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Abstract

This paper considers the robust stability analysis problem for a class of uncertain stochastic neural net-
works with time-varying delay. Based on the Lyapunov functional method, and by resorting to the new
technique for estimating the upper bound of the stochastic derivative of Lyapunov functionals, the novel
asymptotic stability criteria are obatined in terms of Linear matrix inequalities (LMIs). Two numerical
examples are presented to show the effectiveness and the less conservativeness of the proposed method.
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1. Introduction

The dynamics of neural networks has been exten-
sively investigated in the past two decades due to
their extensive applications in various signal pro-
cessing problems such as optimization, fixed-point
computations, and other areas. Among the most
popular models in the literature of artificial neural
networks is the continuous time model described by
the following ordinary differential equations'

du; (l‘) u; (l)
C - _
"odr R;

n
+ Y Tijgi(ut) +1;,
j=1
i:1,2,"',l’l, (1)

where u;(t) denotes the voltage on the input of neu-
ron i at time ¢; C; > 0 and R; > 0 are the neuron am-
plifier input capacitance and resistance, respectively;

I; is the constant input from outside the system; ma-
trix 7;; is assumed to be irreducible, i.e. the network
is strongly connected; function g; is the neuron acti-
vation function. This model was proposed by Hop-
field with an electrical circuit implementation, and is
referred to in the literature as a Hopfield-type neural
network. In hardware implementation, time delay
occurs due to the finite switching speeds of the am-
plifiers, which may induce the undesirable dynamic
network behaviors such as oscillation, instability or
other poor performances. Marcus and Westervelt
introduced firstly a single time delay 7 into (1). They
considered the following system

dui(t) u,’([) 1
C— =" R +;Tij8j(uj(t—f))+1i
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System (2) can be extended to the following models

dbzy) = —aui(t) + Y bijg;(u;(t — ©(1))) + 1,
j=1
i= 1727"' ) 1 (3)
and
dui(t)  _ —caui(t)+ Y aijgi(u;(r))
dt Jj=1
+ Zbljg](u](t—f(t)))+1”
j=1

i:172>"'an7 (4)

where 7(7) denotes constant or time-varying delay.
The stability analysis problem for delayed neural
networks (3) and (4) has received great attention dur-
ing the past years®~ 4. These obtained results can
be classified into two types: delay-independent sta-
bility criteria and delay-dependent stability criteria.
The former do not make use of information on the
size of delay while the latter include such informa-
tion. It is known that delay-dependent stability con-
ditions are generally less conservative than delay-
independent ones especially when the size of the de-
lay is small.

On the other hand, in real nervous systems, the
synaptic transmission is a noisy process brought on
by random fluctuations from the release of neuro-
transmitters and other probabilistic causes, and it has
been realized that a neural network could be stabi-
lized or destabilized by certain stochastic inputs'
which leads to the research on dynamics of stochas-
tic neural networks'®23. The robust stability cri-
teria were established in Refs.18 and 19 for uncer-
tain stochastic Hopfield neural networks with con-
stant and time-varying delays. In Ref.23, the delay-
dependent robust stability analysis problem was in-
vestigated for uncertain stochastic neural networks
with time-varying delay. The restrictions that the
time-varying delay was differentiable and its deriva-
tive was less than one are removed in Ref. 23. How-
ever, the useful terms are ignored and the enlarge-
ment method is rather conservative in Ref. 23 when
estimating the upper bound of the stochastic deriva-
tive of Lyapunov functionals.

In this paper, the delay-dependent robust stabil-
ity problem is investigated for a class of uncertain
stochastic neural networks with time-varying delay.
Based on the Lyapunov functional method, and by
reserving the useful terms when estimating the up-
per bound of the derivative of Lyapunov functionals,
the novel stability criteria are established in terms of
LMIs. Finally, two numerical example are presented
to show that our results are less conservative than
some existing ones.

