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Abstract—Harmonic voltage of the concern bus in the power 
grid is the combinations of voltage contributions of each 
harmonic source. When the main harmonic sources are 
known to the system, how to distinguish the responsibility of 
these harmonic sources has important significance. This 
paper firstly established the multiple linear regression model 
and defined the harmonic responsibility. When the harmonic 
current is linearly related, using the least squares regression 
will get the wrong solution. Therefore, this paper proposed a 
method called improved least squares. Simulation results 
show that no matter the coefficient matrix is sick or not, this 
method can get a better result than the least squares method. 

Keywords-power system; power quality; multiple 
harmonic sources; harmonic responsibility;  least squares 
estimation. 

I. INTRODUCTION 
With the rapid development of power electronics 

technology and the increasing using of non-linear loads, 
harmonic currents was injected into the power system 
networks, harmonic pollution has become an serious 
problem[1-3]. To solve the problem of harmonic pollution, 
Bureau of Technical Supervision regulated the permissible 
value of the utility grid harmonic [4]. But this can not 
change the situation that “Everyone should be responsible, 
no irresponsible”. In order to control the harmonic 
pollution, international organizations proposed a program 
of incentive or punishment [5]. After the proposed scheme, 
the domestic and foreign scholars have done a lot of 
research, the main research focus on the use of 
"interference" or "non-invasive" method to assess the 
harmonic emission level of a single harmonic [6], but there 
are many harmonic sources actually. The harmonic voltage 
of the concerned bus is caused by all the harmonic sources. 
It is necessary to divide multi-harmonic source 
responsibility.  

 The literature [7] proposed a method to divide multi-
harmonic responsibility using least squares estimation 
firstly.  On the basis of the least squares estimation, the 
literature [8] proposed robust regression method. The 
literature [8] discussed centralized multi-harmonic source 
harmonic responsibility. 

The least squares estimation was applied in the 
harmonic responsibility commonly, but when the model is 
sick, we can not get the exactly result. To solve this 

problem, we proposed a modified method of least squares. 
Simulation examples show the method is effective on 
solving ill-posed problem, also in the non-pathological 
cases. 

II. MATHEMATICAL MODEL AND HARMONIC 
RESPONSIBILITY DEFINITION 

There are n harmonic source, the problem of harmonic 
of the concern bus is made by all the harmonic sources. 

In the Figure.1, the load joined harmonic current h
iI&  to 

the system. The harmonic voltage h
XU  of concerned X 

node is equal to the following equation: 
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Fig.1  A typical multi-harmonic source grid 

Where h
XiZ is the hth harmonic Impedance between 

the node of harmonic source and the concerned bus. 0
hU&  

is equal to the background harmonic voltage. The sampling 
value of harmonic current and harmonic voltage is plural. 
The formula (1) is written in Cartesian coordinates as 
follows: 
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Where, r and x denote the real and imaginary part of 
the plural. The formula (2) is applied to the formula (1), 
and organized as follow: 
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A Case Study in the real, m samples are as follows: 
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(4)       
Written in matrix form is as follows: 

0U = IZ + U                                 (5) 
Where  
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     Harmonic current of each harmonic source multiplied 
by harmonic impedance constitutes the harmonic voltage 
component of the concerned node. All the components 
made up of the harmonic voltage of the concerned bus. 
Therefore the harmonic responsibility should be defined as 
follows: 
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Where cosα is the cosine between the component of 
the harmonic source and the harmonic voltage of the 
concerned node. 

III. IMPROVED METHOD OF LEAST SQUARES 
Multiple linear regression model in matrix form as 

follows: 
y = Xβ+ ε         \                        (7) 

Where y  is n-dimensional measurements, X is n t×  
order coefficient matrix, β is t-dimensional parameters to 
be estimated, ε is n-dimensional error vector.  

Least-squares solution of the formula (7) is 
T -1 Tˆ ( )β = X X X y , when the coefficient matrix was ill, 

TX X ’s inversion is unstable. This may lead to great 
deviation between the true value and the calculated value, 
even sometimes has the erroneous result. Compared with 
the least squares estimation, the least squares method to 
improve the essence is in inverse partial least squares add 
an item kI .  

