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Abstract

A direct method to construct polynomial integrals for third order ordinary difference
equation (OAE) w(n + 3) = F(w(n),w(n + 1),w(n + 2)) and fourth order OAFE
w(n+4) = F(w(n),w(n+1),w(n+2), w(n+3)) is presented. The effectiveness of the
method to construct more than one polynomial integral for N-th order OAFE is also
briefly discussed.

1 Introduction

The discrete nonlinear systems governed by both ordinary difference equations or map-
pings and partial difference equations or lattice equations have drawn much attention by
researchers working under different areas of applied science [1, 2, 3, 5, 7, 9, 10]. Since
discrete systems governed by difference equations are more fundamental than the con-
tinuous ones described by differential equations their study becomes essential which will
lead to the development of a general theory of discrete and in particular nonlinear differ-
ence equations. Even though there exists no unique definition of integrability considerable
number of analytical methods have been formulated by different groups in recent years to
deal with integrability [4, 7, 8, 10, 11, 12, 13, 16, 18, 19, 20, 21, 22, 24, 25] and signifi-
cant advancement has already been made for the second order both for autonomous and
nonautonomous cases [5, 7, 9, 10, 17, 19, 20, 25]. We take the working definition of inte-
grability, here, the one which is related with the existence of sufficient number of integrals
of an OAE. An integral (also referred to as conserved quantity) of OAFE is a function
that is not identically constant but is constant on all solutions of it. An autonomous N-th
order nonlinear OAFE is said to be integrable if it admits (N-1) functionally independent
integrals. Note that if a difference equation is measure preserving in dimension N and has
(at least) (N — 2) independent integrals then it has a (degenerate) Poisson structure, so
defines a symplectic map on each 2D level set of these integrals [6]. Given an autonomous
N-th order nonlinear OAFE there exists no systematic analytic technique to derive its inte-
grals enabling one to investigate its integrability. Recently a direct method was proposed
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for N-th order autonomous difference equation to construct rational integrals and several
new integrable difference equations of higher order were identified [23]. In this article we
present a method to construct polynomial integrals through third and fourth order OAFE
[ see 14,15 for a different method]. The effectiveness of the method is also discussed for N
-th order OAFE.

The plan of the article is as follows. In §2 we describe the method, which involves
factorisation, through third order autonomous OAFE w13 = F(wp, Wyi1, Wni2), Wy =
w(n),wn+1 = w(n+ 1) ete. to derive 2 polynomial integrals. In §3 we extend it for fourth-
order autonomous OAE wp14 = F(wy, Wn41, Wnt2, Wnt3) and identify F admitting 2
independent integrals. In §4 we present a brief summary of our results. The effectiveness
of the method is also discussed for N -th order OAFE in the Appendix.

2  Construction of integrals for third-order autonomous dif-
ference equation

Consider an autonomous third order OAF having the form
Wnt3 = F(wWn, Wny1, Wny2) or wy = F(wo, wi, ws). (2.1)

Hereafter, we denote wy = wp, w1 = Wpi1,..., wWN = wWnpyn unless otherwise specified.
Assume that equation (2.1) admits an integral I(wg, w1, ws) having the form

(A (w1)w3 + Agj(wy)ws + Agj(wi)]wy 7. (2.2)

M

I(U}O,’U)l,ZUQ) -
1

J

The integrability condition I(wg, wy,ws) — I (w1, ws,ws) = 0 leads to a quadratic equation
in ws

Fl(wl, wg)w§+Fg(w1, wg)wg—[F4(w1, wg)w8+F5(w1, UJQ)U}Q+F6(U}1, U)Q)—Fg(wl, wg)] =0.
(2.3)

where

3
wlan E Al] ZUQ a a 1= 152,37
j=1

Fiy3(wi,w2) ZAjk wi)ws 7, k=1,2,3.

Hereafter we denote F;(wq,ws) as F; for the remaining section unless otherwise specified.
Equation (2.3) can be factorised as

Fy+ Fy Fy — Fy
R — pr— 2-4
<w3 + wo + 5F, > (wg wo + oF, 0 (2.4)
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provided

Ap1(w2)wi + Ara(wa)wy + Arz(ws) = Aq1(wr)wi + Agy (wi)wa + Agp(wy) (2.5a)
and

(F5 + F2)(F5 — F2) = A(Fs — F3) i (2.5b)

Thus we obtain,

Fy+ F5

o 2.

w3 Wo 2F1 ) ( 6)
Fy— F

= — . 2.7

ws =wo = —5 (2.7)
Solving equation(2.5a) yields

An(wg) = alw% + aswsy + as, (2.8&)
Az (ws) = azw3 + bywy + ¢, (2.8b)
Az1 (ws) = azw} + bywy + c3, (2.8¢)
Alg(w2) = agwg ~+ bowoy + b3, (2 8d)
Asz(wy) = asw3 + cows + c3, (2.8¢)

where a1, as, a3, be, b3, co and c3 are arbitrary constants. Equation (2.5b) suggests that it
can be solved for two distinct possibilities:

(’L) F5 = F2 and F6 = F3, (29)
(’LZ) F5 75 F2 and F6 75 F3. (210)

