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Abstract—In milling, it is important to research the stability
lobes charts which determine stable regions where no chatter
occurs. This paper presents the nonlinear model of milling
considering the variable helix angle. Base on this model, an
improved semi-discretization method is used to predict
stability. Due to the delay between each flute varies along the
axial depth of the tool in milling, the cutting tool is discrete
into some axial layers to simplify calculate. The effects of
variable helix angle and uniform helix angle on the
corresponding stability charts are explored, it is revealed
that many unstable islands arise in the low radial immersion
ratio. However, as the radial immersion rates increase,
variable helix angle has a little effect on stability. This fully
shows that the helix angle plays an important impact for
stability. Meantime this also confirms our proposed method
can accurately capture unstable phenomenon at low radial
immersion milling operations.
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l. INTRODUCTION

Chatter, one of the most significant factors affecting
the performances of a machine tool, is characterized by
violent self-excited vibrations between the cutter and the
workpiece developed under large metal removal rates [1].
The occurrence of chatter can cause the rough surface end
and dimensional inaccuracy of the workpiece, along with
unacceptably loud noise levels and accelerated tool wear.
In general, chatter is the severe limitations for high
productivity in milling operations. In order to seek
effective measures to predict the onset of these vibrations,
the behavior of dynamics and stability are worth to
research. In practice, the prevalent strategies are to avoid
chatter by applying analyses that predict parameter
domains of stable cutting. Through analyzing the
relationship between the axial depths of cut and spindle
speed to choose the optimum stable cutting parameters so
that one gets maximization of chatter-free material
removal rate.

Efforts to understand the dynamic cutting process and
chatter have a long history. The scientists have achieved
fruitful results in this area and various methods have been
developed which may be used to overcome the problem of
chatter. Altintas developed a stability method which leads
to analytical determination of stability lobes directly in the
frequency domain [2, 3]. This method, known as zero-
order approximation, can achieve reasonably accurate
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predictions. However, zero-order approximation cannot
accurately predict the stability lobes at low radial
immersion milling operations. Merdol proposed multi
frequency solution to solve this issue [4]. The semi-
discretization method (SDM) was employed to obtain
stability charts by Insperger [5, 6]. The delayed terms are
discretized while the undelayed terms are unchanged and
the time periodic coefficients are approximated by
piecewise constant functions. Bayly proposed that the
stability of interrupted cutting can be estimated by
Temporal Finite Element Analysis (TFEA) [7]. This
method was based on introducing finite elements in the
time domain. The displacement and velocity at the end of
each element are set equal to the displacement and velocity
at the beginning of the next element while the cutting edge
is engaged. A full discretization method (FDM) based on
the direct integration scheme for prediction of milling
stability was presented by Ding [8]. The simulation results
indicated that the proposed method had high computational
efficiency.

For simplicity, the above research results neglected the
effect of the helix angle. In comparison to the case of
straight tooth, helix milling not only accords with practical
situation, but also can have access to rich dynamic
properties. Isolated islands in the stability charts were first
shown to occur in interrupted turning operations by Szalai
[9]. The similar phenomenon associated with the helix
angle of the tool was reported by Zatarain [10]. They
extended the multi-frequency solution for helix angle tools
in milling processes, and received the flip lobes became
closed curves separated by horizontal lines where the
depth of cut equals a multiple of the helix pitch. Insperger
investigated the dynamics and stability of milling
operations with helical fluted tool in time domain [11]. It is
shown that unstable flip islands arise in the stability lobe
diagram due to the helical flutes of the tool.

Up to now, few previous researches focus on the
variable helix milling. To the authors’ knowledge, only
Turner [12], Sims [13] and Yusoff [14] considered the
cases of variable helix angle in their studies. Sims
proposed the tool could be discrete into a number of axial
layers to solve the problem of variable helix angle. Yusoff
combined with SDM and differential evolution to optimise
variable helix end milling tools for minimising chatter.
Based on the results of the former research studies [6, 8,
13], we proposed an improved SDM to analyze the
dynamics and stability of variable helix milling.



Figure 1. Schematic mechanical model of a two degree of freedom
milling system

II.  MATHEMATICAL MODEL

The mechanical model of the 2-DOF milling process is
shown in the Fig .1. The tool is supposed to have

flexibility in two orthogonal directions (x,y). The
mathematical equation of this model is given by:
MX(t) +Cx(t) + Kx(t) = F (t), (1)

where the vector x(t) contains the displacement of the tool
tip in the x and y directions, the matrices M, C and K are
the modal mass, damping and stiffness matrices,
respectively. Due to the helix of the tool, the cutting force
can be written as
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where N is the number of teeth, L is the number of axial
layer, the x and y components of the cutting force for the
tooth j on the layer | at time t are:
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The angular position of the j-th tooth of the I-th axial layer
is defined by
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where Q (rpm) is the spindle speed, 4; is the helix angle of
the j-th tooth, d. is the diameter of the tool and z is the
axial depth of cut. The tangential and the normal forces for
the tooth j on the layer I can be expressed by
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where Az=z/L, K; and K, are tangential and normal cutting
coefficients, respectively. g(¢;(t)) is the window function,
it equals one if the tooth j at layer | is in the cut or zero
when out of cut

1, if ¢st < ¢j (t) < ¢ex’

. (6)
0, Otherwise.
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Here, ¢y and ¢, define the angles at which the teeth enter
and leave the workpiece. The dynamic chip thickness
caused by vibration is

h ; (®) = (x(t) = x(t =7, ;))sin(4 ; (1)
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where g is the time delay that means the current tooth at
the present time t is to remove the surface waves that was
generated at time t-7;, and time delay can be described by
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where T =60/Q is time period, the pitch between one tooth
and the next is given by
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According to the above analysis, the governing
equation of milling process can be obtained. In the
following, we will propose improved SDM to deal with
variable helix milling issue.

