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Abstract

In the process of fuzzy decision-making, ranking of fuzzy numbers is a necessity. The types of fuzzy numbers are
triangular, trapezoidal, and L-R type. In the literature, there are many methods developed for ranking fuzzy
numbers. These methods may produce different ranking results. Many of these methods necessitate graphical
representations, complex and tedious calculations. The method developed in this paper has some advantages with
respect to the other methods in both graphical representations and calculations. Applicability of the proposed
method to multi-criteria decision-making methods, i.e. fuzzy scoring, fuzzy AHP and fuzzy TOPSIS methods, is

shown in the paper.
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1. Introduction

The term fuzzy number is employed to cope with vague
numerical quantities, like “nearly 97, “more or less 37,
“several”, etc. A general definition of a fuzzy number is
given by Dubois and Prade': any fuzzy subset
A= {(x,m,(x))} where x takes its number on the real
line R and ,(x)e€[0,1]. The membership function
denotes the degree of truth that A takes a specific
number x'.

In many cases, the use of extension principle
operations on fuzzy numbers tends to be cumbersome?’.
Thus, special fuzzy numbers are proposed to reduce the

*Corresponding author: ctolga@gsu.edu.tr, Tel: +90212 2274480 Ext.433.

amount of computational effort. Triangular fuzzy
numbers, trapezoidal fuzzy numbers, L-R triangular
fuzzy numbers, and L-R trapezoidal fuzzy numbers are
the special numbers that have been wused in
miscellaneous decision models.

In fuzzy set literature, ranking fuzzy numbers is much
investigated because of its wide usage area in decision-
making. It is a necessity to rank the obtained fuzzy
numbers in a decision-making problem. The ranking
methods can be classified in three categories. The first
category directly transforms each fuzzy number into a
crisp real number and the second category compares a
fuzzy number to all the other n—1 fuzzy numbers to
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obtain its mapping into a positive real number. The third
category differs substantially from the first two. In this
category, a method for pair wise ranking or preference
for all pairs of fuzzy numbers is determined and then
based on these pair wise orderings, a final order of the n
fuzzy numbers is attempted’.

The investigation on ranking fuzzy numbers began
early 70’s. Many researchers have classified fuzzy
ranking methods since 1980. First Freeling® proposed
five categories for ranking methods: (a) methods using
extended maximum; (b) methods using implication
logic; (c) methods using preference relations; (d)
methods of direct comparison and; (e) linguistic
approaches. Bortolan and Degani’ dealt with the
problem of ranking n fuzzy subsets of the unit interval.
They reviewed a number of methods suggested in the
literature and tested on a group of selected examples,
where the fuzzy sets can be non-normal and/or non-
convex. Lee and Li° broadly categorized ranking
methods as mathematical approaches versus linguistic
approaches. From these classifications, Chen et al.’
introduced a categorization of fuzzy ranking methods
that was composed of four major classes and their
subclasses: (i). preference relation methods (degree of
optimality, hamming distance, a-cut, and comparison
function), (ii). fuzzy mean and spread method
(probability distribution), (iii). fuzzy scoring (or direct
comparison) methods (proportion to optimal, left/right
scores, centroid index, area measurement), and (iv).
linguistic methods (intuition, linguistic approximation).

The aim of this paper is to develop a new ranking
method which is reliable and does not need tremendous
arithmetic  calculations. We propose an area
measurement based method for ranking fuzzy numbers.
This method is very easy to use with respect to the
complexity of many other methods. Our method is
similar to Fortemps and Roubens’’ area compensation
method but more compact with much less
computational effort. Our method is interested in
ranking triangular and trapezoidal fuzzy numbers while
Fortemps and Roubens’’ method can also rank L-R type
fuzzy numbers.

Aiming at showing the application of the developed
ranking method, it is used in three well-known
multicriteria decision making methods in our paper. The
Multi Criteria Decision Making is a discipline aimed at
supporting decision makers who are faced with making
numerous and conflicting evaluations. It aims at

highlighting these conflicts and deriving a way to come
to a compromise in a transparent process. The
considered multicriteria methods are fuzzy scoring
method, fuzzy analytic hierarchy process (AHP)
method, and fuzzy TOPSIS method.

The rest of the paper is organized as follows: in
Section 2, a literature review on ranking methods is
given. The descriptions of all types of fuzzy numbers
are presented in Section 3. At the fourth section, the
proposed area-based ranking method is represented.
Investigation with respect to specific axioms on ranking
fuzzy numbers is presented in Section 5. The sixth
section belongs to the applications of the proposed
ranking method to three decision-making problems. We
conclude the study including possible future works in
the last section.

2. Literature Review

The works on ranking fuzzy numbers in the literature
can be briefly classified as follows: The approaches
using degree of optimality method: Baas and
Kwakernaak®, Watson et al.’, Baldwin and Guild'’.

The approaches using hamming distance: Yager'',
Kerre'?, Nakamura', KolodziejczykM, and
Duckstein"’.

The approaches using o-cuts: Adamo'®, Buckley and
Chanas'’, Mabuchi'®, Chen and Lu".

Dubois and Prade® depicted various comparison
functions for derivation of four ranking indices: a)
Possibility of Dominance (PD), b) Possibility of Strict
Dominance (PSD), c) Necessity of Dominance (ND),
and d) Necessity of Strict Dominance (NSD). Using one
or more indices the ranking order can be obtained. Other
researchers using similar functions are Tsukamoto et
al.*! and Delgado et al.>.

The ranking methods using generalized mean and
standard deviation: Lee and Li°, Chengzz, Murakami et
al.**, Chu and Tsao®.

The method using some specified fuzzy ideals:
McCahone.

The methods using left and right scores: Jain®” ¥,
Chen”, Chen and Hwang™.

The methods using centroid index: Yager'',
Murakami et al.**, Yong and Qi**.

The methods using area based approaches: Yager™,
Fortemps and Roubens’.

Tran
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The methods using linguistic approaches: Efstathiou

and Tong®*, Tong and Bonissone®’, Modarres and Sadi-

Nezhad®.

An Alternative Ranking Approach

The studies mentioned above are put into Table 1

with the times cited with respect to the ranking

approaches they use. The times cited show how many

Table 1. Usage frequencies of the ranking approaches.

