
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Fig.1Anti-plane crack in FGPMs

The governing equations can be written as
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where V? = a—2+1 d +i28—2is the two-dimensional Laplace operator.
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The higher order crack-tip fields
The displacement component w and the electric potentlal ¢ can be expanded as follows
w= Zr w,(6), ¢=Zr2¢.(«9) (3)
i=1
where, w. () and ¢(6) are eigen-functions.
Substitute Eq.(3) into Eq.(2). According to the linear independence of r3?, r*,
r 2 ..., r">2 .. the system of ordinary differential equations are obtained.
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where w = [W} .
¢

In the case of electrically impermeable crack, the crack surfaces are free of electric charges and
the electric displacement inside the crack is zero. As the crack surface is free, the boundary
conditions are

Oy =0, D, =0 (5)
O=+rx O=+1
Further, they can be expressed as

W(Ezr)=0  ¢'(+7)=0 (6)
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Solving the system of ordinary differential equations, we can obtain the results
w, (0) = Allsing
w, (€)= A, cosd

W, (6) = A, sin %—ikiﬁn cos%—iki/\l cosg
w,(0) = A,, cos 20 0
50 1 50 k+2 30 k+2 6 1 o

w. (@ sin—+—kA cos—+——KkA%A,sin—+ kA2A . sin——=KkAA,, cos—
((0) = Ay sin ==+ oKA Ay Os =+ = KA A Sin 54— SKATA sinD - k2A cos

w, (0) = A, cosS@—%k/l Adlsin30+%k;t A, sind
.0

¢1(0) = Bll SmE

¢,(0) =B,,cosd

39 1 39 1 0

#,(0) = B3lsm7_ﬁk2’811C057—Zk/1511008—

$,(0) = B,, cos 26 o
40 =B.sin22 4 L1 B, cos?? 4 KF250p 30 K2 91 0

uSIn =+ kAZBﬂsmE—ZkABﬂcosE

¢, (0) =B, cos36—%k;t B, sin 39+%k/1 B, sin@

where A; and B;are the undetermined coefficients.

Substituting Eq. (7) and (8) into Eq.(3), the displacement component w and the electric
potential ¢ are obtained.

1 3
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rS(Bmcos3«9—%k/1 BAlsin39+%kﬂ B, SiN@)+---
Then, the stress and the electric displacement components can be obtained
T, =Cyu,W, +€.4,, 7, =C,W, +€
44V, 15¢, y; 44y 15¢,y (10)

D, =eW,—&,6,, Dy=eW, —¢,4,

Further, the stress and the electric displacement components can be obtained. The mode 111
stress intensity factor (SIF) and electric displacement intensity factor (EDIF) of the crack tip are
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defined as

. N2
KT = |rl_r)Tg N 27Zr(7yz (r,0)= - (CauoAy —€150B1y)
(11)
N2

K® = IrI_II)I N 27Z'I’Dy(r,0) =T(6150A11 +3110811)

Conclusion

The higher order mechanical and electric crack-tip fields for power FGPMs are obtained by the
methods of eigen-expansion in this paper. The results showed that the non-homogeneous material

parameters kK and A first appeared in the third order fields, k® and A2 in the fifth order ones.

It is clear that non-homogeneous material parameters strongly affect the higher order items of the
fields. The explicit expression of stress intensity factor and electric displacement intensity factor are
presented.
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