I1. NUMERICAL ALGORITHMS
Let q(t)=(x(),y®)" , pt)=Mq+Cq/2

y(t) = (q(t), p(t))" . Through algebraic transformations,
Eqg. 1 can be represented by:

and

y(O=Ay(t) + iZ[A., iOYM)-B;(O)y(t-7;)]1(10)

with Aoz{ M7 /2 M ]
CM7C/4-K -CM /2
0 0 00O
0
and A ;(t) =B, ;(t) = h(® h,® 0 0 , Where
h,@t) h,(t) 0 0
h,. ()= -9, (O)IK, cos(eh () + K, singi (0)]sin(g; 1))z
h,(0=-006 (0K, o5 0)+ K, sin (Oost D,
h,, (©) ==9(d ; O)-K, sin(4 ; (1) + K, cos(4 ; (t)]sin(4 ; (t)Az,
hy, (©) =-9(d ; O)-K,sin(4 ; (1) + K, cos(4 ; (t)]cos(d ; (1)) Az



The first step of semi-discretization is the construction
of the time interval division of [t,t+1] of length At,
i=0,1,... so that T=kAt, where k is an integer that can be
considered as an approximation parameter regarding the
time period. The integers m; related to the delay 7; can be
approximately obtained by my; =int((7;+At)/ At), where int
(*) is the function that rounds positive numbers towards
zero (e.g. int (3.23)=3). Since integer m;; might be
different for different semi-discretization steps, we
introduce the maximum value of m;j as M = Jm1a;< {m;}-

Then solving (10) as an ordinary differential equation
over the discretization period [t;, ti+1] with initial condition
y(t)=yi, we can obtain:
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Equation (12) can be equivalently expressed as
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where ti=iAt (with ie Z) and
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TABLE 1 SYSTEM PARAMETERS

Parameter items Parameter Values

Number of teeth N=2

Tool diameter (mm) d.=12.7
Radial immersion ratio a4:=0.05/0.1
Uniform helix (degree) =0/30/45/60
Flute pitch (degree) p=[180 180]

Modal masses (kg) m,=0.03993, m,=0.03993

Damping ratio 4=0.011,4=0.011

Natural frequencies (HZ) On=922, =922

Normal cutting coefficients (Mpa) K,=200
Tangential cutting coefficients (Mpa) K=600
Milling mode down milling

Clearly, @, @, @, and @; can be expressed as follows:
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where | denotes the identity matrix. State augmentation of
(12) results in the 4(M+1) dimensional discrete map
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M = m. i The approximate Floquet transition matrix is

obtained as @ =D,, ,D,, ,... D,.

According to the Floquet theory, the stability of the
system is determined: if the eigenvalues of the transition
matrix @ are in modulus less than unity, the system is
stable. Otherwise, it is unstable.

IV. DYNAMICS AND STABILITY PREDICTIONS

In this section, different situations are compared to
discuss about helix milling model under the conditions
described in Table 1. For this example, k = 40 X N, M=48
and L=20, this means that the matrix Di is 100X 100 sized
matrices. At the same time, the parameter plane of the
spindle speed-depth of cut is divided into a 200X 100 size
grid. The stability prediction charts for uniform helix with
different radial immersion ratios are shown in Fig .2. By
increasing the helix angle, the flip bifurcation lobs change
to unstable islands in the low radial immersion ratio
(Fig .2(a)), this fully shows the helix angle cannot be




ignored in the low radial immersion ratio. However,
unstable islands will disappear as radial immersion ratio
increases, helix angle almost no effect on milling stability
(Fig .1(b)). These phenomena are in line with the
conclusions of previous research [11].

To illustrate the proposed method on variable helix
milling, the stability prediction charts are numerically
studied at four different radial immersion ratios, i.e., 5%
and 10% (Fig .3-Fig .4). Cutting force coefficients and
modal parameters are selected as the same as above
mentioned, but the values of helix angle have changed. It
can be seen from Fig .2(a) and Fig .3 that variable helix
milling will lead to stability significantly change in the low
radial immersion ratio. In addition, many unstable islands
also appeared in Fig .3(al) and Fig .3(b1). We know that
per tooth’s helix angle has 10 degrees difference in these
two charts, this is one of the reason lead to unstable islands
appear in the low radial immersion ratio. However,
compared with the Fig .2(a), the number of unstable island
not increases in the Fig .3(a2) and Fig .3(b2). By
comparing Fig .2(b) and Fig .4, it can be seen that variable
helix angle basically no influence on stability in the large
radial immersion ratio.
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(b) Radial immersion ratio is 0.1

Figure 2.  Stability charts for 2-DOF model: (—) p=0s (—) p = 30¢,
(—) B =45°and (—) p=60°
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Figure 3. Stability charts for variable helix milling with radial
immersion ratio aq = 0.05
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V. CONCLUSIONS

In this work, the improved semi-discretization
algorithm is proposed for variable helix milling. Due to the
variable helix tools the delay between each flute varies
along the axial depth of the tool; the tool is discrete into a
number of axial layers to solve this problem. Based on
Floguet theory, 2-DOF down-milling models are utilized
to demonstrate the proposed algorithm. To explore the
stability of variable helix milling, uniform helix angle and
variable helix angle are compared at two different radial
immersion ratios. When the radial immersion ratio adc =
0.05, variable helix milling will lead to stability
significantly changed, for example, many unstable islands
arose in the Fig .3. And the size of the differences in per
tooth’s helix angle also has an impact on the stability.
However, when the radial immersion ratio adc=0.1,
variable helix milling has a little effect on the stability.
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