Times cited
Ranking by other Times cited per
Researchers Type of FN approach researchers year Order
Baas and L-R Type degree of 186 186/30=6.2 5
Kwakernaak® optimality
Watson et.al.’ L-R Type degree of 105 105/28=3.75 8
optimality
Baldwin and L-R Type degree of 3 3/29=0.1 28
Guild" optimality
Yager"! Trapezoidal, hamming 37 37/27=1.37 18
Triangular distance
Kerre" L-R Type hamming 26 26/25=1.04 23
distance
Nakamura® L-R Type hamming 58 58/21=2.76 13
distance
Kolodziejczyk' L-R Type hamming 42 42/21=2 16
distance
Tran and L-R Type hamming 18 18/5=3.6 9
Duckstein'® distance
Adamo'® Trapezoidal, a-cut 68 68/27=2.52 15
Triangular
Buckley and Trapezoidal, a-cut 22 22/18=1.22 21
Chanas'’ Triangular
Mabuchi'® Triangular a-cut 20 20/19=1.05 22
Chen and Lu"” L-R Type o-cut 8 8/6=1.33 19
Dubois and Prade® Trapezoidal, comparison 189 189/24=7.87 1
Triangular function
Tsukamoto et al.?' Trapezoidal, comparison 7 7/24=0.29 25
Triangular function
Delgado et al.” L-R Type comparison 37 37/19=1.95 17
function
Lee and Li° L-R Type fuzzy mean and 75 75/19=3.95 7
spread
Cheng” L-R Type fuzzy mean and 48 48/9=5.33 6
spread
Chu and Tsao® L-R Type fuzzy mean and 15 15/5=3 11
spread
McCahone®® L-R Type proportion to 5 5/20=0.25 26
ideal
Jain?’ Triangular left and right 89 89/31=2.87 12
scores
Jain™ Trapezoidal, left and right 80 80/30=2.67 14
Triangular scores
Chen” Triangular left and right 142 142/22=6.45 4
scores
Chen and Hwang® Triangular left and right 2 2/18=0.11 27
scores
Yager’' L-R Type centroid index 194 194/27=7.19 2
Murakami et al.** L-R Type centroid index 30 30/24=1.25 20
Yager” L-R Type area 173 173/26=6.65 3
measurement
Efstathiou and Trapezoidal, linguistic 10 10/27=0.37 24
Tong™ Triangular
Tong and Trapezoidal, linguistic 0 0 29
Bonissone®’ Triangular
Modarres and Triangular linguistic 19 19/6=3.17 10
Sadi-Nezhad™
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times those studies have been cited in the literature from
1980 to 2007. Some newer studies have not been listed
in Table 1 since those might have not yet been cited or
discovered by many researchers. So, we put the ones
before 2002 into Table 1. For example; Yong and Qi’s™
study is not listed in Table 1. Ranking fuzzy numbers is
still a topic that receives much attention from several
researchers. Some recent works are as follows:

Abbasbandy and Hajjari’” introduce a new approach
for ranking of trapezoidal fuzzy numbers based on the
left and the right spreads at some « -levels of
trapezoidal fuzzy numbers. Chen and Tang™ consider
ranking fuzzy numbers with integral value for the
nonnormal p-norm trapezoidal fuzzy numbers. Wang
and Lee® propose a method which can avoid Chu and
Tsao’s® problems for ranking fuzzy numbers. Since the
revised method is based on the Chu and Tsao’s”
method, it is easy to rank fuzzy numbers in a way
similar to the original method. Asady and Zendehnam®
propose a defuzzication using minimizer of the distance
between the two fuzzy numbers.

3. Fuzzy Numbers

Fuzzy numbers are a particular kind of fuzzy sets. A
fuzzy number is a fuzzy set R of real numbers set with a
continuous, compactly supported, and convex
membership function.

Let X be a universal set; a fuzzy subset 4 of X is
defined by a function ,():X —[0,1], called
membership function. Throughout this paper, X is
assumed to be the set of real numbers R and F the
space of fuzzy sets.

The fuzzy set 4F is a fuzzy number iff:

(i) Vael0,1] the set 4” = {xe R: u;(x) > &}, which is
called a -cut of 4, is a convex set.
(i) u;() is a continuous function.
(iii) supp(A)= {xeR:p;(x)20} is abounded set in R.
(iv) height 4 =max _, p;,(x)=h2>0.

By conditions (i) and (ii), each & -cut is a compact
and convex subset of R hence it is a closed interval in R,
A =[4,(a),4A,(a)]. If h = 1 we say that the fuzzy
number is normal; we denote the set of normal fuzzy
numbers by NFN and hereafter all fuzzy numbers used
in this paper will be NFN.

Let us show a fuzzy number A4=(a,,a,,a,,4a,),
a,<a,<a,<a, in this form that will be utilized in the
following definitions.

In fuzzy literature, there are three types of fuzzy
numbers as denoted below:

3.1. Left-Right fuzzy numbers

The fuzzy number A4 is a so-called Left-Right fuzzy
number,
membership function g, (x): R —[0,1] is equal to:

L(“Z"‘j xe(a,a,]

a, —4q

A=(a,a,=a5,a,),,, @& <a,=a,<a, Iif its

Hy(x) = R(:__ijj xe(a3,a4]. D

0 others

where L and R, called the left and the right shape
functions, are continuous and decreasing mappings from
[0,1] to [0,1] such that L(0)=R(0)=A>0 and
L(1)=R(1)=0. The value a,=a, corresponds to the
peak of 4.

(%)

1
1
1
0.0 .
a
Fig. 1. Two different L-R type fuzzy numbers.

3.2. Trapezoidal fuzzy numbers

The fuzzy number A is a so-called Trapezoidal fuzzy
number  A=(a,a,,a;,,a,), @ <a,<a,<a, if its
membership function s,(x): R —[0,1] is equal to

x—a,
—az_al xe(al,az]
1 x€la,,a
,u/](x): . [2 3] (2)
4
p— xe[a3,a4)
0 others
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Fig. 2. A trapezoidal fuzzy number.

3.3. Triangular fuzzy numbers

The fuzzy number A is a so-called triangular fuzzy

number  A=(a,a, =a,,a,),

membership function x,(x): R —[0,1] is equal to
X—a

X4 e(a,

[az_alj X (al az]
a,—x

[a4 azj velaa)

0 others

a<a,=a;<a, if its

,u/;(x): (3)

[

&

0.0

5
S
I

a; ay

Fig. 3. A triangular fuzzy number.

4. A new approach: Area-Based Ranking of
Fuzzy Numbers

In this work, a new area-based approach is proposed for
ranking fuzzy numbers. Our method can be applied to
most-used fuzzy numbers that are trapezoidal fuzzy
numbers and triangular fuzzy numbers. Against many
other methods’ complexities, the proposed model is
based on area measurement, which is very easy to
calculate and has a visual understandability. By the help
of a simple VBA code written by us, anyone can rank
either triangular or trapezoidal fuzzy numbers. When
compared with the other area based ranking methods,

An Alternative Ranking Approach

the proposed method is simpler and does not need
tremendous mathematical calculations and formulations.