The conditions given in equation (2.9) can be rewritten respectively as

Aga(w2)wy — Aga(w1)wa + Agg(w2) — Aza(wy),  (2.11)
Aszg (U)Q)wl — Agg(wl)w2 + A33(w2) — Agg(wl). (2.12)

A12(w1)w§ — Agi (we)w

N =N

Az (wi)ws — Agi (wa)w

Making use of the forms for Ajq(ws), Aj2(w2), A13(wse), A1 (we) and Asy(we) given in
equations (2.8a)-(2.8¢) in (2.11) and (2.12) we obtain

AQQ(U)Q) = bgwg + eswo + €3, (2.13&)
Agz(ws) = bgw} + ezwz + f3, (2.13b)
Azz(wp) = cywl + esws + f, (2.13¢)
Agz(wa) = 3wl + fawz + ja, (2.13d)
where eo, €3, f3 and j3 are arbitrary constants. Thus we obtain a third order difference
equation
ws = —wo— (agw3 + bows + c2)w? + boww3 + eswiws + ezwy + byw3 + ezwa + f3 (2.14)

(a1w3 + aswa + az)w? + agwiw? + bowiwy + bgwy + azw3 + cows + c3
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with one integral

I = [(alw% + aswi + ag)w% + (agw% + bowy + b3)woy + agw% + cowy + c;;]w%
+[(agw? + bowy + c2)wd + (baw? + eawr + ez)wo + byw? + ezwy + f3)ws

+(azw? + bywy + c3)wi + (cow? + e3wy + f3)wo + c3w? + fzws. (2.15)
We would like to mention that equation (2.14) can also be rewritten as

(041’11}1’11}2 + aowi + agwo + a4)('ylw1w2 + Yowy + y3wsg + ")/4)
w3 = —wo — (2.16)
(cqwiwg + aswy + asws + ay)(Brwiwe + Bowr + Fzwa + Ba)

by choosing the constants ai,as,as, bs, b3, co,c3,e3 and f3 appropriately. For example,
equation (2.14) becomes

283wiwa + Y2 (w1 + w2) + Y4

w3 = —wWg — 2.17
’ O Brwiws + Ba(wy + wa) + 2 — 4l (2:17)
provided
a; = /3%7 ag = 2/31ﬁ37 az = /337
by = (B1y2 +263), ca = b3 = 7203, 3 = auf3(72 — ufs),
€2 = (27283 + By + 204f33), e3 = B3(cuya + 1), f3 = quyafBs, js-arbitrary
and the integral (2.15) becomes
I = (Brwow + B3(wo + w1) + asfs)[(Brwowr + B3(wo + wi) + 72 — aufz)we
+2B3wowt + 2 (wo + w1) + yalwa + Bz(wr + o) (Bswowr + yow
+(vy2 — aufBs)wo + Ya)wo + aBs(V2 — Bzca)wi + auBayaws. (2.18)

In order to construct second integral I, we use the other possibility given in equation (2.10).
It is clear from equation (2.5 a) that Ajq(wi1), Ai2(wi), Aiz(wr), A2 (wy) and Aszp(wq)
are quadratic polynomials. However, equation (2.5b) suggests that Agg(wi), Aas(wi),
Aso(wy) and Aszs(wi) may be quartic polynomials. Thus we consider

A (w1) = aywi + agwy + as, (2.19a)
A9y (wr) = Gaw? + bowy + &, (2.19b)
Az (w1) = agwi + bywy + G, (2.19¢)
Apa(wy) = agw? + bowy + bs, (2.194)
Az(wy) = agw? + éywy + &3, (2.19¢)
Ago(wy) = elw% + EQw:{’ + e;;w% + eqwy + €5, (2.19f)
Agz(w1) = egw] + erw$ + egw? + eqwy + €10, (2.19g)
Asp(wy) = enw] + e12w} + erzwi + e1qwy + €15, (2.19h)
Ass(wy) = 16w + 17w + e13w? + e19w1 + €30, (2.191)
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where a1, ao, ag, 52, 53, Co,¢3 and €;,1 = 1,2...20 are unknown constants to be determined.
Then equation (2.6) reads

F
w3 = —wWy — — 2.20
3 e (2.20)

where,

F= enwi1 + eﬁwg + elgwi’ + 67w§’ + el(wi’ + w;‘)wle + (€3 + b2) (w1 + wa)wiwe
+62(w% + w%)wlwg + 20,211)%?1}% + (613 + Cg)w% + (bg + eg)w% + 2e4wowq
+(€5 + €14)wy + (€5 + €9)wa + €10 + €15,

5 -~ 9 9 2, -~ 2 - 2,7 5 ~ ~ ~
G = (awiw; 4 Ggwawi + azwy + dawiw; + bywywsy + bzwy + azwy + Cawz + €3).