Notation. The superscript “T” stands for the trans-
pose of a matrix. R” and R™" denote the n-
dimensional Euclidean space and set of all n x n
real matrices, respectively. A real symmetric ma-
trix X > 0(> 0) denotes X being a positive definite
(positive semi-definite) matrix. (,.#,P) denotes
a complete probability space, where Q is a sam-
ple space, .Z is the o-algebra subsets of the sample
space and P is the probability measure on .%. De-
note by L?;ZO([—?,O];R") the family of all .7, mea-
surable C([—7,0];R")-valued random variables ¢ =
{0(r) : =7 <1 < 0} such that sup_r,oE|¢(#)]> <
oo, where E{.} stands for the mathematical expecta-
tion operator with respect to P. [ is used to denote an
identity matrix with proper dimension. Matrices, if
not explicitly stated, are assumed to have compatible
dimensions. The symmetric terms in a symmetric
matrix are denoted by .

2. Problem formulation

Consider the following uncertain stochastic neural
network with time-varying delay described by

dx(r) =[—(A+AA)x(t) + (Wo + AWy f (x(1))
+ Wi+ AW f(x(r —7(1)))] dr
+[(C+AC)x(t)+ (D+AD)

xx(t —(1))]do(7), (5)

where x(t) = [x1(t), x2(t),---,x,(t)]7 € R" is the
neuron state vector, and 7(¢) is the time-varying de-
lay which satisfies 0 < 7(¢) <7, 7(r) < . f(x(-)) =
Ai(x10) fo(a())s o fulka()]T € RY s the acti-
vation function, (1) = [@; (¢), @a (1), -+, 0, (¢)]7 €
R™ is a m-dimensional Brownian motion defined
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on a complete probability space (Q,.#,P). A =
diag{a;,az, -+ ,a,} is a diagonal matrix with a; > 0,
and Wy, W, are the connection weight matrix and
the delayed weight matrix, respectively. C and D
are known real constant matrices. AA, AWy, AW, AC
and AD denote the time-varying parameter uncer-
tainties and are of the following form

[AA AW, AW; AC AD]

=HF(t)[E\ E, E3 E4 Es|, (6)
where H,E|,E,,E3,E4,Es are known real con-
stant matrices with appropriate dimensions, and

F(t) is unknown time-varying matrix satisfying
FT(t)F(r) <1

Throughout the paper, we make the following as-
sumptions on the activation function in the delayed
stochastic neural networks (5).

Assumption 2.1 Activation function f(.) : R” — R”
is bounded and satisfies

IF I < IGx@)]], (7

for any x(f) € R, where G € R"*" is a known matrix.

Assumption 2.2 Each activation function f;(.) : R —
R is bounded and satisfies

fi(&) — fi(%)
STg
for any §;,8, € R, §; # &, where k; > 0 for i =
1,2, .n.

gki) i:1725"'7na (8)

Let x(1;¢) denote the state trajectory of stochas-
tic neural network (1) from the initial function x(7) =
¢(t)on —7 <t <0in Lgo([—?, 0];R"). Under the
assumption 2.1, it follows from Ref. 25 that the sys-
tem (5) admits a trivial solution x(#;0) = 0.

Before giving the main results, we will firstly in-
troduce the following definition and lemmas.

Definition 2.3 The trivial solution of the stochastic
neural network (5) is said to be globally robustly
asymptotically stable in the mean square, if for all
admissible uncertainties satisfying (6), the follow-
ing equation holds

lim E|x(1;¢)]> = 0.

Lemma 2.4 For any real vectors a, b and any matrix
QO > 0 with appropriate dimensions, it follows that

2a"b < a’ Qa+bT Q7 'b.

Lemma 2.5'° For given matrices H,E and F with
FTF < I and scalar € > 0, the following inequality
holds

HFE+ETFTHT <e 'HHT +€¢E"E.