An index that measures the possibility of one fuzzy
number being greater than another will be determined.
That preference index will be illustrated by /(w) €[0,1]
and it is determined by Eq. (4):

1 .
I(a)) — Sﬁlvvr + ’favnr

S, +S;

+S

Jjoint

4

Using the areas as shown in Fig. 4, the preference
index can be determined as in the following standard
form, as given in Eq.(5):

u(x)

1
by, a b, & b; as by @

Fig. 4. Comparison of fuzzy numbers.

0 , b=a,
(a4_bl)2
(bz _bl _a3+a4) , bz 203,171 <(14
(@, +a,—a,—a) +(b,+b,—b, - b)
a,+a,—b,-b
I(w)= 4 , b>a,b<a, (5
« (a4, +a,—a,—a))+(b,+b,—b,-b) e )
Y
(4, +a;—b, _[’1)_%
(b, =b+a,~a) , b<a,b,>aq
(@, +a,—a,—a)+(b,+b,—b, - b)
1 , b, <a

and the fuzzy preference relation (P, ) of the fuzzy
numbers will be determined as following:

A= B ifI(w)e(0.5,1]
P, (A4,B)={4A=B ifI(w)=05 (6)
B> A4 ifI(w)e[0,0.5)

Calculation of index /(@) is the key factor in our
method. Two different trapezoidal fuzzy numbers are
illustrated in Fig. 4. As it is seen, the area that is not
overlapping is named S, for the left side and S,
for the right side. S, is the intersection area of these
fuzzy numbers. S, and Sp are the areas of the fuzzy

numbers 4 and B consecutively.
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If the outcome of Eq. (5) is larger than 0.5, this
means that the fuzzy number A4 is preferred to B . The
following figures (Figs. 5-8) can more clarify the
calculation:

p(x) /

Joint r

favor

1
|
1
1
b

Fig. 5. Illustration of preference index calculation.

wx)

b, a ay

Fig. 6. An example for the second row of Eq. (5)

uix)

p(x)

0.0

I
|
I
1
by

=

a az as  ay by by

Fig. 8. An example for the fifth row of Eq. (5).

For example, in Fig. 6 let the fuzzy numbers A and
B take the following values, respectively: (2, 3, 4, 8)
and (1, 5, 6, 7). Then, from Eq. (5) we find the
preference index: /(w)=0.438. Therefore, we can infer
that the fuzzy number A is smaller than the fuzzy

number B with a possibility of 0.438. One can see and
calculate these values easily by VBA code given in
appendix. Writing this code is simple in ©MSExcel
VBA and someone can easily embed this code in any
programming code also.

Our method can be applied to both triangular and
trapezoidal fuzzy numbers. Ranking more than two
fuzzy numbers is also very easy in our method. At first,
pair wise ranking is carried out between all fuzzy
numbers, then based on these pair wise orderings, a
final order of the n fuzzy numbers is attempted. Let us
rank some triangular and trapezoidal fuzzy numbers by
the methods summarized in this section and our
proposed approach.

Let the triangular fuzzy numbers be:
TRI1=(0.20,0.30,0.50), TRI2 =(0.17,0.32,0.58),
TRI3 = (0.25,0.40,0.70) .

In addition, let the trapezoidal fuzzy numbers be:
TRA1 = (0.20,0.30,0.40,0.50) ,

TRA2 =(0.25,0.40,0.55,0.70)
TRA3 = (0.20,0.25,0.45,0.60) .

Final fuzzy number rankings for the methods
explained before are illustrated in Table 2.

As seen from Table 2 all triangular fuzzy number
rankings are the same while trapezoidal fuzzy number
rankings are different in some methods. For example,
Dubois and Prade’s™ PD method, Yager’s® weighted
mean method, and Yager’s® area measurement method
display dissimilar rankings. Dubois and Prade’s® PD
method and Baas and Kwakernaak’s® conditional fuzzy
set Approach give the same result informing three
trapezoidal fuzzy numbers are equal. Yager’s’
weighted mean method gives a different ranking order
for these trapezoidal fuzzy numbers. Our method
produces the same results for triangular fuzzy numbers
with a less computational effort. In addition, it gives the
same rank as Yager’s™ area measurement method and
Chen’s®” fuzzy max and min method methods for
trapezoidal fuzzy numbers. The ranking results by
Fortemps and Roubens’’ area compensation method are
completely the same as our method’s since both
methods are based on area measurement.

Our method has some advantages over Fortemps and
Roubens’’ method. They can be counted as follows: our
method considers both joint and disjoint areas where as
Fortemps and Roubens’” method considers only disjoint
areas. With Fortemps and Roubens’’ method, anybody
has to calculate related areas using huge computational
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Table 2. Methods and their results.

An Alternative Ranking Approach

Methods

Triangular

Trapezoidal

Dubois and Prade’s” PD Method
Yager’s’' Weighted Mean Method
Yager’s™

Chen’s® Fuzzy Max and Min Method

Area Measurement Approach

Baas and Kwakernaak’s® Conditional Fuzzy Set Approach
Fortemps and Roubens’’ Area Compensation Method

Kahraman and Tolga’s Area Based Approach

TRI3>TRI2 > TRI1
TRI3>TRI2 > TRI1
TRI3>TRI2 > TRI1
TRI3>TRI2 > TRI1
TRI3>TRI2>TRI1
TRI3>TRI2 > TRI1

TRI3>TRI2>TRI1

TRA3 = TRA2 = TRAI
TRA3 > TRA2 > TRAl
TRA2 > TRA3 > TRAL
TRA2 > TRA3 > TRAl
TRA3 = TRA2 = TRAl
TRA2 > TRA3 > TRAI

TRA2 > TRA3 > TRAl

effort where as our method defines a unique formula for
this computation.

The criteria developed by Wang and Kerre’s™ have
become a standard to measure the capability of ranking
methods for fuzzy numbers. Hence, the proposed
ranking method is examined with respect to Wang and
Kerre’s axioms in the following.

3S41

5. Investigation with respect to Wang and
Kerre’s* axioms

Wang and Kerre® classify ordering indices into three
categories. In the first class, each index is associated
with a mapping F' from the set of fuzzy quantities to the
real line R in order to transform the involved fuzzy
quantities into real numbers. Fuzzy quantities are then
compared according to the corresponding real numbers.
In the second class, reference set(s) is (are) set up and
all the fuzzy quantities to be ranked are compared with
the reference set(s). In the last class, a fuzzy relation is
constructed to make pair-wise comparisons between the
fuzzy quantities involved. These pair-wise comparisons
serve as a basis to obtain the final ranking orders.
Therefore, the proposed ranking approach Pyr take
place within the last class.

