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Abstract. Elliptical front crack has been found to be more accurate and realistic for modeling the 
surface crack. The stiffness of an elliptical cracked rotor submitted to bending are derived and solved 
based on fracture mechanics method and multi-parameter fitting technique. “Breathing effect” occurs 
due to gravity when rotating. It is found that stiffness values are reduced obviously, taking into 
account the crack depth and shape factors. 

Introduction 
Rotating machinery, whose main components are rotors, bearings and so on, plays a significant role 
in modern industry. Its safety of running causes great attention extensively. As the most common 
failure, rotor cracks would cause catastrophic accidents. Hence, it is necessary to study the dynamic 
behaviors of a rotor with cracks since it may supply theoretic support for crack detection and 
identification. It is well known that the presence of a crack in rotating components would decrease its 
stiffness. Straight front cracks have been studied in some works, but the front of cracks is elliptical in 
fact. 

The crack model presented by Dimarogonas et al. [1-2] in 1980s has been widely accepted and 
adopted in dynamic analysis of cracked shafts and rotors. Tori bio et al [3] published a critical review 
of stress intensity factor solutions numerically for elliptical crack. Jun and Eun [4] found that the 
intensity factor equal to zero along the front crack line to divide the open and closed area. And Rubio 
[5-6] employed the intensity factor solutions to formulate flexibility of an elliptical cracked rotor 
under bending. Papadopoulos [7] published an excellent review paper, with detailed works from 
solving the stiffness of cracked rotor to dynamic vibration and crack detection.  

For the accurate surface crack modeling, the elliptical front shape should be taken into account. 
There are four general kinds of stiffness model to describe the variation, but not precise enough. So in 
the present work, crack breathing behaviors and time-varying stiffness were modeled for each crack 
element using Crack Closure Line Position method. Fracture mechanics method combined with 
closed-form stress intensity factors result in accurate stiffness in each position when rotating. And 
that would be useful to study the behaviors. 

Elliptical crack modeling 

An elliptical cracked crack subjected to the forces, 𝑄𝑄𝑥𝑥  and 𝑄𝑄𝑦𝑦  is illustrated in Fig.1. The forces 
induce the additional deflections due to the crack estimated by using fracture mechanics concepts as 
described in Ref. [1]. In the present study, expressions for the stiffness of a crack with an elliptical are 
shown, establishing the relationship between stiffness and the stress intensity factor. The effect of 
shear stress and torsion is not under consideration in this paper. Therefore, the stress intensity factor 
𝐾𝐾𝑄𝑄𝑥𝑥
𝐼𝐼  and 𝐾𝐾𝑄𝑄𝑦𝑦

𝐼𝐼  is approximately equal to the value under pure bending. 
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Fig.1 Forces acting on the shaft with a crack 

Fig.2 shows the elliptical crack cross-section. D are the diameter of the shaft. The characteristic 
parameters are the following: crack length 𝛼𝛼 = 𝑎𝑎/𝐷𝐷, crack shape factor 𝛽𝛽 = 𝑎𝑎/𝑏𝑏 and the relative 
position along the crack  𝛾𝛾 = 𝑤𝑤/ℎℎ. 

 
Fig.2 Elliptical crack cross-section 

The stress intensity factor 𝐾𝐾𝑄𝑄𝑥𝑥
𝐼𝐼  due to 𝑄𝑄𝑥𝑥 is approximately equal to the value for the under bending 

Mode I, 
𝐾𝐾𝑄𝑄𝑥𝑥
𝐼𝐼 = 𝜎𝜎𝑥𝑥 √𝜋𝜋𝑎𝑎 𝐾𝐾𝐼𝐼,𝑥𝑥(𝛼𝛼,𝛽𝛽, 𝛾𝛾)                                                                                                             (1) 

Where  
𝜎𝜎𝑥𝑥 = 𝑄𝑄𝑥𝑥𝐿𝐿
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𝐾𝐾𝐼𝐼,𝑥𝑥(𝛼𝛼,𝛽𝛽, 𝛾𝛾) = ∑ ∑ ∑ 𝑁𝑁𝑖𝑖,𝑗𝑗,𝑘𝑘𝛽𝛽𝑖𝑖 𝛼𝛼𝑗𝑗  𝛾𝛾𝑘𝑘2
𝑘𝑘=0

6
𝑗𝑗=0

2
𝑖𝑖=0                                                                                  (3) 

L is the length of the shaft and is the depth of crack. The height of crack element ℎ =
�𝐷𝐷2 − (2𝑤𝑤)2.  KI,x(α,β, γ)  is the geometry correction factor under bending in x direction. A 
polynomial expression and its parameters can be found in Shin and Cai [8].Among that, α, β, γ mean 
the dimensionless crack depth, shape factor and relative position. 