3. Main results

In this section, we will firstly present the global
asymptotic stability criterion of the following nomi-
nal system without uncertainties, this is

dx(r) =[—Ax(r) + Wof (x(1)) + Wi f (x(t — =(1)))] dr
+[Cx(t) + Dx(t — ©(r)) ] doo(z). )

Theorem 3.1 For given constants 7 > 0, u > 0.
Under Assumption 2.1, the system (9) is globally
asymptotically stable in the mean square, if there ex-
ist matrices P > 0,01 > 0,0, >0,03>0,R>0,5 >
0,M;,N;, (i =1,2,---,5), and scalars o > 0,8 > 0,
such that the following linear matrix inequalities
(LMIs) hold

I <0, (10)
Ib<O, (11D
where
Q@ 7ETR TP 7ELS MT NT 7M™
* —1TR 0 0 0 0
* * —-P 0 0 0 0
I'i=|=x* * * -5 0 0 0
* * * -S 0 0
* * * * ) 0
| * * * * * —7TR
Q@ 7ETR =IP 7ElS MT NT 7NTT
* —71TR 0 0 0 0 0
* * —-P 0 0 0 0
I == * * A 0 0
* * * * -5 0 0
* * * * * =8 0
E * * * * —1TR
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Qo Qo3 Qs
Q=|x % Qs -NI' —NI|,
* * * Qu Qus
* * * * Qss
Ei=[-A 0 0 Wy W],
E=[C D 0 0 0],
M=[M{ M} M M{ M],
N=[N{ N N Ny N,
and

Q) =-PA-A"PT+ 01+ 0+ M,
+M! +aG'G,
Qi =—-M,+M] +Ny,
Qi3 =Mj — N,
Q4 = PWo+ M,
Q5 = PW, +M?,
Qo =—(1-pn)01 —
+N] +BG"G,
Qy3=-M; —N,+Ng,
Qy4 = —MJ +Nj,
Qs = —MI +NI,
Q33 =—N3—Nj — s,
Quq = —al + Qs,
Qss = —BI—(1—1)0s.
Proof. Sety(r) = —Ax(t) + Wo f(x(r)) + Wi f(x(t —
7(¢))) and g(r) = Cx(t) + Dx(t — ©(¢)), then system
(9) becomes
dx(¢) = y(r)dt+g(t)do(r) (12)

Construct the following Lyapunov-Krasovskii func-
tional described as

M2 +N2

4
:ZVi(x(t)vt)’ (13)

i=1

where

Vi(x(e), 1) =x" (1) Px(r),

).t _/ / 5)dsde,
-7 +9

/ / 5)dsde,
-7 t+6

Vi(x(t).1) = / K (5)Q1x(s) ds
+ 5)Qax(s)

+/ )03 (x(s)) ds

The weak infinitesimal operator .Z of the stochastic
process {x(t),t > 0} is given by

LV =2 (1)Py(1) +¢" (1)Pg(t)
=2x" (t)P [ —Ax(r) +Wo f(x(2))
+Wif(x(r —7(r)))]
+[Cx(1) + Dx(r — 7(1)))"
X P[Cx(t) + Dx(t — t(¢t))], (14)

=5 R0~ [ S SRS

[~ Ax(t) + Wo f (x(1)) + W1 f(x(t — T(t))))”
X R[—Ax(t) +Wo f(x(1))

L ONE

—_

ZV:

[\S)

(s)Ry(s)ds

t—1(1) T
—/t_? y' (s)Ry(s)ds, (15)

LVs =7g" (1)Sg(1) — g’ (s)Sg(s)ds

-7

=7[Cx(t) + Dx(t — 7(1))]"
S[Cx(r) + Dx(1 — 7(1))]

- [, FOssas

t—1(t) T
- [ @ssls)ds, (16

LVy =x" (1)(Q1 + Q2)x(t) + T (x(1)) Q3£ (x(1))
— (1 =2()x" (t — () Qix(t — 7(t))
—xI (t—7)0x(t—T7)
— (1= 2(0) T (x(t — 7(1)) Qa f (x(r — 7(1)))
<7 (0)(Q1+ Q2)x(1) + £ (x(1)) Q3 f (x(1))
— (1= p)x" (t—1(2)) Q1x(1 — 7(1))
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—x"(t=7)Qax(t —7) — (1 - p)
x 1 (x(r — (1)) Qs f (x(t — 7(2))). (17)

By Assumption 2.1, it is well known that there ex-
ist positive constants o > 0 and 8 > 0 such that the
following inequalities hold

alx" (1)G" Gx(r) — T (x(1)) fT (x(1))] = 0, (18)
B (¢ — (1)) GT Gx(t — 1(1))
)