At the beginning of our investigation, the following
remarks should be given. S is the set of fuzzy quantities
for which the method M can be applied and ./ is a finite
subset of S. 4> B by M on ./ can be explained as “two
elements 4 and B in .« satisfy that 4 has a higher
ranking than B when M is applied to the fuzzy quantities
in./”. “A~B” by M on .«/” and “ 4 > B by M on .«/"” are

similarly interpreted', Px; is the fuzzy preference
relation on ./ calculated from Eq. (5).

Wang and Kerre'' propose the following axioms as
the reasonable properties of ordering fuzzy quantities
for an ordering approach M.

A; For an arbitrary finite subset ./ of S and A€ A,
A= A4 by Mon .d.

A, For an arbitrary finite subset ./ of S and
(4,B)e A*, A= B and B> A by M on ./, we should
have “4~B” by M on .</.

A; For an arbitrary finite subset ./ of S and

(4,B,C)e 4’, A=B and B=C by M on .</, we
should have 4 > C by M on .</.
It is easy to prove that any ranking approach meets these
three axioms*'. Hence, it is not needed to prove these
axioms for our method. Wang and Kerre*"’s other
axioms are given in the following:

A, For an arbitrary finite subset .#/ of S and
(4,B) e A*, inf supp(4)>sup supp(B), we should have
A= B by Mon ..

A'; For an arbitrary finite subset ./ of S and
(4,B) e A’ inf supp(A)>sup supp(B) , we should have
A> B by Mon .«.

Since A'y is stronger that A4, only proof of A"y will be
justified.

Assume A ={A4,4,,...,4,} is the set of fuzzy
quantities to be ranked, 4 #0, 4, #, and if 4, and
A, are fuzzy numbers, they could be denoted as
4 :(au’a12>a13>a14)’ 4, =(a21,a22,a23,az4), and
inf supp(A4, )>sup supp(4, ) .
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Proposition 1. Assume the involved fuzzy quantities are
fuzzy numbers. Then Pgr satisfies A'y.

Proof: ~ When  infsupp(d, )>supsupp(4,), Let
a,, =1inf supp(4, ) , a,, =supsupp(4,) and
a, =inf supp(4,), a,, =supsupp(4,), it is easy to
obtain from Eq. (5)’s 5" row, g, >a,,. Hence,
P (4,4,)=1 and P, (4,,4)=0. By Proposition
4.5(2) in Wang and Kerre®’s study, Pz satisfies A'y. O

As Let Sand S’ be two arbitrary finite sets of fuzzy
quantities in which M can be applied and 4 and B are in
SN S'. We obtain the ranking order 4> B by M on
S"iff A>-B byMon S.

Proposition 2. Pxy is consistent on A .

Proof: “Pgr is consistent” means transitivity holds, so
transitivity of Pxr needs to be demonstrated.

Proposition 2.1. Pgy is transitive, i.e., for any
A,4,, and4, €A, if PB,(4,4)>1/2, and
P (A,,4,)>1/2, then P (A,4)>1/2.

Proof: From Eq. (5) P, (4,,4,)>1/2< A4 = A, and
P (4,,4,)>1/2 < A4, = 4,, then from Az if 4 = 4,,
and A4, - 4, then A =4 Now,
A =4, < P (4,4,)>1/2. So transitivity holds for
Pxri.e. Pxris consistent. O

Proposition 3. If a fuzzy relation P is consistent, then
the ordering approach based on P by Procedure 1 (or

Procedure 1') as indicated in Wang and Kerre's* study
satisfies As.
Proof: Under their assumption

A~B < P(4,B) = P(B, A) and

A> B & P(A,B)> P(B, A) (or

A< B < P(A4,B) < P(B, A)), i.e. the ranking order of 4
and B has nothing to do with any other involved fuzzy
quantity. O

Proposition 4. Assume the involved fuzzy quantities are
fuzzy numbers. Then Py satisfies As.

Proof: The mentioned fuzzy relation is consistent by
Proposition 2, and hence according to Proposition 3, it
satisfies As. O

AsLet A, B, A+C and B+C be clements of S .
If A= B byMon {4,B},then 4+C > B+C by Mon
{4+C,B+C}.

A'sIf A>B by Mon {4,B},then A+C>B+C
by Mon {A+C,B+C} when C# (.

Proposition 5: If the involved fuzzy quantities are fuzzy
numbers, then Pyr satisfies As.

Proof: Assume 4 =(a,,a,,a;,a,)(i=1,2,3). From
A = A4, by Pxron {4,4,}, we have a,, >a,,, and let
ay =(a, +ay), ap=(a,+ay,), a;=(ay+ay),
ay, =(ay +ay,). VA4, it is always true a,, >a/,
a,<a,, and by the 4" row of Eq (5)
Per (A, + Ay, A, + 4,)>1/2. Therefore,
A+ A - A+ A, by Pyron {4, + 4, A, + A} . O

A;Let A, B, AC and BC be elements of S and
C20. A» B by Mon {4,B} implies AC > BC by
M on {AC ,BC } .

Pyrdoes not satisfy A;.

Example.

4,=(0,0.5,0.5,0.7) 4, =(0.2,0.5,0.5,0.6), and
4,=(0,0.9,0.9,1).

A, - A and A A, - A4, by Pgr on {4,4,} and
{4,4;,4,4,} respectively.

From all proofs above, one can see Pk satisfies all
the axioms except A;. Therefore, the developed
ordering procedure is reasonable according to the Wang
and Kerre’s*' axioms.

Now, let us see how this method is used in
multicriteria decision-making problems.

6. Applications to Decision-Making

Fuzzy ranking methods are often used in fuzzy decision
making-processes and it plays an important role. Our
method simplifies the ranking process in decision-
making. To illustrate it, we will give some examples of
our method in decision-making methods named fuzzy
scoring method, Fuzzy Analytic Hierarchy Process
(AHP) method, and fuzzy TOPSIS method.

Let the fuzzy numbers 4 and B be triangular, then
the basic operations on them are given in Egs. (7-8):

A® B =(a,xb,a,xb,,a,xb,) @)

A® B=(a, +b,,a, +b,,a, +b,) (®)
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If the fuzzy numbers A and B are trapezoidal, the
basic operations on them are given in Egs. (9-10).