For the transverse force 𝑄𝑄𝑦𝑦, the stress intensity 𝐾𝐾𝑄𝑄𝑦𝑦
𝐼𝐼 : 

𝐾𝐾𝑄𝑄𝑦𝑦
𝐼𝐼 = 𝜎𝜎𝑦𝑦 √𝜋𝜋𝜋𝜋 𝐾𝐾𝐼𝐼,𝑦𝑦(𝛼𝛼,𝛽𝛽, 𝛾𝛾)                                                                                                               (4) 

Where 
𝜎𝜎𝑦𝑦 = 𝑄𝑄𝑦𝑦𝐿𝐿
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⁄                                                                                                                                (5) 

𝐾𝐾𝐼𝐼,𝑥𝑥(𝛼𝛼,𝛽𝛽, 𝛾𝛾) = ∑ ∑ ∑ 𝑄𝑄𝑖𝑖,𝑗𝑗,𝑘𝑘𝛽𝛽𝑖𝑖 𝛼𝛼𝑗𝑗  𝛾𝛾𝑘𝑘2
𝑘𝑘=0

6
𝑗𝑗=0

2
𝑖𝑖=0                                                                               (6) 

KI,x(α,β, γ) Is the geometry correction factor under bending in y direction, which can get by using 
a multi-parameter fitting expression in Ref. [9]? And  α,β, γ mean the dimensionless crack depth, 
shape factor and relative position. 

The total stress intensity factor 𝐾𝐾𝐼𝐼: 
𝐾𝐾𝐼𝐼 = 𝐾𝐾𝑄𝑄𝑥𝑥

𝐼𝐼 + 𝐾𝐾𝑄𝑄𝑥𝑥
𝐼𝐼                                                                                                                                (7) 

The additional deflections due to the crack show as 

𝛥𝛥𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥 = 2
𝐸𝐸
� 𝐾𝐾𝐼𝐼 𝜕𝜕𝐾𝐾𝑄𝑄𝑥𝑥
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𝑦𝑦 = 2
𝐸𝐸
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0

                                                    (8) 

For a completely open crack, the area integrations perform as: 
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∫ (  )𝑑𝑑𝐴𝐴𝐴𝐴
0 = � ∫ (  )𝑑𝑑𝑎𝑎 𝑑𝑑𝑤𝑤𝑎𝑎

0
�𝑎𝑎(𝐷𝐷−𝑎𝑎)

−�𝑎𝑎(𝐷𝐷−𝑎𝑎)
                                                                                              (9) 

And the total deflection can be expressed as follows: 
𝛥𝛥𝑥𝑥 = 𝑄𝑄𝑥𝑥𝑔𝑔1 + 𝑄𝑄𝑦𝑦𝑔𝑔2,                              𝛥𝛥𝑦𝑦 = 𝑄𝑄𝑥𝑥𝑔𝑔3 + 𝑄𝑄𝑦𝑦𝑔𝑔4                                                             (10) 
Where flexibility 𝑔𝑔1,𝑔𝑔2,𝑔𝑔3, and 𝑔𝑔4 are: 
𝑔𝑔1 = 𝐿𝐿3

48𝐸𝐸𝐸𝐸
+ ∫ ∫ 128𝐿𝐿2ℎ2𝑎𝑎

𝐸𝐸𝐸𝐸𝐸𝐸8
𝐾𝐾𝐼𝐼,𝑥𝑥2(𝛼𝛼,𝛽𝛽, 𝛾𝛾)𝑑𝑑𝑎𝑎 𝑑𝑑𝑤𝑤                                                                            (11) 

𝑔𝑔2 = 𝑔𝑔3 = ∫ ∫ 256𝐿𝐿2ℎ𝑤𝑤𝑤𝑤
𝐸𝐸𝐸𝐸𝐸𝐸8

𝐾𝐾𝐼𝐼,𝑥𝑥(𝛼𝛼,𝛽𝛽, 𝛾𝛾)𝐾𝐾𝐼𝐼,𝑦𝑦(𝛼𝛼,𝛽𝛽, 𝛾𝛾)𝑑𝑑𝑎𝑎 𝑑𝑑𝑤𝑤                                                           (12) 