= fT(x(e = () f(x(r — 2t

From (12), it follows that x(t) — x(r —
(1)) — fttfr(t))’(s)ds - j;lf(t)g(s)dw(s) =0
and x(t — 1(t)) — x(t — 7) — [TV y(s)ds —
I (t)g(s)dw(s) = 0, then for any matri-
ces M = [M] M} M, M] M!] and N =
INT NI NI NI NI, we can obtain

)] = (19)

26T (M7 {x(t) —x(t— (1)) — /t;(t) ¥(s)ds

—/tf(t)g(s)dw(s)] =0, (20)
t—1(1)
267 ()NT [x(t—’c(t))—x(t—f)— /t_? V(s)ds
t—(1)
_/sz g(s)dw(s)] =0, (21)
where ET(r) = [xT(r) xT(t — ©(r)) x'(r —

)
7) fT(x(t)) fT(x(t — ©(t))]. By Lemma 2.4, we
have

—2ET (M /t’w)y<s>ds
< 2(0)ET(OMTRME (1)

t

+ y" (s)Ry(s)ds, (22)

t—1(1)

t—1(1)
—2ETON [ y(s)ds
< (F—T(0)E ONTR'NE)
t—1(1)

+ y" (s)Ry(s)ds, (23)

t—7T

2T OM" [ glo)aw)
<&TOM's ME(

T ( [ dw<s>)TS [ o)),
(24)
_ 2§T(t)NT /ti;(t) g(s)dw(s)
<& )NTS”Né( /)
+ </ dw(s ) S/t o
(25)

By considering (14)-(25), then we can eventually
obtain

LV KLVI(t) + LVa(t) + LV5(t) + LValt)

_|_
+af’ ()G Gx(r) — £ (x(1))f" (x(1))]
+ BT (1 — (1)) G" Gx(r — (1))
= ST (x(e = o(0) f(x(t = 7(1)))]

g7 (M [xm (- T())

— /ttf(t) y(s)ds— /ttw) 8(s) dW(S)}

+2ET (1)NT [x(t —1(t)) —x(t —7)
_/tl_r(t)y(s)ds—/t_w)g(s)dw(s)]

Published by Atlantis Press
Copyright: the authors
5



Y. CHEN et al.

t T t—1(1) T
-] g @ssas— [ e
t—1(1) -7

T

+</fm) o)) s [ esram

t—1(1) t—1(t
+ </ B s)dw(s > S/
-7

where

(s)Sg(s)ds

(26)

E=Q+7EIRE| +EI (P +7S)E,
+MTST'M+NTS™IN,
pi1(t) =7(1)/7, p2(t) = (T—1(1))/7,
E(r) =[x" (1) x" (1 =(t)) " (1 =7) ST (x(t))
fM e =),

and QM ,N,E,E, are defined in Theorem 3.1.
Since

B [ F st
([ oo

a

5[ e .
(27)

o) sf ")

(28)

Thus, if the matrix inequalities & +7MTR™'M < 0,
and £ 4+ TNTRIN < 0, then there exists a scalar
A > 0 such that

E[2V(x(1).0)] <

which implies that system (9) is asymptotically
stable. Using Schur complement, (10) and (11)
are equivalent to £+ TM'R'M < 0 and Z +
TNTR™IN < 0, respectively. This completes the
proof. O

—AE|x(1)]?, (29)

Remark 3.2 In Ref.23, the terms — [ -7 (s)Ry(s)ds
and — [/ g7 (s)Sg(s)ds were simply enlarged as

~ ey (5)Ry(s)ds and — [,y &" (5)Sg(s)ds,
respectively. In this paper, — [/ ) vyl (s)Ry(s)ds

-7
and — [ ) g7 (5)Sg(s)ds are reserved and the in-
formation on them are used.

Remark 3.3 In order to obtain the less conserva-
tive result, the sufficient condition for guaranteeing
E+ 1) M'R'M + (T —1(t))N'R™'N < 0 is not
simply given by £+ TM R 'M +7INTR"IN <0,
but handled by two less conservativeness matrix in-
equalities Z+TM TR 'M < 0,and Z+TNTR™IN <
0. The proposed method is so effective to reduce the
conservativeness which will be illustrated by numer-
ical examples.

