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Abstract. We suggest a characteristic test for testing the multivariate normal distribution of the
disturbances in the multivariate linear regression model(MLRM). The test is based on the
goodness-of-fit test for uniformity on the surface of a unit sphere. The asymptotic null distribution
of the transformed residuals from the MLRM is obtained. An algorithm is given to approximate the
critical values of the test by Monte Carlo simulation. The test possesses symmetry and can be easily
computed for arbitrary dimension of the disturbance vectors.

Introduction
A multivariate linear model describes the relationship between a response vector y and a vector x
of covariables. Let y,,---, y,benindependent observation vectors inR™, following the model
y; =X B+, j=1--n, 1)
E(¢;)=0,Cov(s;) =2, )
where the prime “'” denotes transpose, the design vectors x; € R” are assumed to be nonrandom, A is
an unknown pxm matrix of parameters called regression coefficients, ¢;, j<n are the m-vectors

of disturbances (or errors), and Z is an unknown m x m positive definite matrix.
Classical theory on the multivariate linear model assume the disturbances ¢;in (1) are normally

distributed. To avoid wrong conclusions in regression analysis, the distributional assumption on the
disturbances should be checked. LetF be the unknown distribution of the disturbances g and

let F, be the N (0, ) distribution. We want to test the hypothesis

F=F,. 3)
Based on a integral of the squared modulus of the difference between the empirical characteristic
function of the residuals and the characteristic function under the null hypothesis, Gamero, Garcia

and Mejias(2005) proposed a goodness-of-fit test for any fixed distribution of disturbances in
multivariate linear models[1]. LetQ _denote the surface of a unit sphere centered at the origin

inR™and let U(Q,,) denote the uniform distribution on Q_ . Based on the moment of inertia and
the center of mass of the samples on Q_, Su and Yang (2009) proposed the goodness-of-fit tests
for U(Q,,), the power simulation has shown that the test has good power[2]. Su and Yang(2011)

extended the test in [3], we presented a test for uniformity distribution on the surface of a unit
sphere based on generalized inverse, the test possesses symmetry and has nice properties[3]. Hence,
the test can increase the test power.

Let éj be the residuals of the multivariate linear regression model. The asymptotic null

distribution of the transformed residuals is U(€2,,). Therefore, the goodness-of-fit test for the
multivariate normal distribution of the disturbances ¢; in (1) can be translated into the
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goodness-of-fit test forU (Q2, ) . Based on the goodness-of-fit test forU (€2, ), this paper introduces a
new test for the multivariate normal distribution of the errors &;in (1). The transformation based on

Cholesky decomposition leads to the transformed residuals whose joint distribution asymptotically
does not depend on the unknown parameter X of the N (0, X) distribution. Thus, the critical values of

the test statistic can be estimated by Monte Carlo methods with X=I_ ,where I denotes

the mx m identity matrix.

The paper is organized as follows. In Section 2, we introduce the multivariate linear regression
model and some lemmas. In Section 3, the characterization-based test for multivariate normal
disturbances is proposed. The asymptotic null distribution of the transformed residuals is obtained.
In Section 4, the algorithm to estimate the critical values is given. Some discussions and further
applications are given in Section 5.

The multivariate linear model and some lemmas

Let
Y=y, Y) X=X %) e = (g, &,) 4)
Then the multivariate linear model (1)-(2) takes the form
Y=XpB+¢, ®)
E[vec(¢)]=0, Cov[vec(s)]=1, ®Z, (6)

whereY and ¢ are nxmrandom matrices, X is a known nx p matrix, and £is an unknown pxm
matrix. Here, the sign ® denotes the kronecker product of matrices.
The statement that the random matrix ¢ N (0,1, ®X) is equivalent to the statement that the

nxm

random vector vec(¢ )] N, (0,1, ®%). The multivariate linear model (5) -(6) generalizes the

multiple linear model (m =1) by allowing a vector of observations, given by the rows of a matrix
Y, to correspond to the rows of the design matrix X .
Lemma1 Let the model Y = X 8+ ¢ be defined in (5). Let rank (X) = pand let

eN__ (0,1 ®%),P, =X(XX)*X, )
Let 3 be the maximum likelihood estimate of 3, i.e., B=(X X)X 'Y . Let
F=(6, ) =Y -Xp, $=—F¢ lmIx'X =D, )
n_p n—owo n
where D is a positive definite matrix. Then
@). ﬂandi are independent. Moreover,