A®B=(a,xb,a,xb,,a;xb;,a,xb,) (9
A@B:((ll+bl,a2+b2;a3+b39a4+b4) (10)

6.1. Multi-criteria decision-making using fuzzy
scoring

In the example of fuzzy scoring method, Bonissone’s*
approach will be used. The performance of an
alternative with respect to the attributes can easily be
computed by the following formula:

U, = 27 (11)
j=1

where W, and 7; represent the weight and scoring of
attributes, respectively. After the calculation of U,
values by Eq. (11), the ranking is obtained by our
method. For example, three alternatives of advanced
manufacturing systems, FMS-1, FMS-2, and FMS-3
will be assessed with respect to four attributes:
engineering effort (X;), flexibility (X;), net present
worth (X;), and integration ability (X;). The decision
matrix is as follows:

X, X, X, X,
£ FMS, fair good fair good
B FMS, fair  very good bad good

FMS, very bad very good very good very bad
The weight vector is given as;
Vv:(inm’tm,mea’less inportant, winportan, myinmtant)

where very unimportant: (0, 0, 0.2, 0.3); unimportant:

An Alternative Ranking Approach

(0.2, 0.3, 0.3, 0.4); more or less unimportant: (0.3, 0.4,
0.4, 0.5); indifferent: (0.4, 0.5, 0.5, 0.6); more or less
important: (0.5, 0.6, 0.6, 0.7); important: (0.6, 0.7, 0.7,
0.8); very important: (0.7, 0.8, 0.8, 1.0).

The fuzzy set with each linguistic term is as follows:
very bad: (0, 0, 0.2, 0.3); bad: (0.2, 0.3, 0.3, 0.4); more
or less bad: (0.3, 0.4, 0.4, 0.5); fair: (0.4, 0.5, 0.5, 0.6);
more or less good: (0.5, 0.6, 0.6, 0.7); good: (0.6, 0.7,
0.7, 0.8); very good: (0.7, 0.8, 0.8, 1.0).

Then, the fuzzy utilities for the alternatives are
computed as given:

4
U, =3, =(0.6,0.7,0.7,0.8)®(0.4,0.5,0.5,0.6)
J=l

@(0.5,0.6,0.6,0.7)®(0.6,0.7,0.7,0.8)
@(0.2,0.3,0.3,0.4)®(0.4,0.5,0.5,0.6)
@(0.7,0.8,0.8,1.0)®(0.6,0.7,0.7,0.8)
= (1.04,1.48,1.48,2.08)

- 4
0,=>w3, =(0.6,0.7,0.7,0.8)®(0.4,0.5,0.5,0.6)

J
Jj=1
@(0.5,0.6,0.6,0.7)®(0.7,0.8,0.8,1.0)
@(0.2,0.3,0.3,0.4) ®(0.2,0.3,0.3,0.4)
@(0.7,0.8,0.8,1.0)®(0.6,0.7,0.7,0.8)
=(1.05,1.48,1.48,2.14)

4
U, => %, =(0.6,0.7,0.7,0.8)©(0.0,0.0,0.2,0.3)
J=1
@(0.5,0.6,0.6,0.7)®(0.7,0.8,0.8,1.0)
@(0.2,0.3,0.3,0.4)®(0.7,0.8,0.8,1.0)
@(0.7,0.8,0.8,1.0) ®(0.0,0.0,0.2,0.3)
=(0.49,0.72,1.02,1.64)

The obtained fuzzy utilities are illustrated in Figure

The preference indexes (), I(®,), and I(w,)

Ll e T e Scoring Method = <UL —e— U2 = = UB [ le el e
g
R U3} 0,72 us; 1,02 U2; 1,48

Ll ;.

S ik

"0,8 1 £ - S

o N / \\

0.6+ . PN

0,67 7 <

<041 : / N N

*0,2'

RIS u3;9,’49 /2 1jos ug; 1,64 \\qz; 214
043 ‘ : ‘ i

O s T ML 0 e B UL 2,08

Fig. 9. The Fuzzy utilities of scoring method.
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which represent U,>U,, U,>U,, and U,>U,,
respectively can be calculated from Eq. (5). The results
are: I(w,)=0.484 (U, <U,), I(w,)=0.864 (U, >U,),
I(0,)=0.869 (U, >U,) with inferences in parenthesis.
Final ranking can be found as follows: U, >U, >U, .

6.2. Multi-criteria decision-making using fuzzy
AHP

Buckley® extended Saaty’s AHP method to incorporate
fuzzy comparison ratios a;,.

Steps of Buckley’s approach are shown in the
following steps.

Step 1: Consult the decision maker and obtain the
comparison matrix C  whose elements are
1, = (k;,1,,m;,n;) , where all i and j are trapezoidal fuzzy
numbers.

Step 2: The fuzzy weights w, can be calculated as
follows. The geometric mean for each row is
determined as:

l/n
z, = t, | foralli (12)
=
The fuzzy weight w, is given as:
— " 71
w =2 @ Z}z] (13)
L Jj=

Step 2 is repeated for all the fuzzy performance
scores.

Step3: The fuzzy weights and fuzzy performance
scores are aggregated. The fuzzy utilities U, Vi, are
based on

n

U =Y Wi, Vi

i

t

(14)

<

j=1

For clarifying the vagueness, a short example is
given. A ceramic factory is looking for a general
manager. There are three applicants for this position.
The company is also looking for four attributes from
these applicants. These attribute are “leadership”,
“problem solving skill”, “communication skill”, and
The expert opinions about the
relative importance of a pair of attributes are shown in
Tables 3—7.

experimentation .

Table 3. Pair-wise Comparison of Applicants for Leadership.

Al AL, Al
ALl .y (1,2,2.,3) (2,2,4.4)
Al,| 312,121 (LLLD (1,2,2,3)
Als | (UA1A12,1/2) (1/3,1/2,1/2,1) (LLL1)

Table 4. Pair-wise Comparison of Applicants for
Problem Solving Skill.

Al Al Al

Al | (LLLD  (UA13,13,12) (1,122)
Al | @334  @LLD (3.3.4,4)
Als | ararn /4,1/4,13,13) (1,1,1,1)

Table 5. Pair-wise Comparison of Applicants for
Communication Skill.

Al Al, Al
ALl .y (6,6,7,7) (3.3.44)
Al, | (ULUL16,1/6) (LLLL) (1/2,1/2,1,1)
Als | (U414,1/3,13) (1,1,2,2) (L1,1,1)

Table 6. Pair-wise Comparison of Applicants for

Experimentation
Al, Al, Als
ALl annn (1/7,1/6,1/6,1/5) (1,1,2,2)
Ala | (5.6,6,7) (LL,LY (1,2,2.3)

A

=

S| arazuy asaz121) (LLLD

Table 7. Pair-wise Comparison of Four Attributes.