We would like to mention here that lzotl} F and G can be factored with a common factor
by choosing the constants ai, as, as, ba, b3, éo,¢3 and €;,7 = 1,2...20, appropriately. That
is,

F= (541?1}1?1}2 + awy + azwo + 544)[’?111)%11}% + ’?2?1)%11)2 + ’N)’gwlw% + ’?411)% + :)’511)%
+iswiwz + Frw + Fgwa + Yo

G = (Grwywy + Gowy + dzwz + ) (Brwiwz + Bowr + Paws + Ba)
For example, equation (2.20) reduces into

~ 4~ ~ ~

231 Guywiwa + 264 P (w1 + wa) + GuFs — 29

provided
- R U 0 7101
1 =az=a3z =0, by =ayf, ¢2 = bz = aufs, G =—5— — ¢,
€3 = —bg, €4 = 2b3, €5 = —€9 + 47y, €g = —b3, €9 — arbitrary,
Q4o _ _ _
€10 = €15 = T, €13 = —03, €14 = €9, €18 = —€g,

€1 = €2 = €6 = €7 = €11 = €12 = €16 = €17 = €19 = €20 = 0.

Also the conditions (2.5a,b) and (2.10) are identically satisfied for the above parametric
restrictions which in turn leads to the existence of second integral I5. Furthermore equation
(2.21) can be rewritten as

_ 2M Wyt 1 Wnt2 + A2 (Wnp1 + Wnt2) + A3
MW 1Wnt2 + A (Wng1 + Wng2) + A5

Wpt3 = —Wp (2.22)

where

AL g = Mg M A
20 QY QY 2544, 9 2
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and so the integral Is is

Iy = MaWng1wn + MWy + MWng1 + As]wh o + [Manrw;, + Awy — Aw, 1wy
F2M WnWht1 + A2Wn, + Mgy, — Mw2 4 + (A2 — As)Wnt1 + A3]Wnt2 + M wpp1w?
+)\5wi — )\1w2+1wn + (A2 — As)wp 1wy + Azwy, + (A5 — )\Q)UJZ_H. (2.23)
It is easy to see that the third order OAFE (2.17) admitting the integral I assumes exactly
the same form as (2.22) by choosing the parameters 31, 33,72 and 74 as

-
=2

oy , B =M, B3 = A1, 12 =2, 74 = As.

and the integral I becomes

I = (Awpwpt1 + Mwp + AMwnt1 + A2 — As) [(Mwnwnt1 + Arwn, + Aiwnt1 + As)wnta
F2M W Wn 1 + Aown + Aowny1 + As]wnge + (Mwn g1 + A2 — As) [Mwpwni1 + Aswy,
+)\2wn+1 + Ag]wn + ()\5wn+1 + )\3)()\2 — )\5)wn+1. (2.24)

Thus we conclude that the third order OAE (2.22) admits 2 independent integrals I; and
Ir.

Proceeding along the similar lines described above one can identify more than one third
order OAE possessing 2 independent integrals since the factorisation of " and G explained
earlier is not unique. For example F' and G can also be factored as

F = 2(Bswy + Bzws + B4)[Bs (w1 4+ wa)? + F7 (w1 + ws) + Fo)
G = (Bzwy + Bawa + (1)?
provided
a3 = (33, by = 2as3, by = & = 20304, 3 = f3,
e3 = 4az, 4 = 2B3(B1 + A7), €5 = B339 + 207, €7 = 23, €3 = 20377,
€9 = 2(B4A7 + B379) — €5, €10 = Bao, €12 = 263, €13 = 203377,
€14 = 2(B477 + Bs79) — €5, €15 = BaFo, €16 = B3, €11 = 2B3(F7 — Ba),
€18 = —2B477 + B350 + 77 + B3, €19 = Fo(F7 — Ba),
a1 =09 = €] = €9 = €g = €11 = €99 = 0.

Here again the conditions (2.5ab) and (2.10) are identically satisfied for the above para-
metric restrictions. In this case equation (2.20) becomes

A (Wit + wng2)? 4+ Ao(Wny1 + Wnga) + A3
M (Wr1 + Wpp2) + A

Wpis = —Wy — , (2.25)

where . 5
B = A1, 37 = A2, 59 = A3, 04 = M\
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and admits second integral I» as

I = [\MWpWnia + MWt + AMWpWni1 + AWy + A\Wh 1 + MWy 1Wnto
+(A2 = M)W 1] M WnWnta + MWnto + MWnWnt1 + Awy, + w2
FAWnr1Wnt2 + (A2 — A)wnp1 + Ag). (2.26)

It is easy to see that equation (2.14) possessing an integral I; takes exactly the same form
as (2.25) for the parametric restrictions

ca=b3 =M\, e2=2X\1, e3=2X2, fa3=A3, c3=N4, a1 =az=by =a3 =0

and the integral I; becomes

I = Miwn + Mwpgr + AJwl o + [Mw2 + 20 wpwn i1 + Awn + Mw2 g + Aowy i1
FA3Wnt2 + MW 1 W2 4+ Aw2 + MW Wn + AWy 1Wy + AgWn + Aw2 g + AWyt
(2.27)

A detailed calculation shows that there exists no other third order difference equation
possessing 2 independent polynomial integrals. We wish to mention that the identified
third order difference equations (2.22) and (2.25) admitting 2 integrals are also measure
preserving with measure 1 and hence they are integrable. Equations (2.22) and (2.25) were
also obtained by Iatrou(2003a) using a different method. However, our analysis shows that
there exists a third order difference equation involving atleast 10 parameters possessing
one cyclic integral I7.