T -1 Tˆ ( )kβ = X X + I X y                  (8) 

Where β̂ is the estimation of β ; k is correction 

parameter; I is matrix; g is Euclidean norm -2; ˆ( )Ω β is 
stable function.  

Formula (8) is only related to k, select different 
parameter k can get different results. Ridge trace method is 
the most commonly used method to select the parameters k, 

T -1 Tˆ ( )kβ = X X + I X y  varies with the change of k, 
ˆ ( )i kβ is the i-th component of ˆ( )β k . When k changes 

between [ )0, +∞ ,  the figure of ˆ( )β k is called  ridge trace. 
The method to choose k is painting  the ridge trace of 

1
ˆ ˆ( ), , ( )pk kLβ β  on the same graph, then select the k 

value based on trend of  ridge track, so that each regression 
coefficient estimates generally stable, and the regression 
coefficient estimates for each sign of the value is 
reasonable.  . 

IV. CASE STUDY 
In this paper, take the example of the fifth harmonic. 

We use IEEE14 nodes using standard test system shown in 
figure 2 to verify, in which HL1, HL2 represent non-linear 
loads, L3 represent linear load.     

 

G

C

G

C

21

3

4

5

6

7

8

9101112

13 14

H L2 L3

HS
G G enera tors C tra nsformers

C

Synchronous 
c ondensers

HL1

 

 
Fig. 2 IEEE14-bus system 
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According to the formula of harmonic responsibility, to 
accurately calculate the harmonic responsibility, we must 
first accurately calculated impedance values, but in 
multiple regressions, morbid problems will seriously affect 
the estimated impedance. Use the centralized case to 
illustrate the feasibility of this method. 11th bus is the 
concerned bus, the harmonic source HL1, HL2’s 5th 
harmonic current injection waveform shown in figure 3(a) 
and (b). When the HL2 was concerned only, other parts of 
the system became system, so as to HL2. The system 
impedance true value is 0.5023+j2.8228 Ω and 
0.51+j2.82Ω. 

 

 
(a) 5th harmonic current amplitude 

 
(b) 5th harmonic current phase angles 

Fig. 3 Nonlinear harmonic source’s 5th harmonic current 

When HL1 and HL2 joint action and there is no linear 
correlation, using least squares estimation and 
improvement have the same result, k=0.  The two 
impedance values were calculated for 0.426+j2.873Ω, 
0.44+j2.883Ω, ridge trace is shown in Figure 4. 
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Fig. 4 Ridge track of non-pathological 
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Fig. 5 Ridge track of pathological 

HL1 and HL2 are linear correlation as shown in figure 
3(a). The results of using least squares estimation are(-
0.001-j2.6219)×106 Ω and (-2.5577-j0.0045) ×106Ω. At the 
same time, the results of improved least squares estimation 
are 0.3964+j2.9231Ω, 0.5005+j2.8401Ω, ridge trace is 
shown in figure 5.   

There are three harmonic sources of linearly related. 
Table 1 shows the least squares estimation, improved least 
squares estimation and method of fluctuation to calculate 
the harmonic responsibility of these three harmonic 
sources.  

Table1 Harmonic responsibility calculated by three 
method 

Method Harmonic responsibility 
HL1 HL2 HL3 

Exact value 17.01% 66.30% 66.30% 
Method 1 17.06%   67.67% -970.51% 
Method 2 16.56%   67.79%   15.02% 
Method 3 92.22% 64.26% 207.52% 

 

V. CONCLUSIONS 
There are n harmonic source, the problem of harmonic 

of the concern bus is made by all the harmonic sources. 
When the main harmonic sources are known to the system, 
how to distinguish the responsibility of these harmonic 
sources has important significance. Least-squares 
regression analysis estimated is a basis method. When the 
coefficient matrix sick, we can not get right results using 
this method. So we proposed an improved least-squares 
method to improve the results of sickness. The principle is 
simple, easy to calculate.  
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