X, X, X, X,
x| anLy (1223) (2.233) (1/3,1/3,1/3,1/3)
X, | ansazien L (1,122) (1,2.2.3)
X5 | a53A3,12,12) (12,12,1,1) 1,1,1,1) (1/2,1/2,1/2,172)
X| (3.3.3.3) (2334 (2222 (LLLD

Via Eqs. (12-14), one can easily find the U, values
as follows: U, =(0.1651,0.2471,0.4513,0.6893) ,
Uz =(0.2764,0.4143,0.6126,0.9588) ,
03 =(0.0830,0.1161,0.2229,0.3406) .
Finally these values are ranked using Eq. 6 and it is

obtained as follows U, >U, > U, and seen on Fig. 10.
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u3;0,1161 = UJ; 0,2229 U2;10,4143

U2; 0,6126

i
1 u1p&2471 /ul; 0,4%3
r N

:: | . / .

) N

g ’ ! ( .

02, - / . N

s Ulolnn e 0,2764/ > U3; 03406 N Mo
gt UL QAL e g T UL 008898 T

Fig. 10. The Fuzzy utilities of Fuzzy AHP.

6.3. Multi-criteria decision-making using fuzzy
TOPSIS

One of the main methods for multi-criteria decision-
making is fuzzy TOPSIS. Let us show how our ranking
method is used in this method. Yang and Hung apply
the following steps for the methodology of Fuzzy
TOPSIS.

For fuzzy TOPSIS, if the fuzzy numbers 4 and B
are triangular, the vertex method is defined to calculate
the distance between them, as in Eq. (15):

1B =M@ -8) +(a-n) 40 -5)] 05

If the fuzzy numbers A and B are trapezoidal, the
vertex method is defined to calculate the distance
between them as in Eq. (16)*":

J[(q ) +2(a -8 +2(a,~b) +{a, )]
6

(16)

d(4.B)=

Brouwer®™ summarizes many distance calculation
methods. In our work, the vertex method will be used
because of its simplicity.

The following property is valid for both fuzzy
triangular and fuzzy trapezoidal numbers: Let A, B,
and C be three triangular or trapezoidal fuzzy numbers.
The fuzzy number B is closer to fuzzy number A than
the other fuzzy number C if, and only if,
d(4,B)<d(4,C).

The fuzzy multi-attribute decision making (MADM)
can be concisely expressed in matrix format as in Eqgs.
(17) and (18).

Cy Cr, Cr Cr,
All _5611 5612 213 X‘ln ]
D= Al, ):Czl ):sz %23 %2;1 (17
Al Xy Xy Xy e Xy,
Alm _'Séml ‘im2 ‘im3 imn
W =[, W,,..., 0, ] (18)
Where Xi=12,.,m,j=12,..,n and

Ww,j=12,...,n are triangular or trapezoidal fuzzy
numbers. If they are triangular: %, = (a;,b;,¢;) and
w,=(W,,w,,w5), if  they are  trapezoidal:
%, =(a;,b;,c;,d;) and W, = (w,;,w,, w5, w,,) .

Note that X, is the performance rating of the ith
alternative with respect to the jth attribute, Cr, and W,
represents the weight of the jth attribute, Cr,.

The normalized fuzzy decision matrix denoted by

R is shown in Eq. (19):
R=[#],, (19)

The weighted fuzzy normalized decision matrix is
shown as in Eq. (20):
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vll v12 Vlj Vln
Vo Va vee sz eV,
V=|_ - - -

vfl vl-z ces Vij vee Vl-n
v, v v v

L “ml m2 mj mn_| (20)
vﬁnl Mén2 Jj . n'ln
W17"21 W2r22 J'2j n'2n
Wl’;l WZ’;’Z /I/Zj nli'n

_1¢ﬁ’;ﬂ va’;z2 tet VV/’;y te ‘¢%I;m |

The proposed fuzzy TOPSIS procedure can be
defined as follows:

Step 1: Choose the linguistic ratings
(X,,i=L2,...,n,j=1,2,...,m) for alternatives with
respect to the criteria and appropriate linguistic
variables (w,, j =1,2,...,n ) to obtain the weights of the

criteria.

Step 2: Construct the weighted normalized fuzzy
decision matrix. The weighted normalized value ¥V is
calculated by Eq. (20).

Step 3: Identify positive ideal (4") and negative
ideal ( A7) solutions. The fuzzy positive-ideal solution
(FPIS, 4") and fuzzy negative-ideal solution (FNIS,
A™) are shown as in Egs. (21) and (22):

A =@ ,9,...7,)

L . 21)
:{(miaxvij [i=12,...,m),J :1,2,...,n}
A = ,V,,...7))
. (22)
:{(mmvi/. [i=1,2,...,m),J :1,2,...,n}

Our area-based ranking method is offered at this
step for ranking v, (i=1,2,...,m) values for each jth
attribute. For FPIS, the greatest one; for FNIS, the
lowest one among these fuzzy numbers should be taken.

Step 4: Calculate separation measures. The distance
of each alternative from 4" and A~ can be currently

d;=d(9,.7)i=12...m (24)

Step 5: Calculate similarities to ideal solution. This
step solves the similarities to an ideal solution by Eq.

©25):

CC,

i

_d;
d +d-

(25)

Step 6: Rank preference order. Choose an alternative
with maximum CC, or rank alternatives according to
CC; in descending order.

To be more understandable, the example in Yang

and Hung’s*

study is going to be resolved in the

following. We will not give the whole example for the
sake of shortening the paper. Someone more interested

on these details should look at Yang and Hung

paper.

9S46

Table 8. Decision matrix using fuzzy linguistic variables

No. Cr, Cr, Cr; Cry Crs Crg
Al H M VL VL VL H
Al, M H M M VL M
Als M M VL H L L
Al H M VL H M M
Als M M VL H L M
Al VL VL VH L L H
Al.; L M VL M L VL
Al H M VL M VL M
Al H H VL L VL M
Al VL M VL M M H
Al VH H VH VH VH VH
Al M M VL L L M
Al.s L M VL H L VL
Alys M M VL L M M
Als VH H VL VH VH VH
Al L H VL M L H
Al.y; H M VL M M VL
Al.g VH VH VL H M VL
Weights H H M L H M

The fuzzy linguistic variables of the decision matrix

calculated using Egs. (23) and (24).

d; :id(ﬁﬁ,ﬁ;),izl,Z,...,m (23)
j=1

are given in Table 8. With the fuzzy membership
functions given in Table 9, the fuzzy linguistic variables
are transformed into fuzzy triangular membership
functions as shown in Table 10.
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Table 9. Transformation for fuzzy membership functions

Rank Attribute grade =~ Membership functions
Very low (VL) 1 (0.00, 0.10, 0.25)
Low (L) 2 (0.15, 0.30, 0.45)
Medium (M) 3 (0.35, 0.50, 0.65)
High (H) 4 (0.55,0.70, 0.85)
Very high (VH) 5 (0.75, 0.90, 1.00)

The first step of fuzzy TOPSIS analysis and the
fuzzy attribute weight are shown in Table 10.