~ P ~ P
L[, 2>Z,Nn— o, 9)

P
where — denotes convergence in probability asn — .
(b). The residual matrix

e=(,-P)e, é~N(@O,(I,-P,)®I). (10)
Moreover, the ith row of &, denoted as &, has an m-variate normal distribution, i.e.,
&~N(@,1-h)%), i=12,---,n, (11)

where h;, indicates the ith element of P, in (7).
Lemma2® (The Cholesky decomposition). If A is anmx m positive definite matrix then there exists
a unique mx m lower-triangular matrix L with positive diagonal elements such that A= LL .
Lemma3PlLets 0N, (0,1, ®X)and let S=¢'¢/(n—p). Let the Cholesky decomposition of £ be
> =[L(X)][L(Z)] and let

w, =[LE)] Mg, i=L-,n, W=(W, W), (12)
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where ¢, is defined in (4). Then the distribution of W does not depend onX .

Definitionl A matrixC~ such that CC"C =C is called a generalized inverse of C. The Moore-

Penrose C" is a generalized inverse of a matrix C that satisfies the following requirements:
Ccc'C=C,C"CC*=C*,(C'C) =C"C,(CC") =CC".

Definition2[® Letu ™ 0 U (©,,). An mx1random vector¢ is said to have a spherical distribution if

d
¢ has a stochastic representation ¢=7-U ™ for some random variabler >0, which is independent

d
of U™ . Here=signifies that the two sides have the same distribution.
Lemma4® If Anmx1random vector ¢ has a spherical distribution then

¢/lsou(e,).
where|{ denotes the Euclidean norm.
Lemma5® Letu™ =(U,,---,U_ ) 0U(Q,). Then

E(U™)=0,Cov(U™) :%Im |

Remarkl The covariance matrix Cov(U ™) = (1/m)l_is the main characterization of U(Q,).The
Cov(U™)of U™ corresponds to the moment of inertia of U™ (i.e., the second moment of the
coordinate variable of U™).

Lemma6? Letz™ =(z,,---,z_) be anmx1random vector. Let||r(’“)||=1and let Cov(r™) exist.
Then the expectation moment of inertia of 7™ about arbitrary direction H™ = (h,,---,h_) does not
dependon H™ if and only if

E(z?)==,i=L1--m, E(rz,)=0i#j,i j=L1--,m,

where || H ™ || =1.

Remark2 Lemma6 indicates that the expectation moment of inertia of U™ about arbitrary
direction is the same if U ™ is uniformly distributed onQ,_ .

Lemma7®¥ Let U™ =(U,,---,U ) DU(Q,)andlet G™ =(U2,---,U2), ™ =(1/m,--,1/m) .
LetU™ =(U,,--,U,,),i=L1--,n beiidU(Q,)and let

18, . . .
an:HZszi’J:]_,,,,1m, Vn():(an"“’an)' (13)
i=1
Then
(a). The covariance matrix of G™ isanmxmmatrix o?-(a;) =M with
2
2 M = (aij)l (14)

o' =——,
m-(m+2)
a;=m-1 i=1--m, a;=-1 i j=Ll---mi=]j.
(b). rank(M)=m-landM* = (1/m*)M .

d d
(c). R =vn(V.™-4™)>N_(0,6°M), Ro?M R —> 4%, n—>w.
. d
7=R,(6m)*MR — . ,,n >0, (15)

d
where — denotes convergence in distribution asn — oo, 2, is the chi-squared distribution withd —1
degrees of freedom.
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Remark3 Since rank (M)=m-1, the covariance matrix of G™ =(U/,---,U2)is non-negative
definite. Thus, the asymptotic chi-squared distribution of the statistic y in (15) can be obtained by
taking M* =(1/m*)M .

Goodness of fit test for the multivariate normal distribution of disturbances

LetS and £ be defined in (6) and (8), respectively. Let the Cholesky decomposition of X and S be

E=[LEILE]E =[LEILE], (16)

respectively. Let L™ be the inverse of L and let £ be defined in (8). Let
z =[LE)E,i=1-n, Z=(z,-.2,), (17)
gi(m) = Zi/”Zi” = (é:li"”’é:mi)"i =1---,n, '//(m) = (él(m)’n"grfm))" (18)