3  Construction of integrals for fourth order autonomous
ordinary difference equation

Consider an autonomous fourth order OAE having the form
wy = F(wq, wy, wa, w3). (3.1)

Assume that equation (3.1) admits an integral I(wg, w1, ws, w3) having the form

3

I(wo, w1, wa, w3) = Z[Alj (wl, ’U)Q)’U)% + A2j (wl, w2)w3 + Agj (wl, ’(UQ)]’LUSij. (32)
7j=1

Then the integrability condition I(n 4 1) — I(n) = 0 leads to a quadratic equation in wy
Fi(wi, w2, wa)w + F(wi, w2, ws)wa

—[Fy (w1, wae, w3)wi + Fs(wi, wa, ws)wy + (Fg(wy, ws, w3) — F3(wr,wa, ws3))] = 0,
(3.3)

where
3

E(WL’U)Q,U}?,) - ZAij(’(UQ,wg)wi)ij,’L' = 152,37
7=1

3
Fiys3(wi, we,w3) = ZAjk(wl,w)wgﬁ,k =1,2,3.
j=1
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Hereafter we denote F;(wy,ws,ws) as F; for the remaining section unless otherwise speci-
fied. Equation (3.3) can be factorised as

Fs + F Fy — F5
— = A4
<w4 + wo + oF, ) <w4 wo + oF, 0 (3.4)

provided

Aq1(wa, w3)w] + Arz(wa, ws)wy + Arz(wz, ws)
= Ay (wi, w2)w3 + Aoy (wr, wa)ws + Az (wr, wo) (3.5a)
and
(Fs + Fy)(Fs — Fy) = 4(Fs — Fy) . (3.5b)

Thus we obtain,

Fy + F;
wy = —wp — 3F (3.6)
B Fy— F
Wy = wo 5T, (3.7)

It is easy to check that equation (3.5a) is satisfied with

2 2 2 2
A1 (wy,w2) = (aqwi + aswy + as)ws + (agwi + aswy + ag)ws + aswi + agwi + ag

(3.8a)
Az (w1, w2) = (agw? + aswy + ag)ws + Ajoe(wi)ws + Ajaz(wr) (3.8b)
Agz(wy,ws) = (azw? + agwy + ag)ws + Ayza(wy)ws + Az (wr) (3.8¢)
Agi(wi,we) = (a2w§ + aswgy + GG)UJ% + Ajg2(w2)wy + Aqz2(w2) (3.8d)
Azi (w1, w2) = (azwi + agws + ag)w? + Ajaz(we)wy + Ayzz(ws), (3.8e)

where a;’s are constants while Ay99, A193, A132 and A;33 are arbitrary functions. As pointed
out for third order difference equations, equation (3.5b) can be solved for two distinct
possibilities:

(’L) F5 == F2 and F6 = F3, (39)
(’LZ) F5 75 F2 and F6 75 F3. (310)

Considering the condition (3.9) we have

A1 (w1, we) = (ayw? + aswy + az)ws + (asw? + aswi + ag)ws + azw? + agw; + ag

(3.11a)
Ao (wr, we) = (agw? + aswy + ag)ws + (baw? + bswy + bg)wsy + byw? + bgwy + by

(3.11b)
Ays(wi, wp) = (agwi + aswy + ag)wi + (brwi + cswi + cg)wa + crwi + cswy + co

(3.11¢)

AQl(U}l, ’U)Q) = (agw% + bgwq + b7)w§ + (a5w% + bswy + C5)U}2 + a6w% + bgwy + cg
(3.11d)
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Agg(wl, wz) = (a5wf + b5w1 + bg)w% + (b5w% + eswi + 66)w2 + 05?1}% + egwy + €9
(3.11e)

Ags(wi,w2) = (aswi + bgwi + bg)ws + (bswi + egwi + eg)ws + cswi + fswi + fo
(3.11f)

Agi(wr,wa) = (aswi + brwy + e7)ws + (aswi + bgwi + cs)wa + agwi + bywy + co
(3.11g)

Agg(wl, ’U)Q) = (a6w% + cswy + 08)w§ + (b6w% + egwy + fg)wg + CG’U)% + eqwy + fg
(3.11h)

Agg(wl, wz) = (agw% + cgwi + Cg)wg + (bgw% + eqwy + fg)wg + ng% + f9w1 + J9
(3.11i)

where a;’s, b;’s, ¢;’s, e;’s, fi’s and jg are arbitrary constants. Thus we obtain a fourth
order difference equation

(3.12)

where
F = [(agw} + aswy + ag)wi + (bywi + bswy + bg)ws + bywi + bswy + bolw;
+(aswi + bswi + bg)ws + (bswi + eswr + eg)ws + cswi + egwy + eglwy

+[(agw? + cswi + cg)ws + (bwi + eswi + fs)wa + cwi + egwi + fo

G = [(a1w] + aswi + az)w3 + (aow? + aswy + ag)ws + aswi + aswy + aglw;
+[(aswi + bswy + c5)ws + c6 + (bawr + by + agwi)ws + bewy + agwilws