Obtaining the weighted fuzzy decision matrix by Eq.
(36) using Eq. (23) is the second step of fuzzy TOPSIS
method. At the third step the fuzzy positive-ideal
solution (FPIS, A') and the fuzzy negative-ideal
solution (FNIS, A7) have to be obtained. Differently
from Yang and Hung’s* study, we use the area-based
ranking approach (Eq. (5)) to find these values. The
distance of each alternative from 4" and 4~ can be
calculated using Eqs. (39) and (40). At the fifth step, the
similarities to an ideal solution are solved by Eq. (41).
Table 11 summarizes all these steps of fuzzy TOPSIS.

Finding the fuzzy positive-ideal solution (FPIS, 4")
and the fuzzy negative-ideal solution (FNIS, A7) is the
key factor in our method. Using Eq. (5) we rank the ¥,
@=12,...,m,j=1,2,...,n) values and, we find v, and
v, values for each criterion. For example, the ranking
for the first criterion is obtained:

An Alternative Ranking Approach

Then, v, =¥, =(0.41,0.70,1.13) and
v, =7, =(0.00,0.08,0.28) is obtained from this ranking.
The other steps in fuzzy TOPSIS are applied in the same
way as Yang and Hung’s* study.

6.4. Some calculation corrections in Yang and
146

Hung’s™ paper

Yang and Hung™ calculated CC; values as in Table 12.
Yang and Hung*® give the rank order using Table 12

as follows:

AlL11> AL1S > Al18 > Al.4 > Al.17 > Al.8 > Al.10 >

Al4A> Al2 > A116> A19 > AL.5> Al.1> Al.3 >

Al12> AL.6 > AL.7 > Al13.

This rank order is obviously incorrect. According to
the results above, the true rank order is obtained as:
AlL11> AL1S> Al18> Al4 > Al2 > AL.8 > Al.16 >
ALY > Al17 > Al.14> AL5 > Al.1> A1.10 >
Al3> Al12> AL6 > AlT7 > Al.13.

Fuzzy TOPSIS using our ranking approach produces
the same order at first five alternatives but the rest of the
ordering is different as follows:

Table 10. Fuzzy decision matrix and fuzzy attribute weights

No. Cr. Cr., Crs Cry Cr.s Cr.g

Al (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.00,0.10,0.25)  (0.00,0.10,0.25)  (0.55,0.70,0.85)
Al, (0.35,0.50,0.65)  (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)
Al (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.55,0.70,0.85)  (0.15,0.30,0.45)  (0.15,0.30,0.45)
Aly (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.35,0.50,0.65)
Als (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.55,0.70,0.85)  (0.15,0.30,0.45)  (0.35,0.50,0.65)
Alg (0.00,0.10,0.25)  (0.00,0.10,0.25)  (0.75,0.90,1.00)  (0.15,0.30,0.45)  (0.15,0.30,0.45)  (0.55,0.70,0.85)
Al (0.15,0.30,0.45)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.15,0.30,0.45)  (0.00,0.10,0.25)
Alg (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)
Al (0.55,0.70,0.85)  (0.55,0.70,0.85)  (0.00,0.10,0.25)  (0.15,0.30,0.45)  (0.00,0.10,0.25)  (0.35,0.50,0.65)
Alyp  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.55,0.70,0.85)
ALy (0.75,0.90,1.00)  (0.55,0.70,0.85)  (0.75,0.90,1.00)  (0.75,0.90,1.00)  (0.75,0.90,1.00)  (0.75,0.90,1.00)
Al (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.15,0.30,0.45)  (0.15,0.30,0.45)  (0.35,0.50,0.65)
Aliz  (0.15,0.30,0.45)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.55,0.70,0.85)  (0.15,0.30,0.45)  (0.00,0.10,0.25)
Alyy  (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.15,0.30,0.45)  (0.35,0.50,0.65)  (0.35,0.50,0.65)
Alis  (0.75,0.90,1.00)  (0.55,0.70,0.85)  (0.00,0.10,0.25)  (0.75,0.90,1.00)  (0.75,0.90,1.00)  (0.75,0.90,1.00)
Als  (0.15,0.30,0.45)  (0.55,0.70,0.85)  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.15,0.30,0.45)  (0.55,0.70,0.85)
Aly;  (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.00,0.10,0.25)  (0.35,0.50,0.65)  (0.35,0.50,0.65)  (0.00,0.10,0.25)
Alyg  (0.75,0.90,1.00)  (0.75,0.90,1.00)  (0.00,0.10,0.25)  (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.00,0.10,0.25)
w (0.55,0.70,0.85)  (0.55,0.70,0.85)  (0.35,0.50,0.65)  (0.15,0.30,0.45)  (0.55,0.70,0.85)  (0.35,0.50,0.65)
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Table 11. Fuzzy TOPSIS Analysis