The z,are known as the scaled residuals(or spherized data), £™ are the projections of the z;s on

the unit sphere.
Theorem1 Let the conditions of lemmal hold. Let the nx m matrix Z and the m-vectors £™,i<n

be defined in (17) and (18), respectively. Then
(@). The asymptotic distribution of zisN_(0,1 )andz,---,z are asymptotically independent. The

distribution of Z asymptotically does not depend onX in (7).
(b). The asymptotic distribution of &™is U(Q,) and &™,---,&™ are asymptotically independent.
Proof By (7) and (8),

h; :Xil(xlx)-lxi zixi'(ix'x)'lxi —>0,n—> .
n n

Thus, we have by (11), the asymptotic distribution of & is N (0,X), which we write as ¢, . N(0,%),
1=12,---,n. By Lemmal(a),

A

P ~ P a
s, LE)>LE),N—>o, £~N(0,1 Q). (19)

Thus,
~ P
2, =[LET'E > 2 =[LE] 6,0 >, (20)
where g, is defined in (4). Since ¢, [l N, (0,%), by (19) - (20), and Lemma3, we have
20N (0,1, 2N _(0,1.). (21)

Thus, the desired results of (a) is proved. By (20)- (21), the desired result of (b) is obtained.
Let &M =(&,, -+, &) be defined in (18) and leta*and M are defined in (14), respectively. Let

an :%iéﬁ’ J :1’“.’m’ \7n(m) = (Q~1n"'.’Q~mn)l’ (22)
R =Jn(V™—4™)  1=1(8)=R.(6cm)2MR . (23)

Remark4 Consider the null hypothesis (3), where F, denotes the N(0,X) distribution with the
parameter X unknown. By Theoreml, the goodness-of-fit test for F,can be translated into the

goodness-of-fit test for gi(m)5U(Qm),i =1,---,n. The multivariate normality is rejected for large
values of A(¢)in (23)
Remark5 Theoreml indicates that £™,.--,&™ are asymptotically independentU (€, ) random
vectors. Hence, the critical values of the test statistic A(£) can be estimated by Monte Carlo
simulation with =1 .
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The algorithm to implement the test statistic

The algorithm to compute the test statistic
The algorithm to compute A(¢£) in (23) consists of the following steps:

Compute the values of £and Sin (8), respectively.
Compute the value of Z in (17).

Compute the value of ™ in (18).
Compute the value of V™ in (22).
Compute the values of R and A(£) in (23), respectively.

The multivariate normality is rejected for large value of A(¢).

The algorithm to estimate the critical values
The algorithm to estimate the critical values of A(¢) consists of the following steps:

1. Generate &'=(g/,---,&;) from the multivariate normal distributionN___ (0,1, ®1 ).
2. By Lemmal(b), compute
E =G 8 =(1,-P)
where P, is defined in (7).
3. Compute S'=[&']&" /(n—-p), z =[LE)]Ei=1-n,
where £ =[L(E)][L(E")] ( the Cholesky decomposition).
4. Compute &' = =&, &), =1,

5. Compute Qjﬂz%Z[ﬁi]z,j:L---,m, V,=(@Q ,-.Q).

6. Compute R =n(V, - ™),

where 4™ =(1/m,---,1/m) .

7. Compute A"=2(£")=[R;] (em)*MR",

where o®and M are defined in (14), respectively.

Doing these N times gives a sample of replicates A,',---, 4y. LetA;, -, 4., be the order statistics,

@
the critical values for A can be estimated from 4, ,--+, 4y, -

o gk~ wbhE

Conclusions

When the distribution of the disturbancese;, j<nin (1) enjoys multivariate normality, the
direction vectors £™ in (18) should be, approximately, uniformly distributed on the surface of the
unit sphere Q_ . Based on the generalized inverse of the covariance matrix o*M of U (Q,,)in (14),
the test statistic A(¢) in (23) is constructed which possesses symmetry. By Lemma7(b), the

Moore-Penrose inverse M* =(1/m?)M . Hence, the proposed test statistic A(¢) can be computed

easily for any dimension of the disturbance vector.

The elliptically symmetric distribution is a natural extension of the multivariate normal
distribution. The disturbance in a multivariate linear model can be assumed to have an elliptical
distribution in robustness studies. Based on a property for the spherical symmetry and the modified
EDF test, Su and Guo(2012) suggested the test procedures for testing the elliptical distribution[7].
The goodness-of-fit test for the multivariate normal distribution of the disturbances in the
multivariate linear regression model(MLRM) can be extended to testing the elliptical distribution of
the disturbances in MLRM.
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