—i—(agw% + bywy + 07)w§ +c9 + agw% + (agw% + bgwq + Cg)wz + bgwq

with an integral I7 given by

I = [[(awi + aswi + az)wi + (aowi + aswi + ag)ws + azwi + agwy + aglwg
+[(agwi + aswi + ag)ws + (baw? + bswy + bg)wz + brwi + bgwi + bylwg

agwf + agwy + ag)wg + (b7wf + cswy + c)wy + C7w% + cgwy + 09]w§

_l’_

+[[(agw? + bywy + by)ws + (asw? + bswi + c5)ws + agw? + bgwy + cglw?
(aswi + bswy + bg)ws + (bswi + eswy + eg)ws + cswi + egwy + eglwp

[
(
[
[
(aswi + bewy + bg)ws + (bswi + eswy + eg)ws + cswi + fawy + folws
[
[
(

+ +

+
+
+ agw% + cgwq + Cg)’w% + (bg’w% + eqwy + fg)U]Q + ng% + ngJl (313)

(agw% + bywy + cﬁw% + (agw% + bgwy + cg)wy + agwf + bgwy + 09]w(2)
(

a6w% + cswy + 08)11}% + (bﬁw% + egwy + fg)wa + c6w% + eqwi + fo]wo

Proceeding further along the lines described for third order OAFE we find that there exist
six fourth order OAFE possessing 2 independent integrals. They are

B M (w240 4 Wnyo(Wni1 + Wngs)) + Ag(Wnt1 + Wnt3) + Aownia + Aa
Alwn+2 + )\2

(’L) Wp+4 = —Wn )
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(3.14)

I = (MWt + A3)wii s + (A1 wWn11 + 2A3)Wnga + Mw2 g + AaWnt1 + Aa)Wnys
F (M Wns1 + 2203)w2 5 + (Mwiiq + (A2 + 2X3)Wnt1 + 2X0)Wpto + 2X3w2 44
2 wWn 11 + (MWt + A3)w2 + (2M Whta + 2XA3)Wnp1 + MW2 o + AoWni2 + Ag)wy,.

)\1(?1}”_1,_1 + Wn+2 + wn+3)2 + )\2 (wn—l—l + Wn+2 + wn+3) + )\3
A (Wnt1 + Wngo + Wnys) + Ay

(44) Wn+4 = —Wn — )

(3.15)

I = (Mwn + MWpp2 + Mgt + A)wii g + (Mw2 + A wng2 + 2\ Wit + A2)wy
FA Wy 1o + (2 Wit + A)Wnia + Mwh g + AaWni1 + A3)wnis + (AMwnga
+A4)wi+2 + (A1wi+1 + Xown41 + A3)wpi2 + )\4wi+1 + Aswpt1 + (Arwp4o
FA W1 + A)w2 + Awii g + (2MWnta + A2)wnt1 + MwE s + Aowy g2 + Ag)wn.

M (Wna1 W42 + WpioWn43) + Ao (Wng1 + Wng3) + Aawppo + A3
M (Wnt1 + Wnys) + Mg

)

(vit) Whtd = —Wp—

(3.16)

I = (Mwy, 4+ A2 — M) (Mwpp2 + A2 — M) (Mwng1 + A2 — A)[(Awy, + Mwpg2 + Ag)wns
FMWp W1 + M Wpp1Wng2 + MWpp1 + AoWpy2 + Aowy + Azjwpgz + (A2 — Ag)
X (AMWpg2 + A2 — M) (M Wng1 + A2 = M) (M Wpp1Wnt2 + MWWyt + AoWpgt
FMWny2 + Agwn + A3)w, + (Ao — M) (N3wn1w0n 40 + )\2)\4wi+2 + A AWy 4o
— Ao AWy 1 W42 + )\1)\2wn+1wi+2 + A1A2wi+1wn+2 + )\2)\4wi+1 + Ao A3wWp41

2.2 2 2.2 2,2
— M AsWpyo + Alwn+1wn+2 - )\4wn+2 + M A3Wpp1Whto — )\4wn+1 - )\3)\4wn+1).

(Mwnt2 +2X3) (Wnt1 + wnt3) + AL(WE |5 + Wnp1wWnt3) + AoWnyo + Ay
A Wnt2 + A3

(10) Wwpyq = —wp—

)

(3.17)

I = MWt + A3)w2i g + (MWn2 + MWt + 223)wn + (A wnp1 + 223)wnto
FAWE L1 A AoWnt1 + A)Wnts + A3w2 o + (2A3Wnt1 + Ad)Wpt2 + Aswi
FMwn 1+ MWtz + A3)wh + (AWngo + 2X3)Wni1 + A W7o + AsWnio + Ag)w.