No.  # %2 %3 T4 s Ti6 at i G
Al (0.3, 0.54, 0.96) (0.19, 0.39, 0.74) (0, 0.06, 0.22) (0,0.03,0.15) (0, 0.08, 0.28) (0.19, 0.39,0.74) 2.0129 1.2170 0.3768
Al, (0.19, 0.39, 0.74) (0.3,0.54, 0.96) (0.12, 0.28, 0.56) (0.05,0.17,0.39) (0, 0.08, 0.28) (0.12, 0.28, 0.56) 1.7292 1.5010 0.4647
ALy (0.19,0.39,0.74) (0.19,0.39, 0.74) (0,0.06, 0.22) (0.08,0.23,0.51) (0.08,0.23,0.51) (0.05,0.17,0.39) 20266 12035 03726
Al (0.3,0.54,0.96) (0.19,0.39, 0.74) (0, 0.06, 0.22) (0.08,0.23,0.51) (0.19,0.39, 0.74) (0.12,0.28, 0.56) 15604  1.6704 05170
Als  (0.19,0.39,0.74) (0.19,0.39, 0.74) (0, 0.06, 0.22) (0.08,0.23,0.51) (0.08,0.23, 0.51) (0.12,0.28, 0.56) 19012 13289  0.4114
Als  (0,0.08,0.28) (0,0.08, 0.28) (0.26,0.5, 0.87) (0.02,0.1,0.27) (0.08,0.23, 0.51) (0.19, 039, 0.74) 21300 1.0988 03403
Al; (0.08, 0.23, 0.51) (0.19, 0.39, 0.74) (0, 0.06, 0.22) (0.05,0.17,0.39) (0.08, 0.23,0.51) (0, 0.06, 0.22) 2.4003 0.8291 0.2567
Alg (0.3,0.54,0..96) (0.19, 0.39, 0.74) (0, 0.06, 0.22) (0.05,0.17,0.39) (0, 0.08, 0.28) (0.12, 0.28, 0.56) 1.9767 1.2529 0.3879
Aly  (0.3,0.54,0.96) (0.3, 0.54, 0.96) (0,0.06, 0.22) (0.02,0.1,0.27) (0,0.08, 0.28) (0.12,0.28, 0.56) 18876 13427 04157
Al (0,0.08,0.28) (0.19,0.39, 0.74) (0, 0.06, 0.22) (0.05,0.17, 0.39) (0.19,0.39, 0.74) (0.19, 039, 0.74) 20219 12076 03739
ALy (041,07, 1.13) (0.3, 0.54, 0.96) (0.26,0.5, 0.87) (0.11,0.3, 0.6) (0.41,0.7,1.13) (0.26,0.5, 0.87) 0.1474 30808  0.9543
Al (0.19,0.39,0.74) (0.19,0.39, 0.74) (0, 0.06, 0.22) (0.02,0.1,0.27) (0.08,0.23, 0.51) (0.12,0.28, 0.56) 20630 11667 03612
Al s (0.08, 0.23, 0.51) (0.19, 0.39, 0.74) (0, 0.06, 0.22) (0.08, 0.23, 0.51) (0.08, 0.23,0.51) (0, 0.06, 0.22) 23195 0.9102 0.2818
Al 1y (0.19, 0.39, 0.74) (0.19, 0.39, 0.74) (0, 0.06, 0.22) (0.02,0.1,0.27) (0.19, 0.39, 0.74) (0.12, 0.28, 0.56) 1.8923 1.3373 0.4141
Alys (041,07, 1.13) (0.3, 0.54, 0.96) (0,0.06, 0.22) (0.11,0.3, 0.6) (0.41,0.7,1.13) (0.26,0.5, 0.87) 0.6266  2.6016  0.8059
Alys  (0.08,0.23,0.51) (0.3, 0.54, 0.96) (0, 0.06, 0.22) (0.05,0.17, 0.39) (0.08,0.23,0.51) (0.19, 039, 0.74) 1.8576 13735 04251
Al (0.3,0.54,0.96) (0.19,0.39, 0.74) (0, 0.06, 0.22) (0.05,0.17, 0.39) (0.19,0.39, 0.74) (0, 0.06, 0.22) 18887 13412 04152
Alyy (041,07, 1.13) (0.41,0.7, 1.13) (0, 0.06, 0.22) (0.08,0.23, 0.51) (0.19,0.39, 0.74) (0, 0.06, 0.22) 13429 1.8851  0.5840
£ S04107.113)  =041,07.113) 502605087  5,=0.11.03,06 i =04107,113)  5=026,05087)

a 7 =(0,0.08,0.28) 7, =(0, 0.08,0.28) 7, =(0,0.06,0.22) 7, =(0,0.03,0.15) 5 =(0,0.08, 0.28) 7 =(0,0.06,0.22)

W= {(0.55,0.70,0.85), (0.55, 0.70, 0.85), (0.35, 0.50, 0.65), (0.15, 0.30, 0.45), (0.55, 0.70, 0.85), (0.35, 0.50, 0.65)}

Table 12. CC; values calculated by Yang and Hung*®

Alternative

No. 1 2 3 4 5 6 7 8 9
CG; 0.25736 0.29178 0.25359 0.31299 0.26942 0.24198 0.22174 0.28298 0.27309
Order 12 5 14 4 11 16 17 6 8

Table 12. (Continued) CC; values calculated by Yang and Hung*®

Alternative

No. 10 11 12 13 14 15 16 17 18
CG; 0.25513 0.49125 0.24952 0.21682 0.2713 0.43210 0.27548 0.27246 0.34258
Order 13 1 15 18 10 2 7 9 3

Al11> Al15> Al18> Al4> Al2> Al.16 > A9 >
Al17 > Al14> AlS5> Al.8 > Al.1> AlL.10> Al.3 >
Al12> Al.6 > Al.13 > Al7.

7. Conclusions

In fuzzy decision-making problems, fuzzy ranking is
one of the most-researched areas. In this study, fuzzy
number ranking procedures are investigated. Then, an
area-based ranking approach is offered for the shortages
of the other ranking approaches. This new approach can
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be applied to most-used decision-making procedures
that are fuzzy scoring, fuzzy AHP, and fuzzy TOPSIS.
Generally, our approach produced same results
however; in fuzzy TOPSIS, different results are
reached.

For further study, application of that area-based
fuzzy ranking approach to other decision-making
approaches can be investigated. A formula for L-R type
fuzzy numbers can be studied with the same logic of the
formula developed for triangular and trapezoidal fuzzy
numbers.
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Appendix
VBA Code for ranking fuzzy numbers is given below:

Sub Preference Index()

Dim Al, A2, A3, A4, BI, B2, B3, B4
Dim [, P1, P2, P3

Worksheets("fuzzy preference").Activate

Al = Cells(2, 1).Value
A2 = Cells(2, 2).Value
A3 = Cells(2, 3).Value
A4 = Cells(2, 4).Value

B1 =Cells(2, 5).Value
B2 = Cells(2, 6).Value
B3 = Cells(2, 7).Value
B4 = Cells(2, 8).Value

If B1 > A4 Or B1 = A4 Then
I=0

Elself Bl < A4 And B2 > A3 Or Bl < A4 And B2 = A3

Then
I=((A4-B1)"~2)/(B2-Bl-A3+A4))/((Ad4 +

A3-A2-Al)+(B4+B3-B2-Bl))

End If

If B3 < A2 And B4 > Al Then
I=((A4+A3-B2-Bl)-(((A2-B3)"2)/(B4-B3

+A2-Al1))/((A4+A3-A2-Al)+(B4+B3-B2-

Bl1))

Elself B2 < A3 And B3 > A2 Or B2 < A3 And B3 = A2

Then
I=(A4+A3-B2-Bl)/((A4+A3-A2-Al1)+ (B4

+B3-B2-Bl))

End If

If B4 <A1 Or B4 = Al Then

I=1
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End If

IfI1>0.5 Then
Pl1=1

Elself 1 < 0.5 Then
P3=1

Else
P2=1

End If

'Output calculated fuzzy preference index
Cells(5, 3).Value = P1
Cells(5, 4).Value = P2
Cells(5, 5).Value = P3

End Sub
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