Now, we will provide the robust stability cri-
terion for uncertain neural networks (5) with the
uncertainties satisfying (6).

Theorem 3.4 For given constants T > 0, u >
Under Assumption 2.1, the system (5) is globally
robustly asymptotically stable in the mean square,
if there exist matrices P > 0,01 > 0,0, > 0,03 >
0,R > 0,5 > 0,M;,N;, (i = 1,2,---,5), and scalars
o>0,8>0,& >0,6 >0, >0, >0, such that
the following LMIs hold

-F 1 ﬁl Hz € 1F1T Szfg i
*  —&l 0 0 0
* * —&l 0 0 <0, (30
* * * —&l 0

| * * * —&1 |

_Fz Hl ﬁz 83E1T 84E2T i
*  —&l 0 0 0
* * —&4l 0 0 <0, (@31
* * * —&l 0

| * * * * —&4l |

where I'|, I, are defined in (10), (11), and

H=[H"P0000TH'R00000],
Hi=[000000HPTH'S 00 0],
Ei=[-E 00E, E300000 0],

E;=[E4 Es0000000O0O0.

Proof. If we replace A,Wy,W;,C,D with A +
HF(t)E\,2Wy + HF(t)E;,W, + HF(t)E3,C +
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HF (t)E4, and D+ HF (t)Es, respectively, then LMIs
(10) and (11) are transformed into

Ty +H\F(t)E\+E, FT(t)H, + H2F (t)E»

+ESFT(t)Hy <0, (32)
T+ H F(OE, +E,FT(t)H, +H,F(t)E»
+ESFT(OH, < 0. (33)

According to the proof of Theorem 3.1, if inequal-
ities (32),(33) hold, it is obvious that the uncer-
tain stochastic neural networks (1) is globally ro-
bustly asymptotically stable in the mean square. By
Lemma 2.5, for any scalars & > 0,& > 0,& >
0,&4 > 0, we have

T\ +H F(OE, +E,FT(t)H| +H,F()E»
+ESFT(0H,

<Ti+¢& 'H\H, +E E +¢ "HH,
+&EE», (34)

T+ H\F(t)E\+E,| FT(t)H, + HyF (t)E,
+ESFT(0H,

<Th+e 'H\H| +&E E\ +¢ 'HH)
+&ESEy. (35)

Therefore, if Ty + eflﬁlﬁ{ + 81§le1 +
& 'H)Hy + &E3E, < 0, and Ty + & 'HH) +
&E\E| + € 'HyHy + e4E3E, < 0, then (32)
and (33) hold. By Schur complement, (30) and
(31) are equivalent to 'y + eflﬁlﬁ{ + elflel +
Silﬁzﬁg + €2E§E2 < 0, and I, + SglﬁlﬁlT +
83F]TF1 + €& 1H2H§ + 84E§F2 < 0, respectively.
This completes the proof. O

As a especial case, we consider the robust stabil-
ity of the following neural network

(1) == (A+24)x(1) + (Wo + AWo) / (x(1))
+ (Wi +AW1) f(x(2 — 2(2))), (36)

where the activation function f(.) satisfies Assump-
tion 2.2.

Theorem 3.5 For given constants T > 0, u > 0,
and diagonal matrix K = diag{k;,kz, - ,k,}. Un-
der Assumption 2.2, the system (36) is globally ro-
bustly asymptotically stable, if there exist matrices
P> 0,01 >0,0, >0,03 >0,R>0,M;,N;, (i =
1,2,---,5), diagonal matrices D; > 0, D, > 0, and
scalars a > 0, > 0,&; > 0,& > 0, such that the
following LMIs hold

> T™MT H ET]
* —TR 0 0
0 37
« o« —gl 0 <0, (37)
| * * * —&1 |
X ?NT ﬁ SlgT_
* —1TR 0 0
0 38
« % —g&l 0 <0, (38)
| * * * —821_
where
11 Zi2 Ei3 Zig X5 —TATR]
*  Xop Xz XYoo Xos 0
s | * * I —NI' NI 0
N * * 244 245 WOTR ’
* K x*  Yss  TWIR
|k * * * —TR |