A(wih g + 2wp 5 + Wi 5 + AW 1 Wot2 + Wog2Wnis + Woi3Wna1))
MWy g1 + AMwWpg3 + 2A1wnq2 + A3

~2(X2 = Az)wngr + Ao (Wit + Wigs) + Mg (3.18)

MWpt1 + MWpt3 + 22X\ wWpto + A3 '

(U) Wn44 = —Wp —
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I = (Mwy + MWpta + 22\ Wet1 + A3)w2i g + (Mw? + (A wnpo + 4\ wet1 + Ao)wy,
FAwh 4o + (AN Wnt1 + A2)wnga 42X 1wy 4 + (2X2 — 2A8)wn 1 + Ad)Wnis + (AMwng
FA3)W2 o + (MWEL 1+ AoWni1 + M) Wnga + Asw2 g + Mwni1 + (MWt + 2\ W42
+)\3)w,21 + ()\1’(0121+1 + (AN wpt2 + Ao)wny1 + 2)\1wi+2 + (2X2 — 2X3)wp42 + A\g)wy,.

~ AMWn1Wit3 + 20Wn2 + (M + As) (Wnt1 + Wnts) + A3
MWpt2 + A — A5

(vi) Wntd = — Wy , (3.19)

I = (Mwpg1 + A — As)wii g + (Mwnga + Mwnp1 4+ 200)w, + (225 — AWy 1)Wn 42
+2)\4wn+1 + )\3)11)”4_3 — 2)\5 (U),%Jrl + w,21+2) + 2()\5 — )\4)wn+1wn+2 + (Alwa_Q
+As — )\5)11)7% + ((2)\5 — Alwn+2)wn+1 + 2)\4wn+2 =+ )\3)?1}”.

Since the calculations are tedious and cumbersome the explicit forms of expressions A;; (wy, w)
associated with second integral I5 for each of the above identified six cases are given in
Appendix A.

Finally we would like to mention that with the limited software facilities available we
have identified the above fourth order OAFE possessing 2 independent polynomial integrals
and hence we do not claim that the identified list of difference equations is an exhaustive
one.

4 Summary

In this article a method is described to construct polynomial integrals for third order
and fourth order OAE. We have identified two distinct third order equations (2.22) and
(2.25), each of them admits 2 independent integrals. It is appropriate to mention here
that one of the integrals in both the cases is cyclic invariant. Also the identified equations
(2.22) and (2.25) are measure preserving with measure 1 and hence they are integrable.
Similar observation has also been noted by Iatrou (2003a). For fourth order OAE we have
identified six distinct equations (3.14), (3.15), (3.16), (3.17), (3.18) and (3.19) admitting 2
independent integrals. Here again one of the two integrals is cyclic invariant. Also they are
reversible as well as measure preserving with measure 1. We would like to mention that the
fourth order equations given in equations (3.14), (3.15) and (3.16) are also symplectic and
hence they are integrable in the Liouville sense.This was also observed by Iatrou(2003b).
We wish to recall that Byrnes et al (1999) has proved that if an N -th order autonomous
difference equation is measure preserving and has at least NV — 2 integrals then it has a
degenerate Poisson structure, so defines a symplectic map on each 2D level set of these
integrals. Difference equations given by (3.17), (3.18), (3.19) possessing 2 independent
integrals belong to this category and they are expected to be integrable. The integrability
of the above difference equations can be established (hopefully) by other means, for example
through a criterion developed for discrete equations (Halburd,2005). The effectiveness of
the method is also discussed for N -th order OAF in the Appendix.

Acknowledgments. The work of R.S. forms part of the research project funded by CSIR,
New Delhi. The work of C.U. is supported by UGC, New Delhi.
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Appendix A

From the analysis we observe that Aoy (Wy41, Wnt2) = A12(Wnt2, Wnt1), Asa(Wnt1, Whyo) =
Asgs(wpt2, Wni1), As1(Wpt1, Wpt2) = A13(Wnt2, Wpt1) in all the six fourth order difference
equations and therefore we presented only the forms of A1 (wpt1, Wnt2), A12(Wnt1, Wnt2),

A13 (wnJrla wn+2)a A22 (wnJrla wn+2)a A23 (wnJrla wn+2)a A33 (wnJrla wn+2)-
Explicit forms for A;;(wp41, wn2) associated with fourth order difference equation (3.14):

A =0,
A1z = M (AMwnt1 + A3)(A1wng2 + Asz),
A1z = (Mwps1 + A3) (M Aswni2 + At Ag) + 205 — AaAs),

Agg = (203 — A2A3 + M Azwni2 + MA)(A1wn i1 + A3) + M (Mwnia + A3)

X ()\4 + )\1w2+1 + MWpr1Wnt2 + Aowpi1 + Agwn+2),
Agz = (MAswni2 + AAs 4 273 — Ashe) (A + Awy ) + MW 1Wnga + AoWn i1 + Aswn o),

Asz = (203 — A3A2 + M) (A3w2i o + Mwnta + Mwni1) + A Az(Aswni2 + Agwni1
AWt 1Wnt2 + A3(203 — 3o + M) (Wnta + Whg1)Wig1

Explicit forms for A;;(wp1, wn2) associated with fourth order difference equation (3.15):

Ay = M (Mwnig + Mwnr1 — 20 + Aa),

Az = M (MWpg1 + MWy + Ag) (M wpp2 + Mwpp1 — 205 + Ag)

FAT((2A2 — 4A) Wit + MWn1Whp2 + AWE L1 + AoWppo — 2A4Wn o),

Az = M(AMwng1 + Mwnga + A1) (2Aown g1 — AA4Wni1 + M Wnp1Wngo + Mw)
+AWnq2 — 2M4Wn42),