𝑔𝑔4 = 𝐿𝐿3

48𝐸𝐸𝐸𝐸
+ ∫ ∫ 512𝐿𝐿2𝑤𝑤2𝑎𝑎

𝐸𝐸𝐸𝐸𝐸𝐸8
𝐾𝐾𝐼𝐼,𝑦𝑦2(𝛼𝛼,𝛽𝛽, 𝛾𝛾)𝑑𝑑𝑎𝑎 𝑑𝑑𝑤𝑤                                                                           (13) 

E and I represent the modulus of elasticity and moment of inertia. 𝐾𝐾𝐼𝐼,𝑥𝑥(𝛼𝛼,𝛽𝛽, 𝛾𝛾)𝑎𝑎𝑎𝑎𝑎𝑎 𝐾𝐾𝐼𝐼,𝑦𝑦(𝛼𝛼,𝛽𝛽, 𝛾𝛾) 
Are mentioned in equation (3) and (6). Assuming 𝛥𝛥𝑥𝑥 and 𝛥𝛥𝑦𝑦 as x and y respectively, 
𝑄𝑄𝑥𝑥 = (𝑔𝑔4𝑥𝑥 − 𝑔𝑔2𝑦𝑦) (𝑔𝑔1𝑔𝑔4 − 𝑔𝑔22)⁄ ,           𝑄𝑄𝑦𝑦 = (−𝑔𝑔2𝑥𝑥 − 𝑔𝑔1𝑦𝑦) (𝑔𝑔1𝑔𝑔4 − 𝑔𝑔22)⁄                               (14) 
On the other hand, 
𝑄𝑄𝑥𝑥 = 𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑥𝑥𝑥𝑥𝑦𝑦,               𝑄𝑄𝑦𝑦 = 𝑘𝑘𝑦𝑦𝑦𝑦 + 𝑘𝑘𝑦𝑦𝑦𝑦𝑥𝑥                                                                              (15) 
Solving for 𝑄𝑄𝑥𝑥 and 𝑄𝑄𝑦𝑦 in equation (14) and (15), one can have: 
𝑘𝑘𝑥𝑥 = 𝑔𝑔4

𝑔𝑔1𝑔𝑔4−𝑔𝑔22
        𝑘𝑘𝑥𝑥𝑥𝑥 = 𝑘𝑘𝑦𝑦𝑦𝑦 = −𝑔𝑔2

𝑔𝑔1𝑔𝑔4−𝑔𝑔22
,                   𝑘𝑘𝑦𝑦 = 𝑔𝑔1

𝑔𝑔1𝑔𝑔4−𝑔𝑔22
                                               (16) 

Crack opening and closing behavior 

From the equations previously, the evaluations of  kx, kxy and ky require the value of KI at each 
point along the crack front. When the shaft rotates with a constant speed, the elliptical crack would be 
opened at its lower position, closed at upper position and partially opened at the rest due to 
gravitational force, called “breathing effect”. The total intensity factor KI at each point determines 
whether the crack is open or crack. 

The calculation flow of stiffness is firstly judge whether the KI is beyond zero to define the 
integration limits Crack Closure Line Position (CCLP), and then calculate the flexibility and stiffness 
at each degree when rotating. 

Computation and discussions 
Fig.3 and Fig.4 shows the time-varying stiffness in one full revolution. The geometrical and material 
properties of the shaft are: massm = 0.6 kg, total lengthL = 700mm, diameterD = 15mm, and 
Young’s modulus𝐸𝐸 = 2.1 ∗ 1011Pa, evidently, when the crack depth factor α = 0.3, increasing the 
value of  β would cause extra stiffness reduce. When the crack shape factorβ = 0.5, increasing α also 
makes the stiffness values reduce. The whole revolution can be separated to three parts. One is full 
stiffness, one is the stiffness of full open region, and the rest is changing parts. 

It seems to be reasonable to assume that the stiffness have the identified relationship with elliptical 
crack depth and factor.  A switching crack model is introduced to clarify the opening and closing 
phenomenon of an elliptical crack. Stress intensity factor within parameters fitting geometry 
correction factor produce a better approximation results. Simulation results suggest that the method is 
effective to calculate stiffness. And based on this, dynamic instability behavior and steady-state 
response could be studied accurately. 
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Fig.3 variation of stiffness for different 𝛽𝛽      Fig.4 variation of stiffness for different  𝛼𝛼 
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