M= M mI M Ml MmI oo,
N

H=[H'P 0 0 0 0 TH'R]",
[-E, 0 0 E, E3 0],

™
Il

and

Y =—PA-ATPT 4 Q1 +0s+ M +M],
Yo = —M;+MI + Ny,

Ti3=M; — Ny,

Y4 = PWo+M] +KL;,

Y5 = PW; + M,

Y =—(1-p)Q1—M,—Mj] +N>+Nj,
Y3 =—Mj —N,+ N7,

You=—Mj +NJ,
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Y5 = —M3 + N + KLy,

T3 =—N3—Nj — 0,

Y44 = —2L1 + O3,

Iss = —2Lr — (1 — u)Qs.
Proof. Choosing Lyapunov-Krasovskii functional
Vx(1),1) = Vilx(1),1) + Va(x(t),1) + Va(x(2),2),
where Vi (x(t),1),Va(x(z),t), and Vi(x(z),t) are de-
fined in (13). By Assumption 2.2, it is well known

that there exist diagonally matrices D; > 0, D, > 0
such that the following inequalities hold

2[x" (1)KL f(x(2)) — T (x(£)) Ly f(x(2))] =0,
(39)

2[x"(t — ©(t))KLo f (x(t — (1))
— T (x(t = 7(1))) Lo f (x(t — 7(2)))] = 0. (40)

According to the proof of Theorems 3.1 and 3.4, the
Theorem 3.5 can be easily obtained. O

Remark 3.6 When time-varying delay 7(¢) is not
differentiable, the stability criteria can be easily ob-
tained by setting Q; = 0, Q3 = 0 in Theorems 3.1
and 3.4-3.5.

4. Numerical Examples

Example 4.1 Consider the neural networks
(36) with time-varying delay and the following
parameters 2

2 0 1o 0.88 1
o o w4 2w

AA =0, AWy =0, AW, =0, k; = 0.4, k» = 0.8.

For this example, the corresponding maximum
allowable delay bounds 7T for various y can be ob-
tained by using Theorem 3. For a detailed compar-
ison with the results in Refs.12-14, we made Table
1. According to Table 1, it is seen that Theorem 3.5
improves some existing results!>~ 14,

Table 1. delay bounds for different L.

u 0.8 0.9 unknown
Refs.12 and 13 1.2281 0.8636  0.8298
Ref.14 1.6831 1.1493 1.0880
Theorem 3.5 2.3534  1.6050 1.5103

Example 4.2 Consider the stochastic neural net-
works (1) with the following parameters>*

40 04 —0.7
A_[o 5]’%_[0.1 0 ]

le[—o.z 0.6}7(/,:[0.5 0}7

05 -0.1 0 05
05 -05

H=[0.1 —0.1)", E; =[0.2 0.3],
E»=[02 —0.3], E3=[-02 —0.3],
E;=[0 0], Es=[0 0],

and time-varying delay satisfying 0 < 7(f) < 7.

For this example, the results in Refs.18-19 can
not conclude whether this system is asymptotically
or not. Applying the result in Ref.23 to this sys-
tem, the achieved maximum allowable delay bound
is T = 0.4109. However, using Theorem 3.4 in this
paper with Q; = O3 = 0, we can obtain the larger
allowable delay bound 7 = 0.8255. For this exam-
ple, it is obvious that the results in this paper are less
conservative than those in Refs.18,19 and 23.

5. Conclusion

In this paper, the robust stability problem is investi-
gated for a class of uncertain stochastic neural net-
works with time-varying delay and parameter uncer-
tainties. By using the Lyapunov functional method
and by resorting to the novel enlargement method
for estimating the upper bound of the stochastic
derivative of Lyapunov functional, we obtain the less
conservative stability criteria in terms of linear ma-
trix inequalities (LMIs). Finally, two numerical ex-
amples are given to show the effectiveness and ben-
efits of the proposed method.
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