Aoy = 2)\:15w2+2 + )\1()\1 ()\3 — 16 qwp 41 + 7)\1w,21+1 + 11)\2wn+1) + 2)\2(}\2 — 2)\4))wn+2
+AT(BA2 = TAs + TA Wy 1) W2 o + 203w3 L1 + AT (B2 — TA)w2 4 + M (A3
+203 — X)W1 + MA2Az + Aa(4hadg — NS — 40T — 21 \3),

Agz = 20 (Mwni1 + A2 — 22w o + (AT (BA wn 41 + 8X2 — 13\)wyp1 + A1 (20]
+223 — BAada)) w2 o + (M (M (AN wps1 + 92 — 13X w1 + 405 — 8ha)y
FAA) W1+ A (4M] — Ahadg — 20103 + A3) + A Ao d3)wnga + Awi
FAT(BA2 — AN )wd L1 4+ A (M Az + 203 — 4o w2 + 201 3( N2 — 2\4) w1,
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Ass = AT (Awnp1 + A2 — 2X0)wit 1o + (3XJw2 1 + AT (5A2 — 8A)wnt1 + A1(203 + 4)]
—6 o \a))wd o + (BAFw 1 4+ 403 (200 — 3A)w2 4 + M (60] — 13A2)g + 5A3
FAA) Wi 1 + Ad(4XoAg — 403 — 201 03) + A2(A3 + A As))w2 o + (Mwiyy
+A7 (5BA2 — 8Xg)wi 11 + A1 (6AF — 132 Mg + 5A3 + A Ag)w2 4 + (4N] — 6A1 A3\
=3I+ 33X 0003 4+ A wng1 + A3(4N] — ddo Xy + AD))wyo
Fwpt1 (A2 = 204) A1 Wng1 + A2 — 2X0) (MW g + Aowni1 + A3).

Explicit forms for A;j(wn1, wn42) associated with fourth order difference equation (3.16):

A = A\ wn10nge + Ao — M) (Wny1 + Waio)),

Ay = M (Mwngz + M) M wnp1wngs + (A2 — M) (Wng2 + wnt1))
FA1 (A2 = A) Afwn1wpp + (A2 = A) (Awnr1 = Az + M),

A1z = (Mwppa + M) (A2 — M) (Mwnp1wnre + (Mg — M) M wng1 + Mg — A2)),

AQQ = A%()\lwn_u + )\2)()\2 - )\4 + Alwn+1)wi+2 + )\%()\1 (2)\2 — A4)wi+1
+(A1A3 + 223 — Aoy — ADwnt1 + A3(X2 — Ag))wppo
+(A2 = M) AT Aawn i1 + Ag)wni1 + (ha — M) (A — A3)),

A23 = )\1()\2 — )\4)()\%11),2”1 + )\1(2)\2 — )\4)wn+1 + ()\2 — )\4)2)wfl+2
+(A2 = M) A2 Mowni1 + A3)wni1 — A2 — M) (A2 — M) = 20  \wpi 1)) wnyo
+(A2 = A)*(MWnt1 + A3)(Mwng1 — A2 + Ag),

Asgs = (A2 = A)*(Mwi 41 + Mdowngr + (A2 — M) wh 1o + (M Aaw)
—()\% — 3o\ + 2)\421 — )\1)\3)wn+1)wn+2 + ()\2 — )\4)2w,21+1).

Explicit forms for A;;(wp1, wn2) associated with fourth order difference equation (3.17):

A =0,
A = an A (M wpg1 + A3),

A1z = M (Mwng1 + A3) (@11 (Wnt1 + wnt2) + a12),

Agg = 1o\ (A1 (Wit + Wng2) + 203) + a1 (A (M (w2 + w?y,)
+(BAN wpg1 + 4X3) Wi + AA3wpp1 + A1) + A3(3A3 — A2)),
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Aoz = 0o M (M W1 + 2A3)Wni2 + (Mwpp1 + X2)wni1 + M)
+a11 (A1 ((3A3 + 2\ wn1)w2 o + (BN w24 + 2X0Wn 41 + M) w2
FA WS g A Aow?2 g 4 Awng1) + As(A2 — 3A3)wn2),

Asz = a1 (Asw2 o + 2A3wni1 + M) Wns2 + Aswni1 + A)wng1) + a1 (A (AMwni1
+2X3)Wh o + (221 (M wnt1 + A2) Wit + Mg + 2X3(A2 — 3A3)) w2, + (Afwd 4
2201 w21+ (A3 + 2000 — 22903 — 3A) w1 + Aa(Aa — 3X3)) w2
22X AW 1 4+ (M + 2003 — 603)wZ | + A(A2 — 3A3)wpt1).
Explicit forms for A;j(wp1, wn2) associated with fourth order difference equation (3.18):

A11 = 048)\%,
A1z = M (ag(AMwn g1 + 2 M wpp2 + A3) + 2012A1),

Az = M (2Mwp1 + Mwpyo + A3)(208Wn41 + agWng2 + 2002),

Aoy = a12(20 A2 + 8\ (g2 + wni1)) + ag(2M A2 (Wi g1 + Wyio)
+2203 (8w y2Wnt1 + (W21 + w2 5)) + AAa + 23 — A2)3),

Aoz = a12(203 (202 1 + 4w towWni1 + W2 1o) + 20 Xowp 2 + 4N (Ag — A3)wn 41
+2M1\) + a8(2)\1)\2wi+2 + 2)\%(21024_1 + wa_Q + 7wn+2wi+1 + 5wi+2wn+1)
F6A1 AoWp11 Wyt — )\1)\3(4wi+1 + wi+2 + 4wy 0w 1) + AMAa(Wpp2 + 2wp41)
FAA3Wn 2 — 2A 3w 42 + AN Aw? 1),

Asz = 1220 M (W1 + Wnga) + 2M AoWn i 1Wn 42 + 201 A3(w2 4 + Wiy )
F2M W4 1Wnp2(Wnt1 + Wnt2)) + s(—2X0A3w) 1 + 2\3Wn 42w 41
—|—2)\%wn+2wn+1 — 2A2A3wi+2 + )\%wa_Q + )\%wf‘H_l — 224 A3Wpa1 + A1A4wi+2
+11)\%wz+1w%+2 + 8)\1)\2wn+1wi+2 — 9)\1)\3wn+1wi+2 + 8)\1)\2wi+1wn+2
—OMAZW2 L Wht2 + SN AWyt 1Wnt2 — BAaA3Wy0Wnt1 + 6ATWE L 9wt
F2X AW oy — 2M A 3wh o + 6ATwE Wi e + Moo — 2\3 w42
F2X AW L — 20 AW g 4+ MW A downgr + Aw2 L, + Awl ).

Explicit forms for A;j(wn1, wn42) associated with fourth order difference equation (3.19):

A=A =0,
Arg = MWng1 + M+ A5) (Mg + Mwpi1 — As),
Ago = (Mwpy1 + M+ )\5)()\1wn+2 + A4+ )\5)7

Aoz = (Alwn+1 + M+ )\5)(2)\4wn+1 + AsWn42 + Aqwn12 + )‘3)’
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Azz = (M 4 A5) (A + As)wnp2wn i1 + Ag(wni1 + wnp2) + Aa(wh o +wh i)
—)\5(wi+2 + w?l-‘rl))'

Appendix B

Consider an Nth-order autonomous OAFE having the form

WptN = F(wp, .. WpyN-1). (B1)

Let us assume that equation (B1) admits a polynomial integral I(n) having the form

3
Z Avj(n)wh g n—y + Agj(n)wnyn—1 + Asj(n)w) ™, (B2)
7j=1

where
Aij(n) = Aij(Wny1, Wny2, oy WnyN—2), 1, j=1,2,3

are unknown functions. Then the integrability condition I(n + 1) — I(n) = 0 leads to a
quadratic equation in w,4n

Fi(n)wpyy + Fa(n)wpin + F3(n) — (Fa(n)w), + Fs(n)w, + Fs(n)) = 0, (B3)
where

Fi(n) = ZAZJ(n+1) n+i’l—123Fk() ZA]k()nJrN 1 k=1,2,3.

It is stralghtforward to check that equation (B3) can be factorised as

<wn+N + wy, + %W) (wnJrN — Wp + %W) =0 (34)

provided
All(n—i—l) Wy 11 A11(n)wflJerl—i—Alg(n—i—l)wn_H—A21 (n)wn+N_1 = A31(ﬂ)—A13(Tl+1)(B5a)
and

[F5(n) + Fo(n)][F5(n) — Fa(n)] = 4[F5(n) — F3(n)]Fi(n). (B5b)
Thus we obtain,

FQ(TL) + F5(’I’L)
2F1(7”L) ’

Fy(n) — F5(n)
2F1(’I’L)

Obviously (B5b) is satisfied for distinct possibilities

Wpt N = — Wy — (B6)

Wt N = Wy, — (BT)

(1) F5 = F2 and F6 = F3,
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(2) F5 7§ F2 and F6 7§ Fg.

Demanding that one of the integrals of the given OAFE (B1), say, I1(n) is cyclic invariant,
that is

Il(wnawn—l—h' o 7wn+N—27wn+N—1) = Il(wn+1awn+27' o 7wn+N—1awn)
= Il(wn+2awn+3,' e ,wnawnJrl) == Il(wnJerlawna T awn+N73,wn+N72)

it is easy to verify that both the conditions given in equation (Bba) as well as F5 = F,
and Fg = F3 satisfy. In this case the integral I; will take the form

o o ) i1 i2 in
Il (n) = z azllg...lnwn+1wn+2"'wn+N+17
0<i1<ip<...<in<2
where
iy i, yin—1yin = Qig iz, inyis = " = Qi iy o in_n,in_1, PTOViIded i1 # dg # -+ £ iy,

Remaining integrals I5(n), I3(n)--- In—_1(n) may be constructed by demanding them not
to be cyclic invariant. We find that the integrals (2.24) of the third order difference
equation (2.22) and (2.27) of (2.25) are cyclic invariant.
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